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We derive an exact system of nonlinear equations that describe the dynamics of a degenerate

He® — He* solution, and compute the nonlinear correction to the propagation velocity of

first sound (proportional to the amplitude) in the collisionless limit. Our nonlinear treatment
requires the third functional derivative of the total energy with respect to the distribution function
of He? quasiparticles in addition to the second functional derivative (the Landau function).

We find the Fermi-liquid parameters in the limit of small He® concentrations from a microscopic
calculation, and obtain an explicit expression for the correction. © 1996 American

Institute of Physics. [S1063-7761(96)01105-5]

1. INTRODUCTION

We will consider degenerate normal He® dissolved in
He* to form a non-stratified solution with arbitrary concen-
tration. The temperature is assumed to be so low that the
contributions of phonons and rotons can be neglected. The
dynamic properties of the system are described by a distri-
bution function n(p,r,t) for the interacting He® quasiparti-
cles, and the density p4(r,t) and superfluid velocity vy(r,t)
of the He*. A previous paper by Khalatnikov' solved the
problem of finding a complete system of dynamical equa-
tions for these variables. Although the equations derived in
this paper are correct in linear approximation, some of them
differ significantly from those derived in the present paper.
We will discuss this question at the end of the third section
of the article after we have derived our nonlinear equations.

Even in pure He*, nonlinear effects lead to a dependence
of the velocity of sound on wave amplitude, and hence to
changes in the profile of a sound wave. In a solution, the
He® quasiparticles participate in the acoustic vibrations,
which leads to a dependence of the nonlinear correction on
the Fermi-liquid parameters. Because of the nonlinear char-
acter of Fermi-liquid oscillations, the very possibility of de-
scribing them using kinetic equations is often questioned.
This problem was analyzed in Ref. 2, where it was shown
that if

where Ef is the Fermi energy, p is the density of the solu-
tion, and w and 8p are the frequency and amplitude of the
density-wave oscillations, then He? can be described to ac-
curacy up to quadratic terms by the Boltzmann equation
without a collision integral. The correction we find in this
paper to the velocity of sound depends not only on the Lan-
dau function for the quasiparticle interactions, but also on the
third functional derivative of the Fermi liquid energy of the
He>. Because the expressions that appear here are quite cum-
bersome, we will often put them in appendices to the basic
text.

In the next part of the paper we find the parameters of
the Fermi liquid required to compute the corrections, calcu-
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late them from a microscopic theory for the case of low-
concentration solutions, and use them in a general explicit
expression. We compare our expression for the correction to
the velocity with the nonlinear correction to the velocity of
sound in pure He* found previously by Khalatnikov et al.!

2. DYNAMIC EQUATIONS

Let E.., P, be the energy and momentum (per unit vol-
ume) of the liquid in a reference frame moving with the
velocity of superfluid motion v;. Then the energy and mo-
mentum of the liquid in the rest (laboratory) frame will equal

o,
2
J=P_ +pv;, ()]

where p, is the density of He*, p=p,+m(n.) is the density
of the He®>— He* solution, m is the mass of a He® atom, n_ is
the distribution function of He® quasiparticles in the co-
moving frame, and (...) = [...dr (d7=2d°p/(27h)3).
In the laboratory and co-moving frames the He® quasiparti-
cles are characterized by real momentum, and the value of
the total Hamiltonian of the system equals its energy. In the
co-moving system

Ec=Ec({"c},P4)=Ec({"c},P), 3

E=E_+P.v,+ 0))

P = f pn.(p,r.t)d7=(pn), “

where {n.} denotes a functional dependence on n.. The en-
ergy of a single quasiparticle in the corresponding system is
the functional derivative SE/dn for p, = const:

SE,
£.= ( n ) . (5)
</ p,

From (2) we have

paVst(pn)=(pnc) +mvnc)+ pavs,

from which we obtain

(pn)y=((p+mvy)n.)
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and consequently

n(p)=n(p—mvy). (6)
Now, having derived (1)—(5), we can compute the Hamil-
tonian of the quasiparticles in the laboratory frame:

2

OE _ N mv; .
_é; —s(p mvs) PYs T ()

P4V

H=

The total momentum of the solution from (2) is

J=Pc+pvs=(pnc>+pvs=<pn)+p4vs' (8)

Because the solution is a closed system, we must satisfy the
conservation law

ot orp
Let us substitute (&) into (9),
I P4 0(1’1") m
Pa =3¢ ”“ o T T O (10)
we will determine dn/dt from the kinetic equation
0n on 0H on dH =S (1)
o arap apor oM

