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We use the solutions of the Dirac equation to examine the possibility of quantum modulation of 
beams of channeled electrons and positrons by a transverse electromagnetic wave in the 
short-wave range. We also find the conditions required to generate modulated beams. 63 1996 
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1. It is known that channeling occurs if a charged par- 
ticle enters a crystal at an angle to a crystallographic axis or 
plane smaller than a certain angle BL= d m ,  where uo is 
the depth of a transverse potential well, and E is the parti- 
cle's energy.' The that channeled particles emit 
radiation opened possibilities for manufacturing sources of 
short-wave radiation since due to their large Doppler shift 
and the high oscillation frequency in the channel, 61 
- loi4- 1016 s -' for 1 particle energies 8 - 10 GeV-- 
10 MeV, channeled particles emit primarily in the x-ray and 
gamma ranges with an intensity much higher than the inten- 
sity of other types of radiation. But while the spontaneous 
emission of channeled particles has been thoroughly studied 
both theoretically and experimentally (see, e.g., Refs. 1, 4, 
and 5), stimulated channeling6-l2 is far from being realized 
in practice. One reason is that because of the short lifetime of 
a particle on transverse-motion levels the length of the co- 
herent interaction o l  the channeled particle with the electro- 
magnetic wave is quite short (e.g., of the order of one mi- 
crometer at positron energies amounting to 10 MeV) 
compared to the interaction length in other types of free- 
electron lasers (such as the undulator and Cherenkov lasers). 
Another is the difficulty of controlling the overpopulation of 
the channeled particles.'3 If the short interaction length is 
balanced by an increase in the particle number density, gerr- 
eration of stimulated emission of radiation by the channeled 
particles would require unrealistically high current densities 
- lo6 Alcm -' (see Ref. 1). Under such currents the crystill 
used for channeling the particles would change shape and 
finally disintegrate. 

Another method of radiation enhancement based on 
stimulated photon scattering by channeled particles has also 
been studied.I2 Since absorption of a photon by a channeled 
particle is a resonant process, the cross section of photon 
scattering by a channeled particle is lo4 times larger than the 
free-electron Compton scattering cross section." Neverthe- 
less, the gain of the electromagnetic wave in stimulated 
Compton scattering on channeled particles does not exceed 
the gain of stimulated emission in the channel from initially 
inversely populated states. 

One way of increasing the gain of stimulated emission of 
radiation by channeled particles is to employ the klystron 
interaction scheme. This scheme is applicable in the classical 
interaction mode. The way in which the stimulated process 
of emission or absorption of external-field photons proceeds 

is determined by the relationship between the phase of the 
transverse particle oscillations and the phase of the wave in 
which the particle finds itself when it enters the crystal.I4 As 
a result, in the first interaction region the momentum of the 
particles in the beam becomes modulated and, simulta- 
neously, the particles in the beam begin to be weakly 
bunched. In the free drift region, particle bunching develops 
further, and in the second interaction region the particle 
bunches, gathering in the retarding phases of the wave, ef- 
fectively amplify the wave." Thus, in the klystron scheme 
the short interaction length may be balanced by the suppres- 
sion of stimulated absorption due to particle bunching in the 
respective phases in the free-drift region. However, employ- 
ing this scheme for channeled particles is problematic since 
the effective bunching length (the drift space length) 
-AvlAv (A is the bunching wavelength, v is the particle 
velocity, and Av is the velocity modulation amplitude) 
amounts to a few microns r is even smaller, which poses 
obvious difficulties in main !am ing the accuracy of the pa- 
rarneters of the scheme, in view of which the particle 
bunches are spread out. We also note that the klystron 
scheme is extremely sensitive to beam jitter. 

Here we suggest another two-component scheme for en- 
suring stimulated interaction of channeled particles with the 
electromagnetic wave. This scheme is applicable in the quan- 
tum mode of interaction. The quantum modulated state of the 
particles, which leads to modulation of the beam density af- 
ter the interaction at the frequency of the stimulating wave 
and its harmonics, is formed in the first interaction region.I6 
The density-modulated particle beam can be used to generate 
spontaneous superradiation (see, e.g., Ref. 17). 

