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It is shown that antiferromagnetic RKKY correlations between localized spins, caused by the 
transition of a metal to the superconducting state, increase in strength as one approaches 
the surface of the sample, and also as one decreases its dimensionality. On this basis we propose 
a model of exchange interactions between localized spins in ferromagnetic insulator1 
superconductor (FIS) junctions and superlattices. This model takes account of indirect RKKY 
exchange between localized spins located at the FIS boundaries through conduction 
electrons of the S layers as well as direct exchange of nearest neighbors in the F layers. By 
using this model we have examined the ground states of FIS systems, and also determined possible 
variants of the mutual accommodation of the superconducting and magnetic order parameters. 
We find that FIS systems, depending on the relation between the antiferromagnetic and 
ferromagnetic molecular fields acting on each localized spin of the FIS  boundary, divide into 
two types. FIS systems of the first type allow only a homogeneous ferromagnetic 
ordering in the F layers to coexist with superconductivity in the S layers. In this case the 
magnetizations of the neighboring F layers in the superlattices are antiparallel. In FIS systems 
of the second type the superconducting layers can induce a cryptoferromagnetic modulation 
in the spin structure of the F layers. Depending on the magnitude of the exchange field induced 
by the localized spins of the FIS boundary at the conduction electrons of the S layer, the 
modulation period can be both larger than the coherence length of the superconductor [ and 
smaller. The phases of the magnetic order parameters in neighboring F layers of the 
superlattice in this case are shifted by m. These results explain the nature of the extra splitting of 
the density of states of the conduction electrons in EuOIAl and EuSIAl contacts in a 
magnetic field, and also the weak suppression of superconductivity in EuOlV multilayers. 
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1. INTRODUCTION 

Superconductivity and ferromagnetism are two compet- 
ing types of long-range order and their coexistence in one 
crystal is practically impossible. The point here is that the 
strong exchange field of the localized spins of a ferromagnet 
leads to a separation of the Fermi surfaces of the conduction 
electrons with antiparallel spins and thereby destroys the 
Cooper pairs (the paramagnetic effect, see Ref. 1). In turn, 
the singlet pairing of the conduction electrons in a supercon- 
ductor gives rise to the appearance of a long-range antiferro- 
magnetic contribution to the Ruderman-Kittel-Kasuya- 
Yosida (RKKY) indirect exchange between the localized 
spins2 and thereby renders the purely ferromagnetic state 
un~table.~ It is important to note that the efficiency of both 
mechanisms, reflecting the mutual influence that supercon- 
ductivity and ferromagnetism have on each other, is deter- 
mined by the difference of the spin susceptibilities of the 
conduction electrons x,(q) - x,(q) in the normal and super- 
conducting states. This difference is greatest for q = 0, which 
makes the coexistence of superconductivity and ferromag- 
netism energetically unfavored. At the same time, for values 
of q greater than 8- ' ,  where [ is the coherence length of the 
superconductor, the difference ,y,(q) - x,(q) is small, and a 
compromise becomes possible, i.e., the mutual accommoda- 
tion of the superconducting and magnetic ordering predicted 

in Ref. 3 and investigated in detail in Ref. 4 (see also Ref. 5 
and the references therein). This phase, called the cryptofer- 
romagnetic phase, is characterized by a long-wave (in com- 
parison with the period of the magnetic lattice a )  and, at the 
same time, small-scale (in comparison with the size of the 
Cooper pair [) modulation of the magnetic order of the lo- 
calized spins. This leads, on the one hand, to conservation of 
the short-range ferromagnetic order of the localized spins 
and a not-too-large loss in the exchange energy, and on the 
other hand, to a effective averaging of the spin polarization 
of the conduction electrons and conservation of supercon- 
ducting pairing. The main deficiency of homogeneous mate- 
rials in achieving of the coexistence phase is the obvious 
requirement that the Curie temperature O be lower than the 
superconducting transition temperature T ,  (Ref. 5). There- 
fore it is not surprising that superconductivity and inhomo- 
geneous magnetic ordering has been observed to coexist only 
in a few ternary compounds of the types 
ErRh,B, and H0Mo6S8 (see references in Refs. 4 and 5). 