The law of conservation of momentum gives (p St n)=0.
Therefore, multiplying (11) by p; and averaging over p, we
obtain

on on oH +
Pi‘yr Pigr ape] T\P
/] oH oH
Piap ™| \or "
= 9 oH + 6, (H +(H on
= o Pi EP n w(Hn) or,|
Using the fact that

on(p) on.(p)
6’r,~ - ¢9r,~

on oH
" Opy ory

ar

v on(p)
" or, op

, (12)

we can verify the equation
on\ JE, de v g
H— +m n, -
ar; ¢9 0p or;

+ on mvf on
Pk or i Usk 2 ar i :
Substituting it into the previous equation, we obtain after
some computations

on\  d de(p—muvy)
P ] =" e \\P' T aps
de gy
o) ==

+5ik[<8”c>+0P4—Ec])+m<5p—k" ar,

JE. dpy
dpy Or;

n> +pin)vs

~(pan) G2+ min)on SRk py S, (13
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where 0=0E_./dp,4. In order to determine dp,/dt, we write

For the total density we must have

ap+d_ =0 14
Fn iv J=0, (14)

while we find (dn,4/dt) from the kinetic equation

on _ 0H on + 0H on di J0H
ot|  \dp or or op| lvnap'

To summarize,

9ps oH

e le(J <-0;n>) (15)
Substituting (13) and (15) into (10), we obtain

aJ; dvg;; 0 vs2 \’
5—94( o T \7T 7))

9 de(p—mv,
(<p.-—8@0.,pk—mv‘)n>+(p.-n)vxk

c9rk

+H{pin)vg+ du((en)+aps—

oH Ml
m FeR —n)vg e

Ec) + P4UsiVU sk

From this we find an equation for v, and the form of II;;:

g 0 v
+ — 1
a tar\ot7)70 (16)
de(p—myvy)
= <Pi —apk—_L n> +{pin)vg+{pn)vy;

oH
tpaugvg—m Er vyt 0u((en,)
Pk

+O'p4_EC). (17)

Now we also find the energy flux Q defined by the equa-
tion

0E+d' =0 (18)
Py iv Q=0.

We have

dE 9 pv2 on.\ OE, dp,

ar at(E+Pv+2 <87;7+ap,,:;7

n, +Pa+ ¢9vs+v52¢9p
P <ar PV gy

2 at
on,\ [OE. v\ dps _ av,
_<H(p+mvs) ;t—>+(—§;:+—é— 7+J T,
an oH v, v2\ dps o,
*<”3;>‘<ap >’”7+("+7) o
Making use of (11), (15), and (16) we obtain
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=0,

2
vs
o+ -2—)

2 el 2] oof )
o{o ] oo( )

The Boltzmann equation (11), the continuity equation
(15), and the equation for the superfluid velocity (16) form a
complete system of nonlinear hydrodynamic equations for
the degenerate He®>— He* solution. As always, these equa-
tions are exact in the limit where p4, v,, and the distribution
function n(p,r,t) vary slowly in space and time.

We now turn to a comparison with the results of Khalat-
nikov. In Ref. 1, the quasiparticle energy is given by the
functional derivative 8E/én for p=const. Taking (5) into
account, we obtain

~ ( OE ) OE,
e= o, ; g—m %

2

\/
§
o+ —

> ] (19)

But the Hamiltonian in the laboratory system is

~ [ OE _ )
H= o =g(p—mv,)+pv,—mu;.
PV,
It is clear that, unlike H , H as defined by Eq. (7) is obtained
from & via a Galilean transformation. Because the quasipar-
ticle energy for a dilute gas of quasiparticles should always
transform this way under a Galilean transformation, we must
conclude that Eq. (7) is correct. When the I1;; and Q ob-
tained from (17), (19) are expressed in terms of n. and ¢, it
is found that they are exactly equal to the fluxes obtained in
Ref. 1. How are we able to obtain the same energy and
momentum flux as Ref. 1 while using a different Hamil-
tonian function? The fact is that the kinetic equation intro-
duced in Ref. 1 was derived using the Hamiltonian H , for
which the unknown was the distribution function in the co-
moving system n(p+mv)=n.(p). By definition, however,
both the Hamiltonian and the distribution function should
enter into the kinetic equation in the laboratory frame. Thus,
the authors of Ref. 1 derived the correct form of the fluxes
because of a double error.

Since ¢ and & are phenomenological quantities, the only
significant difference between H and H is the quadratic term
mvf/2. Therefore, the linear expressions from (1) remain
correct once we relabel the phenomenological constants ap-
propriately.