Quantum interaction is achieved if the indeterminacy in 
the particle path caused by the interaction with the electro- 
magnetic wave (or the initial de Broglie wavelength of the 
particle) becomes of the order of the characteristic size of the 
path: 

or if d 5 A D  , where d is the interplanar or interaxial spacing, 
AD=hcl= is the transverse de Broglie wavelength of 
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the particle, ApII and Ap, are the longitudinal and transverse 
variations of the particle momentum in the electromagnetic 
field, vl = c J m  and are the amplitude and frequency 
of the oscillation ("wiggle") of the transverse velocity of the 
particle in the channel, c is the speed of light, and h is 
Planck's constant. The conditions (1) are equivalent to the 
requirement that the amplitude of the energy exchange be- 
tween particle and electromagnetic wave be low, A E 5 fi o. 
In the quantum mode the particle is not localized in a definite 
phase of the wave: states of photon absorption and emission 
exist simultaneously, with the superposition of such states 
leading to the formation of a quantum modulated state of the 
particle after interaction. Since this a state is stationary, the 
resulting quantum modulatio~ of the beam density can re- 
main after interaction for an indefinitely long time (at least 
theoretically). This constitutes an important advantage of a 
quantum modulated beam over a classically grouped beam, 
which, as noted earlier, spreads even over short distances. 

The advantage of this scheme over that of induced emis- 
sion in the channel of initially inversely populated states is 
that solving the difficult problem of inversely populating the 
transverse energy levels in creating a quantum modulated 
state becomes unnecessary. 

To display the possibility of forming a quantum modu- 
lated particle beam in the short-wave range in the process of 
interaction of the channeled particles and the electromagnetic 
wave we find the wave function of a positron in planar chan- 
neling in the field of an external transverse electromagnetic 
wave and the wave function of an electron in axial channel- 
ing. The electromagnetic wave is assumed fairly weak 
( A E ~  h o ) ,  SO that the stimulated processes have an essen- 
tially quantum nature and are one-photon. Accordingly, the 
wave functions of a particle are found in an approximation 
that is linear in the field of the electromagnetic wave. 

2. Suppose that a positron with an initial momentum 
po enters a single crystal at an angle to the crystallographic 
axis that is smaller than the critical channeling angle. The 
subbarrier levels of the transverse states are those that are 
first to be populated,13 and the wave function of the positron 
before the interaction with the electromagnetic wave in pla- 
nar channeling with the effective potential 

has the form 

where B,, is a constant bispinor, 

so is the spin quantum number, 

E,=d+mo(n+ f ) ,  E ~ = C ~ ~ ~ ,  

and the 'Hn(z) are Hermite polynomials. The squares of the 
coefficients lanl in Eq. (3) determine the probabilities of the 
initial populations of the transverse levels, 

In the field of a transverse electromagnetic wave with 
the vector potential 

A=&(cp)cos cp, cp= o t -  kr, (4) 

(Ao(cp) is the slowly varying envelope of the electromag- 
netic wave) the dynamics of a planar channeled positron can 
be found by solving the Dirac equation 

where a and p and the Dirac matrices, and e is the positron 
charge. Perturbation theory te&hniques are used to allow for 
the field of the electromagnetic wave in the solution of Eq. 
(5). If the terms of order uOIe are ignored, the unperturbed 
positron wave function is given by (3). 

Expanding the wave function $(I) perturbed by the elec- 
tromagnetic field in the complete set of unperturbed func- 
tions, 

and allowing for h o e s  and the fact that the particles are 
ultrarelativistic ( e , ~ ~ ~ m c ~ ) ,  we arrive at the following ex- 
pansion: 

e c 
$(I)= - - C an 2fL nms 

x e x d -  jo t+  ikzz) exp -(pnz- eOt) bsPm(x), I [ :  I  
(7) 

where 
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1 h 
~ : : ; = - ( ~ ( ~ ) ( ~ ) - ~ ( 2 ) ( 3 ) ) ,  2 xmn xmn 1:;:(2)=- 

F ( f )  = - j ( 5 )  - S Y 1 ( 2 ) ( l )  
ynm ynm 2& mn * 

which describes stimulated one-photon emission and absorp- 
tion by a channeled positron. 