In connection with the search for alternative systems in 
which such competing phenomena may be combined, the 
superconducting and magnetic properties of FIS superlat- 
tices formed by the alternation of layers of a ferromagnet 
(F) and a superconductor (S) are now being actively exam- 
ined (see the review in Ref. 6). In such systems the regions in 
which the magnetic and superconducting order parameters 
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act are spatially separated, and the paramagnetic effect can 
be compensated to a significant degree both by the choice of 
the thicknesses of the F and S layers and as a result of 
mutual accommodation of the two antagonistic types of 
long-range order. A variant of such accommodation with the 
formation of a banded domain structure in a thin metallic 
ferromagnet on the surface of a pure, massive superconduc- 
tor was discussed in Ref. 7. The authors of Ref. 7 suggested 
that the appearance of such a domain structure may explain 
the coexistence of superconductivity and the phenomenon of 
surface ferromagnetism, discovered recently in massive and 
thin-film samples of At the same time, the co- 
existence of ferromagnetism and superconductivity, the un- 
expected growth of T ,  with increase of the thickness of the 
Fe layers, and the transition from two-dimensional (2D) to 
three-dimensional (3D) behavior with increase of tempera- 
ture or decrease of the thickness of the vanadium layers, 
detected in FeIV superlattices,6 apparently cannot be ex- 
plained solely on the basis of the "T-phase" character of 
superconductivity in neighboring vanadium layers separated 
by a layer of iron.'' For a more complete analysis of the 
different types of mutual accommodation of superconductiv- 
ity and ferromagnetism in FIS-systems, it is necessary to 
answer the question, by what mechanism do the magnetic 
layers interact through the superconducting layers. This 
question, by the way, is very important for very thin vana- 
dium films with ferromagnetically ordered surfaces. Similar 
problems, connected with the competition of superconductiv- 
ity with ferromagnetism, also arise in other FIS-systems, 
where, for example, F is a ferromagnetic insulator (see Refs. 
6 and 11). In particular, the nature of the internal fields caus- 
ing the splitting of the BCS peak in the density of states of 
the conduction electrons of aluminum in EuO1AVAl2O3A1 
(Ref. 12), EuSIAl/Al2O3Ag (Ref. 13), and Au/EuS/Al (Ref. 
14) tunnel contacts, where EuO and EuS are ferromagnetic 
insulators, is not clear. This splitting is observed as an extra 
splitting (in addition to the Zeeman splitting) in the presence 
of an external magnetic field and saturates with growth of 
this field, while in contacts with E U S ' ~ , ' ~  it takes place in 
zero field. With increase of the magnetic field in 
~ I ~ - c o n t a c t s ~ ~ - ' ~  a first-order phase transition to the normal 
state occurs, although theory predicts a second-order transi- 
tion for this region." 

In the present paper we propose a simple model of ex- 
change interactions between localized spins in junctions and 
FIS (ferromagnetic insulatorlsuperconductor) superlattices. 
Together with the direct exchange of nearest neighbors in the 
ferromagnetic layers, it also allows for RKKY indirect ex- 
change between localized spins, located on the FIS bound- 
aries, through the conduction electrons of the superconduct- 
ing layers. Using this model we examine the ground states of 
FIS systems, and also determine the possible types of inho- 
mogeneous magnetic structures and the conditions of their 
coexistence with superconductivity. In Sec. 2 we find the 
dependence of RKKY exchange on the distance between the 
localized spins and on their positions relative to the bound- 
aries of the superconducting sample for three different geom- 
etries: a half-space, a lamina, and a wire. On the basis of the 
results obtained in Sec. 2 and Sec. 3 we examine different 

types of mutual accommodation of the superconducting and 
magnetic order parameters for two types of flat FIS junctions 
between a thin film of some ferromagnetic insulator and a 
superconducting substrate. An analogous problem is solved 
in Sec. 4 for FIS superlattices with allowance for RKKY 
exchange between the localized spins of neighboring F lay- 
ers through the interlaid S layers. Section 5 is the conclu- 
sions and discussion of results. 