3. NONLINEAR COLLISIONLESS OSCILLATIONS

In specific calculations we will use the distribution func-
tion of quasiparticles n,. in the co-moving system as our
variable. At zero temperature, a small deviation from the
equilibrium state (in which P,=0) can be characterized by a
displacement of the Fermi surface that depends on the direc-
tion of the momentum. In this case, the perturbed function is
a step function as before. This is related to the fact that in
solving the Boltzmann equation by the method of successive
approximations we represent n in the form of a series in
derivatives of the delta function:
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n=no(pr—p)+ae(n)d(pr—p)+a;(n)é'(pr—p)
+a,(n)8"(pr—p)+...,

where n=p/p. Accordingly, we can either work with this
series or write the nonequilibrium function in the form
n.(p)=6[p(n)—p], and its increment in the form

on(p.r,t)=6[p,(n)—p]—6[pr—pl,

where p(n) — pr is the displacement of the Fermi surface in
the direction n.

To quadratic accuracy in én, (i.e., for sufficiently small
deviations from equilibrium), the energy of Fermi excitations
in the comoving system has the form

eB)=2o(p)+ | 2.0 80 (")

1
t3 f é(p.p’.p")on(p')on (p")dr'd 7",

(20)

where f-is the ordinary Landau function and ¢ is the third
variational derivative of the total energy of the system with
respect to dn, at constant p4, evaluated at n.(p)=ny(p).
The spin dependence will be omitted here and in what fol-
lows. Let us introduce the set of parameters given previously
in Ref. 2:

v =_p_F=ﬂ 3*20(p) =_1_. 1)
F™m* ap P=pF’ ¢9pi p=pg M*’

m*pg -
Wf(pp,pp,cos cz)=F(a)=l_20 FP/(cos a), (22)

of of
5 (PF,pF,cos @)= Ep—’- (PF.pF,cos a)
w3 F(a)
= — a),
m*py
F‘(a)=2 F}P(cos a), (23)
=0

*peN
T $(@B.7)=P(@.B,)

L I I
( Yllm1(07(P)
m; mp; mj

=12 ‘1)111213 2

1h2l3 mymams
XY (0',0")Y 1 (07,07). (24)

Here

I, I, I
m; m, mj

are 3j symbols, @, B, 7y are the angles between p and p’,
p and p”, and p’ and p” respectively, 6, ¢ are angles that
determine the orientation of the vector p, and 6’, 6", ¢’,
¢" are the analogous angles for p’p”. Then

cos a@=cos 6 cos 8’ +sin 0 sin 6’ cos(p— ')
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with analogous expressions for B8, y. P,(cos a) is a Leg-
endre polynomial, Y;,,(6,¢) is a spherical harmonic, and
N3=p;/3m*#> is the number of He® atoms per unit volume
of the equilibrium liquid. The parameters ® 1yl defined by
Eq. (24) are dimensionless. Because of the symmetry prop-
erties of the 3j symbols, when ¢ is a symmetric function
these parameters equal zero whenever the sum /,+1,+1; is
odd. The first two terms of the series (24) reduce to the form

D(a,B,7)~P g+ Do V3(cos a+cos B+cos y).
(25)

The Hamiltonian in the laboratory frame is determined by
Eq. (6). Because &n,. appears in the majority of the integrals
we must deal with, we write the kinetic equation (11) in the
following form for convenience:

on, N on. JH(p+mvy) Jn, dH(p+mvy)

ot ar ap ap ar
av, dn,
—m —(J—I--B—l;:Stnl"“""S' (26)

We will use the continuity equation in the form (14). We
want to investigate axially symmetric uniform oscillations of
the liquid solution. In this case, using (7) and (20), and also
introducing the parameters (21)—(24), we can write Egs.
(14), (16) and (26) to quadratic accuracy in the small devia-
tion from equilibrium as follows:

(Pr—pF)

- 1) _ v
p(x,t)= ﬂ, Oy(x,)===, v(O,x,t)=
Pa Uf

F
27

in the collisionless regime. In this case the collision integral,
as shown in Ref. 2, can be omitted if the following condition
is satisfied:

where dpr=p,—Ppr, o is the acoustic frequency, and E. is
the Fermi energy. In order to treat approximations higher
than quadratic, we must take collisions into account (see Ref.
2).

After some computations we obtain

av+av o+ ol o ™ 2 aﬁ+ oav
57+ 35 UF cos 6+vp cos 6| a o ox 0s 6 ——
01/(0') m 0,
+ | F(a) aQ’' +
F ot
+vpB(0,v,p,0,)=0, (28)
P 9 P3
= +
&t 3 P4 a dQ UF Ox (1 p4)
SE&I 2cos 0dQ+vpA(v,p,0,)=0
mps) ox VrALY,P,0) =5,
(29
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g, ctap . cPpy [ v L
L N P _
ot "vpox "% Ur pa o 4Q+vpD(v,5,0,)=0,
(30)

where p; (ps) are the equilibrium densities of He® (He*).
B, A, D are expressions that are quadratically nonlinear in
the deviations (27), and are given in Appendix 1.