Let us assume that the electromagnetic wave is in reso- 
nance with the transverse oscillator levels of the positron in 
the channel w' =R. After the interaction only the resonant 
terms with m = n + 1 contribute to the sum (7): transitions 
take place from the initial level n to the neighboring levels. 
In real situations, where the channel potential differs from 
the parabolic law (2), the positron energy levels are nonequi- 
distant. Bearing in mind, however, that the equidistant nature 
of the energy spectrum of planar channeled positrons is vio- 
lated only slightly, ( w n w n n 1  (honn- l  
- - E~ ,, - el n- 1 , where e l ,  are the transverse-energy levels), 
we can assume that resonance with the neighboring levels is 
achieved thanks to the spectral width stimulated by the elec- 
tromagnetic wave. 

To study quantum modulation we calculate the variation 
of the particle probability density after interaction with the 
electromagnetic field: 

where K= u~ar,,. Calculations of the nondipole matrix el- 

ements of the transitions between the levels of 
transverse motion lead to. the following expression for the 
beam density: 

where ~ = ) u ~ a u , ~ )  is the average value of the particle spin 
prior to interaction, 

m-p=2k+1; 

k an integer, 

pO=min{n,p), hwnP=sln-sip. 
and Pfl(x)  and L:(() are, respectively, the Legendre and 
Laguerre polynomials. 
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In the dipole approximation k d 4  1 Eq. (10) simplifies 
considerably. Here, ignoring the nonresonant terms in the 
wave function and averaging over the transverse coordinate, 
we arrive at the following expression for the positron prob- 
ability variation: 

where po is the initial beam density, and At, is the positron's 
lifetime on the level n. 

As Eq. (1 1) shows, the positron probability density as a 
result of the interaction with the electromagnetic field be- 
comes modulated at the wave's frequency (this is true for the 
one-photon approximation; in the higher orders of perturba- 
tion theory we have modulation at the harmonics of the 
wave's frequency). 

Allowing for the fact that the levels are nonequidistant 
leads only to beats in the modulation percentage, 

since the detuning of the one-photon transition frequencies 
from the resonance frequency is fairly small in this case: 

Estimates of the modulation percentage for an electro- 
magnetic wave propagating at an angle 8 to the channel axis 
lead to the formula 

eE cos 8v,At r- 
hw 

where E is the electromagnetic field strength. The modula- 
tion percentage is equal in order of magnitude to the classical 
variation of the positron energy14 divided by the energy of 
the emitted photon, i.e., the average number of emitted (ab- 
sorbed) photons. For 10 MeV positrons in planar channeling 
in a diamond crystal, = 8 X 10" c-', so that resonant in- 
teraction with the electromagnetic wave is possible in the 
optical range ( w = 4 X 1015 s- ') if 8- rr or in the ultraviolet 
region (o= 2 X 1016 s- ') if 8 .~53".  Since the positron life- 
time on transverse levels is determined primarily by the in- 
elastic scattering on the crystal's  electron^,'^.'^ and since 
from the classical viewpoint the region near the nucleus is 
inaccessible for positrons, to estimate At we use the approxi- 
mate formula that was obtained in Ref. 19 and describes the 
scattering on the valence electrons of the crystal: 

h2cd 
At- 

8npz,e4~,(x2)ln( llki(x2)) ' 

where (x2) is the mean square distance from a chaqneled 
particle to the channeling plane, np is the atom number den- 
sity in the crystal plane, d is the interplanar separation, z, is 
the number of valence electrons,  is a constant of order 
unity, and k, is the characteristic momentum of electrons in 

the electron plasma of the crystal, k,- lld. Allowing for the 
fact that for a diamond crystal np-2.7X 10" cm-2 and 
d- 1.54 A and assuming that (x2)-dl2, we arrive at the 
following value for the lifetime: 2.5X 1015 s (Am-20). 
Note that because of positron scattering in the channel plane 
the Doppler resonance width is of order w s i n 8 m  (here 
(e2) is the mean square angle of positron scattering in the 
channel plane), which cannot exceed the width 11At caused 
by the finite lifetime. 

Thus, Eq. (13) shows that 10% modulation of a beam of 
10 MeV positrons can be achieved in the optical range by 
applying an electromagnetic wave with E - lo6 V cm- ' , 
while in the ultraviolet range this can be done with 
E- lo7 V cm-'. 