Let us consider one-dimensional collisionless small os-
cillations of a degenerate solution described by the system of
Eqgs. (28)—(30). As in Ref. 2, we can obtain corrections to the
velocity of sound in the collisionless regime once we have
solved the problem with given initial conditions. The impor-
tance of a specific formulation of the problem for a collision-
less system was discussed in Ref. 3. Let us prescribe the
initial conditions

5]:=0=Pl(x)v Usli=0=v1(x), ¥( 6,x,1)|=0=2(6,x)

(31
and solve the system (28)—(30) using the standard method of
successive approximations in the amplitude
(P=p1+pat .. 0,=0+0,+...,v=v,+v,+...) us-
ing initial conditions (31) for the first approxxmatlon and
zero for the subsequent approximations. We will find only
the first and second approximations, because the system
(28)—(30) itself is only quadratically accurate.

Let us apply a Laplace transform % with respect to ¢ and
a Fourier transform .%# with respect to x to the system:

gan=w2o= [ [ “woxn

Xexp(—ikx+iwt)dx dt

and approximate the Landau function by its first two har-
monics:

F=Fy+F, cos a.

Then we obtain the following system for the transforms

W, p{"), and v{*) of the first approximations v,,p;,0;:
(+) & m cos 6
s 0l=——— ——5 =
[s = cos 6]= ikv m* ikvp ¥

2

mc m

+cos 0| @ p\H - — svi™
PFrU m

+F,C,+cos 0[F1C2+v(1+)]), (32)

C1=f V(1+)(0)dQ; C2=J V(l+)(0)COS 0dQ,

g P s Pl P3 f 8k
$pi 38 Pa o ikvp 3 ps ) ikvp
+3——c+ <+>(1+ ) 0, (33)
m pgy P4
(+)_ Ulk 2 +) 2 P3
p— + —— =
svj ko, +—2-p1 +3a-—2-p4 C,=0. 34
where we have introduced the variable
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and p, Uz, and g,(8) are Fourier transforms of the initial
conditions (31). Because we have limited the number of har-
monics in the Landau function to two, Eq. (32) for the dis-
tribution function contains only two constants. The solution
to this equation and the inverse transforms of the solutions as
functions of the two variables (x, t) are given in Appendix 2.
As a result, the first-approximation transforms have the form

(+)_ iX,

PU S ()’ (35

where X, is a linear function of the initial conditions v ;,
Pix > 8- The basis of this method is that the transforms have
poles as a function of complex w that correspond to propa-
gating waves. Equation (35) as it stands will have poles
when y(sg)=0. This condition implies two poles
So=uo/Ur, —uy/vF on the real axis, corresponding to zero-
temperature first sound (collisionless regime) propagating to
the right and to the left. The authors of Refs. 1, 4 argued that
there are no poles corresponding to zero-sound modes for the
Fermi liquid parameters of a He’— He* solution. In addition,
as we show in Appendix 2, the transforms are not defined on
the segment of the real axis from —kvyp to kv, and can
have cuts there corresponding to single-particle excitations.
When we return to the variables (x, ), we obtain a sum of
contributions from various singularities of the transforms. In
the reconstructed original, a separate term will correspond to
each of these singularities. Retaining only the contribution
from the acoustic pole, we obtain

5=

p =Y (x—uet), mY(x—ut),

vD=_2(0)Y(x—uyt), (36)
where
Y(x—ugt)=Y(sg,p1(x—uot),v(x—uot),g(6,x—ugt))-

i.e., it depends on x —u ¢ through the initial conditions of the
problem. The constants and functions entering into this ex-
pression are defined in Appendix 2. In first approximation,
Eq. (36) corresponds to a sound wave and represents a trav-
eling wave of constant shape.

In second approximation, the equations for the trans-
forms do not change; the only difference is that the system
now has zero initial conditions, and contains the nonlinear
terms A, B, D. Therefore, we can obtain a system of equa-
tions for the transforms v§+), p(2+) , v(2+) in second approxi-
mation by making the following substitutions in (32)—(34):

(+) (+)

T B L T

Py P2, V) §H

—vy 7,
R=p;+3 i—? f gu(0)dQ— — v BHF[A(x,1)];
4

m
v~ —vpBF[D(x,1)], "gk(o)_’-n';: cos 6v
— v EF[B(0,x,1)], 37
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where we have substituted the exact first-approximation
quantities p;, 0y, v, into A, B, D (the nonlinear parts of
Egs. (28)-(30)). Consequently, in second approximation the
transforms have the form (35), where X, is now a linear
combination of Z¥A(x,t), L¥B(0,x,t), LFD(x,t1),
which still have poles at w=uyk (if we substitute (36) into
A, B, D). Thus, second-order poles appear in the second-
approximation transforms, which give secular terms ~¢
when we transform back to the original variables. We solve
the second-approximation equations and evaluate the inverse
transforms in Appendix 3. We show there that in order to
find the coefficient for the secular term that corresponds to
the pole w=upk, in substituting the first-approximation
functions into A, B, D it is sufficient to save only terms that
correspond to the same pole, i.e., use the functions (36). As a
result, we obtain the following expression for the secular
term corresponding to the pole w=uyk in the second-
approximation original

aY
PP =—uty = FP=pp®; Y D=_g(9)p®,
(38)
while for u; we have the following expression:
vpb 3 +¢93Ec pi
u=- —
Y Go) [ TF T 0] ok
RRY R J 7 WL o+
ps m M* T 08 cos 6
+3 ek SUPEI <
Y7, gcos 6™ m* a;%- 'U'vp
x|2.,8- 2O SO om0 ur)s]an
d cos 6 cos 0 m* Z;g K

+3 f O(a,B,7)AA AdUIQ dQ"

JF (a) sin? 0)

’ 1
+IJM (Jg(sF () +2F () + 55—

d.4(0) sin? 9 JF(a)
d cos @ cos 6 ap,

where 4=_4#(0), 4" =_4(0"), A4"=_4(6").

We know that the secular term should be cancelled by
the term arising from the correction to the velocity of sound
in the first-approximation functions:

—F(a) p4) dﬂdﬂ’“, (39)

pIV=Y[x—(ug+ u)t].

Expanding this expression for small du ¢t and setting the
result equal to the term linear in ¢ in (38), we find that the
correction to the velocity u of the first approximation (36) is
du=u,pV. Accordingly, the first-approximation expres-
sions for sound waves are:

FO=¥lr— (ot g i, 0=,
v(D=_2(8)pt". (40)
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We can confirm this by verifying that (40) is a solution to the
system (28)—(30) to accuracy up to quadratic terms in the
amplitude. As is clear from (40), the correction to the veloc-
ity deforms the profile of a simple traveling acoustic wave
(36), analogous to the Riemann solutions of hydrodynamics
and the propagation of large-amplitude sound in He* (see
Ref. 1).

4. GAS APPROXIMATION

At low concentrations, bare He? quasiparticles dissolved
in a superfluid background form a dilute degenerate Fermi
gas of slow-moving particles with a short interaction radius.
In this description, we can describe the particles of the solu-
tion using only a single parameter—the s-wave scattering
length a for a collision of two bare quasiparticles—and clas-
sify the states of a single He® atom located in superfluid
He* at rest using the continuous energy spectrum

2

e=Ey+ Ey~—-28K, M=~2.33m, (41)

°Tam’

where m is the mass of a He® atom and M is the bare mass.

In He* at rest, the energy of the system can be written to
second order in perturbation theory in the form

2 2
)4 8
=E+ S Bt Lot o S min
po ik
B 128m2a*h* ningnQix

M & pi+pPi—pi—Pa

(42)

where Eg is the energy of pure He*, Q;;=1/4— 0,0y, o is a
spin variable, and the labels i, k, I, m enumerate the spin
states. Varying the energy (42) twice and three times with
respect to n,(p), we obtain respectively (see Ref. 4)

cos a
2 sin( a/2)

8rah’?
M

fmr (a)"'

1+2)\(2+

1+ sin(a/2) )
oo

1 T=sin(al2)

1 a 1+s1n(a/2))
— sin

X 1+2)‘(1_2 Pl 1—sin(a/2)

(43)
1287%a’h*
pM
s

X
cos y+cos B cos a—1

QUU"

cos a+cos y cos B—1

Qg0

+ )
cos a+cos B—cos y—1

¢¢70’¢7”(a’B97) =-

(44)
where A\ =pra/mf is a small parameter.
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Using (42)—(44) from Appendix 4, we can calculate all
the parameters needed in Eq. (39) for the correction to the
velocity. Approximating the functions F(a), F!(a),
®(a,Bv) by the first two terms of Egs. (22)—(24) and sub-
stituting the computed parameters into the expressions for
ug, Uy, we obtain to accuracy up to terms ~ p; (this accu-
racy comes from writing the energy in the form (42))

2
P3 pP3 PFr
ug=col 1+€;, —+e, — (45
0 o[ ' 2p4;g;p} )
Y P
u,—co{1+'y+-—[T+(2 ‘)’)61]‘*"_32#
><[W+(2—7)€2]]- (46)

The constants €, €,, T, W, and y are defined in the same
Appendix. The analogous quantity for pure He* at zero tem-
perature (see Ref. 1) is u;=(1+ y)co.