3. Now let us examine the interaction of an electron 
beam with the electromagnetic field in conditions of axial 
channeling. In the zeroth approximation, where we ignore 
the field of the electromagnetic wave, an electron is assumed 
to move in the field of the atomic chain with the chain's 
potential approximated by 

where a is a constant depending on the type of crystal and 
the geometry of the problem, and r, is the distance from axis 
of the atomic chain. Here the electron state is characterized 
by a definite projection of the electron momentum on the 
axis of crystal, p ,  , and because the potential is axisymmetric 
the projection of the electron angular momentum M on this 
axis is conserved during motion. In the zeroth approximation 
the solution of the Dirac equation (5) with the potential (14) 
has the form (3), where the wave function of transverse mo- 
tion is 

The coefficients a,, determining the probabilities of initial 
population of the transverse levels are 

In Eq. (15) m=0,+ 1,. . . is the magnetic quantum number, 
n = d -  2e  a2/e, hZcZ, and F ( x , y  ,z) is the confluent hyper- 
geometric function. Calculating the wave function that de- 
scribes the induced channeling effect by employing first- 
order perturbation theory in the field of the electromagnetic 
wave, we arrive at the following expression for the electron 
probability density (to avoid cumbersome expression we 
write the result in the dipole approximation): 
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where onon= (eno- en)lfi =2e  cr'(lln2- lln:)lfr3c2 is the 
transition energy, Inno = (nl p, 1 no)/& is the transition matrix 
element, and &, is the transverse component of the electro- 
magnetic field. Calculations of the transition matrix elements 
lead to the following expression for the probability density of 
the modulated beam: 

where 

Let the electromagnetic wave be in resonance with two 
adjacent transverse-motion energy levels no and no- 1, i.e., 
onono- =a = o' . Then after averaging over the transverse 
coordinate we have 

As in the case of planar positron channeling, axial electron 
channeling leads to quantum modulation of the electron 
number density at the stimulating-wave frequency. Here, 
however, in contrast to ( l l ) ,  only the populations of levels 
no and no- 1 contribute to the modulation percentage (there 
is no sum over no in (18)), which may decrease the modula- 
tion percentage by a factor of ten. 

For the resonant transitions of an electron to the nearest 
neighboring levels the following estimates can be made: 
onmo-2e, lfm, and DmmO- ale, ; hence o n n o ~ ~ n ~ - ~ ,  . 

""0 

As a result we again arrive at the estimate (13) for the modu- 
lation percentage. 

In order to investigate the general expression (18) we 
note that the function DmmO can be written as 

""0 

+1/2,-n+lm1+1/2). (19) 

where the functions JS,P(a,al) are defined in the Appendices 
in Ref. 20. 

When estimating the modulation percentage of an axi- 
ally channeled electron beam one must bear in mind that the 
lifetime of an electron on transverse levels in axial channel- 
ing is shorter than the lifetime of a positron in planar chan- 
neling. For instance, for 3.5 MeV electrons aAt-6.2 at 
best, and this ratio increases with electron energy.21 (Note 
that the linewidth r of the radiation emitted forward by a 
particle is related to the lifetime of that particle on the trans- 
verse levels by T=2y%lAt.) Thus, the field strengths of 
the electromagnetic wave required for modulating an elec- 
tron beam on the corresponding resonant transitions is 
greater by a factor of 10 to 100 than that needed in planar 
positron channeling. 

4. All this suggests that by employing stimulated chan- 
neling it is possible, at least in principle, to obtain quantum 
modulated particle beams. This can easily be achieved for 
positron beams in planar channeling in the optical range (this 
requires laser fields of approximately lo6 Vlcm-I) with a 
fairly broad range of particle energies (10 MeV-1 GeV). 
Difficulties appear, however, as we move into the 
short-wave region (say, for the ultraviolet range the laser 
field must already be roughly lo7 ~ l c m - I .  

Modulation of an electron beam can be achieved at elec- 
tron energies E 5 50 MeV (since at high energies the condi- 
tion for suppressing the scattering by nuclei is violated and 
electron channeling becomes very unstable). However, ow- 
ing to the short coherence length and the low electron popu- 
lation on the respective resonant level, the modulation per- 
centage of a beam of channeled electrons is fairly low. 
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