We are deeply grateful to I. A. Fomin for discussing a
number of questions.

APPENDIX A

v
B= T (cos Olvm*IM*+ypl+0,

+ sin? HJ oF (@) v'dQ)'
d cos 6

v’
+cos 0(3j d — V'dQ'dQ”
ox

oF 0J
+f[ aff') pa 5 () +[2F(a)

’

1 v ' 1 J ' QI
+F'(a)] i +F (a)g(vv )\d

+avj 0+ — ~+‘9‘[T + me”
ax |V m* Us| T ox [V prv,:p
av(0) mc? dp AU
2
- ___+ ——
d cos 6 s (a PFUF Ox cos 0 7]

+ = av~‘+fp Ay 7
Py ot (@) 55 ’ )
P3 2 Jv m* v

A=3— —-—v+3——wvcos 0
P4 U ot m Jdx

+ ayr dQ+ S (v 48
— (F9) [dQ+ — (55), “3)

a3E P ap 2 m*\ [ ov

Pa 2P 5+ 3— 2a —+y — J’ — vdQ
¢9p4 v ox P P4 VF m ax
¢’ p3 ~ _ 90
+ — e ——
32-0—2- 4ax(pj vdQ) | +0; P
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3&”'—’k D 2 anaq, @)
ps m py ox
¢t FE, oF m pF 0f 880 P4
ps  dp3’ dps ™H dpy’ ~ dpg mc?’
& 80 P e Pa
8p4 _7 y= opops v’
v=v(0), v'=v(0'), V'=v(6"),

dQ)=sin 6d6/2.

APPENDIX B

The system (32)—(34) is solved as follows. Using Egq.
(32), we express vf in the following way:

2
(+)_ _ﬁ__mcosﬂ + <
Y1 [ ikvy m* ikvy O cos 6| @ e
m
——su, )+ FyC +cos 6[F,C,
+ov{t] / [s—cos 6], (50)

after which we substitute into the definitions
C,= f WH(0)dQ; C,= [ ¥{*)(8)cos 64,

which gives a linear inhomogeneous system consisting of the
two equations for C,, C,. Solving it we obtain

C,A=|1-F,|s? ! f M(e)dﬂ
12~ -3 ikvy
c?
+Fsw w(l
FUF
6m m Fl +
+F /3)p(l+)+sw(m——;-n??)v(l ), (51)
cos 6
C,A= (l—Fow)fM(o) d(}
M(0) mc?
(+) 4 (+)
+F0st’ ko Py SWpi vy
x| s? Fow)), (52)
where
Fl FOFIW
A=1-Fow—F,s? w+-3—— 3

gx(0)+(m/m*)v; cos 6
s—cos 6

M(6)=—

’

cos 0 s s+1.
w=J —dQO= —l+ In .
s—cos 6 s—1
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Now, w, and therefore s, are complex quantities; hence, in
order to give meaning to the last integral and integrals like it
(i.e., in which the expression under the integral sign contains
s—cos 0 in the denominator) we must make a cut in the
complex plane w along the real axis from —kvp to kvj.
This cut, and the condition of reality when s<-—1 and
s>—1, specifies one branch of the complex multivalued
function In[(s+1)/(s—1)]. Substituting (51) and (52) into
(33), (34), we obtain a linear inhomogeneous system consist-
ing of the two equations for p; , v}, from which we find

l
(+)—
PL oy (s)

([R+R,]sr—[v 1+ R,]b),

()t _
vj 0y (s) ([vig+Ry)sr—[R+R,]a), (53)
where
ps 3 p3 om
s)=—s*2+ab, b=1+—+ ——-—[s w(—
¥(s) ps Apy m

ém m F,

m*
Tt w3 Tam (o)

me? pyw (F, ém
r=—1-3a — == -,
proppsA\3  m
2
c mc* p3w Fl))
a= 1+3a? 1+,
_)2;( PFUFPAA( 3

rm22 ([ a1

1 m*
SWo3) T Fow

M cos 6dQ)

m*
Flsw—;’;(l—Fow)]),

pP3
R=Plk+3 — f gx(0)d(},

3a c 1
R2=‘*T MdQ) l—FlSW—-3-

+Flswf M cos GdQ).

We recover the original functions we are looking for using
the inverse Laplace transform %! and inverse Fourier
transform % !:

+o f(+o+ia
lfz;’_l[y(ﬂ] v(0,x,t)= f fm+_ yf‘:)
X (60 ikx—iwt dk dw >0
(O)e 27 2m 70
pi=F'F ("], G1=FF ("],

=%l "] (54)

The unattenuated singularities of the functions p; , v, v{
in the complex w plane will be: a cut from — kv to kv and
a pole at w=kv cos @ (only for v{), which correspond to
single-particle excitations, in particular the unaccelerated
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motion of particles from the initial state (a particle in unac-
celerated motion with constant velocity kv cos 0 along the
x axis), and the two poles w=upk, —uogk—if y(s9)=0,
So=ug/Vp, —ugy/vg—corresponding to first sound at zero
temperature (collisionless regime) propagating to the right
and to the left. There are no real zero-sound solutions to the
equation y(s)=0 (see Refs. 1, 4). Retaining only the contri-
bution from the pole w=u0k (so=uqy/vp), we find

,_u)_J‘ J'°°+m ik dk dw
wria (@—ugk) uok) exp(—iortiks) 5 o

=Y(x—ugpt) » (55)

whereY ;= ([R+ R Isr —[v 1+ R,1b)/y' (so) = dylds(sy),
and consequently

Y(x—ugt)=————| Rut+v(x—upt
( ot) y (So) v ( of)
p3m so—cos 6
3p4 = M(0) o5 0 A(0)dQ
r
[L=_ESO. (56)

In R, M(6) we replace p;, v, 8x(60) by p(x—upt),
vi(x—upt), g(0,x—uyt) respectively, and in w, r, b we
substitute s=s,. Analogously we find for v{", »(:

v W=puyY(x—upt), vV=_4(0)Y(x—ugt), (57)
where
Py cos @ g+d cos 6
(6)= so—cos 8 A ’
2
=(1+F,3—F,;sw)| a — oz
q 1 150 prUp  m* Sok
+Fosow i,
d—avaFF1s0w+p, 1-Fow—F sqw F |
APPENDIX C

As we said in the main text, in order to obtain a system
of equations for the second approximation it is sufficient to
make the replacement (37) in Egs. (32)—(34); consequently,
the transforms of the required functions have the following
form:

iZFZ(A,B,D)]
kvry(s)

where Z(A,B,D) is a linear function of A, B, D, i.e., the
nonlinear expressions (47)—(49) (in which we substitute the
exact first approximation), which is easy to write down mak-
ing the replacement (37) in (53). The transforms of v, 0
are obtained analogously. The problem is to identify the
secular terms (proportional to ) that give a correction to the
velocity of a sound wave (36). The secular term in the origi-
nal arises from the second-order poles in the transforms.
Equation (58) already has a pole at @=ugk if y(s¢)=0 (see

(+)=
2

; (58)

892 JETP 82 (5), May 1996

Appendix 2). The numerator of Eq. (58) has a pole at
w=ugk only when the function Z(A,B,D)=Z(x—ugt);
consequently, in order to obtain the secular term correspond-
ing to the pole w=uk in Z(A,B,D) we must substitute the
part of the first approximation corresponding to the sound
wave (36). Then

" aY DY ay
A(x’t)— 1 Ev D(x9t)_ 1 ox ’

B(6 B OYaY
(0.5.0=B1(O)Y —

and consequently Z(x—uyt)~Y dY/dx. Taking into account
only the second-order pole w=uyk in (58), we obtain

LF|Y 2
T ax

Y ad é
= —%
w—ugk “1t ok (x

pP(x,t)=u, & 7!
[ firoman 5o
—uot)=u, —oJs (y uoT)‘(;‘y‘ (x—y

Yy
—uog(t—7))dydr=utY (x—ugyt) T (59)

where * denotes convolution. It is easy to see that we obtain
Eq. (56) for u; /vy with the replacement of R, v, —M(6)
X(sg—cos ) by A, D, B, respectively. After some
simple but tedious transformations, we finally obtain Eq.
(39) for u;, and (38) for the secular part (which gives a
correction to (36)) in second approximation. Analysis shows
that the other singularities of Eq. (58) give no correction to
the first-approximation velocity (36).

APPENDIX D

Since we know the explicit forms (43), (44) of the func-
tions f(a) and ¢(a,B,7v), we can compute their harmonics
in the expansions (22), (24). Neglecting some simple but
tedious computations, we present the values of the first two
harmonics:

Fo=2\| 1+ ; A(2+1n2)|, F1=§ A2(7In2-1),
(60)
®o=3222 1n2, q>0“=—3—-2— A%(In2-1). (61)
3v3

The change in the Landau function §f(«) with the change in
the number of particles in equilibrium éN;= p,2¢6p pla*h3 is
written as follows:

af ’ " ”n 6pF
of(a)=2 ap (Pr)8pr+3N;5 | ¢(p.p'-p")prdQ e
(62)
Because we have already approximated the Landau function
by its first two harmonics in these calculations, it is sensible
to retain only the first two harmonics in the expansions (23),

(24) of the functions F!(a), ®(a,B,7y) as well. Equation
(62) gives the expressions for these harmonics:
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2FL+30gg= il ppm Fym ot Fo 1
0 000~ opr Pr—ry E Pr 3 %>
_9F: 3pr

Taking (60), (61) into account, we find

-4 14
FO=§ A4(2—-351n2), F1=—5- A%(19—-131n2). (63)
The free energy of the solution obtained from (42) by inte-
gration equals

3 p}
F=FS4+N;E,+ o Vs

10 4
+5 >\+—>\2(11 2In2)|,
(64)
where N; (N,) is the concentration of He? (He*). Differen-
tiating (64) with respect to N5, we obtain
2

p 4 4 )
m3=Ey+ M 1+~ )\+—)\(11—2]n2) (65)

The change in the chemical potential p; as the number of
particles changes by dN; equals
2ﬁ3

PF T
% OPFt —
PF prm

5[1.3 = FO 6N3 (66)

Taking (65) into account, we obtain from this

il =1 i >\2 67
wo + —=A(7In2-1). 67
There still remains the undetermined parameter

1/M*=3?¢/3p*(pF). To determine it we write the change in
dvg, ie., 6{de/dp}(pr) for the variation 6N;, as follows:

Svp=(Fgy+m*/M*)Spp/m*, (68)

from which, taking (63), (67) into account, we obtain
Ed

4.2
w 1+ A4(491n2-2).
All the variations (62), (66), (68) are easily obtained from
Eq. (20), in which we understand the variation én to be the
difference between infinitesimally separated equilibrium
states Olpr—p]—0[pr—pl that differ by
Pr—Pp=0pp~N3.

In order to find the unknown parameters that take into
account the interaction of the Fermi quasiparticles with the
superfluid background, let us find g4, i.e., the chemical po-
tential of He*, which is easy to obtain by differentiating (64)
with respect to N4:

3 5, 9 (1 6
Y0P N\ M) (69)

Using (65), (67), (69), we compute the following parameters
to accuracy determined by writing the energy (42) to second
approximation:

JdE,
I‘L4_I‘L4+N3 aN
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2

’_ 2 P3 PF c” dpg
ci=cpol 1+ —zp+ = ——f( e)|, —=—,
" ps™® 10m Yo Pa  Ops
a(cps) P ps 3 py PiB
— == 42y = agt o =y,
p4 ;07 Y Pa %o 10 py Mmc,
M3 ps _ PRV
opy mcoz 2Mmcoi’
Puy ps _ Pr(yo—el2)
8p47 mcoz % Mmco2
ada s = N7 2-1)(¢-o),
it AN n
oPa Yo Yo
where
_ s OBy M 0s PE,
mscy 0py’ YT M dps” "% mcy opy”
e Pi ——TazM Sm=M—-m, « —5p4 -—-3—03E0
= — , m= —_ . = .
M dp; " mcy dpy
i F(1/M) . P4 9co B; IN?
apy co 9ps’ \* dpy’

where c is the velocity of sound in pure He* at 7=0. Sub-
stituting the computed parameters in the expressions for
uo, u; given in the previous paragraph, and approximating
the functions F(a), F!(a), ®(a,By) by the first two terms
of expansions (22)—(24), we obtain Egs. (45), (46) to accu-
racy up to terms ~ pi , where

% Om x m+25m
“T2 T 2\*M M)
LA il PRI FRRY .
2=~ qou 17| 10 Yo7 3
_Yo|  om
2 5 m |

m m 1
T=3ﬁ(x-1) I+(x—1) 3—y0+ﬁ[x—1] t5
3 6m om ,, Om

2M(Z°+l) x+——-——(1+y) +-—m——,
9 11
SO0+ (x—1)( 57

9 2
W=z G-Dlzyo-

+

SE

) 3 c‘)‘m L2 9 ) om

My, M(3 71 , 8 3
Yo |t -l Bt 5 Y0 550t 5 x(1+7)

m
><5 25m ) m +5m 3 +95m
307y T M) T\ T T Ne TS ™M

8 m2 2 2 2
— oz 377 (1= 1)PN%$%(43+441n 2) |.
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