2. THE EFFECT OF BOUNDARIES ON RKKY INDIRECT 
EXCHANGEINSUPERCONDUCTORS 

In BCS theory a dirty superconductor of finite dimen- 
sions with conduction electrons scattering off nonmagnetic 
impurities can be described by the Hamiltonian 

where the integration is over the volume bounded by the 
surface u of the superconductor-insulator (vacuum) inter- 
face, Q\Ir,+(r) and l , ( r )  are the electron field operators, 
a = T , J. are the projections of the electron spin on the quan- 
tization axis, V is the potential of the nonmagnetic impuri- 
ties, the index i runs over the positions of these impurities, 
and, finally, A is the interelectron interaction constant re- 
sponsible for the superconducting correlations of the conduc- 
tion electrons. 

The dependence of the RKKY exchange integral on the 
distance between the localized spins S, and S,I is deter- 
mined, as is well known,'' by the spatial dispersion of the 
spin susceptibility of the conduction electrons x(r,rr), and 
the Hamiltonian of the indirect exchange has the form 

where I is the s-d-exchange integral; hence, in this paper we 
set ti = kB = p~ = 1. In the normal phase the dependence 
xn(r,rl) has the form of the characteristic Friedel oscilla- 
tions, and its integral over all space gives the homogeneous 
Pauli susceptibility. 

It was shown in Ref. 2 that in a dirty superconductor 
described by the Hamiltonian (I), the local spin polarization 
corresponding to the normal phase is compensated by the 
long-range contribution of the antiferromagnetic term. This 
additional contribution to the RKKY exchange results from 
excluding the paired electron contribution from the homoge- 
neous spin polarization. The superconducting contribution to 
the susceptibility Sx,(r,rl) can be represented in the form 

For the case considered in Ref. 2 of an infinite, dirty super- 
conductor the two-particle correlator AS(r,r1,w) in the hy- 
drodynamic limit, i.e., at distances R= Ir- rrl exceeding the 
mean free path 1, is given by 
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Here N(0) is the density of states of the conductivity elec- 
trons on the Fermi surface, A is the superconducting order 
parameter, D is the diffusion coefficient, 

is the radius of action of the correlator AS(r,rt,w) and de- 
pends on the frequency w = rT(2n + 1 ), T is the tempera- 
ture, and n = 0, + I, t 2,, . . . Since the homogeneous spin po- 
larization in a superconductor should vanish at T=O, in 
analogy with Ref. 16 we may derive a sum rule for 
AS(r,rr,o).  In the case of a homogeneous superconductor 
with order parameter A and density of states N(0) indepen- 
dent of the coordinates, this sum rule has the form 

To find the long-range part of the RKKY exchange in the 
case of a superconductor bounded by the surface a, it is 
convenient to represent AS(r,rr,w) in the form of the solu- 
tion of a boundary-value problem. It can be shown that ex- 
pression (4) is the solution of a differential equation of dif- 
fusion type: 

The boundary conditions on this equation are found by inte- 
grating Eq. (6) over r using the sum rule (5); they have the 
form 

where n is the normal to the superconductor-vacuum (insu- 
lator) interface a. Physically, Eq. (7) corresponds to the ab- 
sence of a Cooper pair flux through the superconductor sur- 
face. 

Solving Eq. (6) together with the boundary condition (7) 
under the assumption that the density of states N(0) and the 
order parameter A are constant and vanish discontinuously at 
the superconductor surface a (Ref. 17), we can obtain the 
spatial dependence of the correlator AS(r,rr,w) for all ge- 
ometries of practical interest. We will consider three of them 
here: a superconducting half-space, a superconducting 
lamina, and a superconducting wire. 

Thus, in the case of a superconducting half-space 
z,zr2-0, we have 

where k2=q: +ti2, QL =iq,+jqy, and p=ix+ jy. It is in- 
teresting to note that a spin pair on the surface of the super- 
conductor ( z =  z' = 0) interacts twice as strongly as in its 
volume for z = z ' > 5 (here 

is the coherence length of the superconductor), where the 
formula (4) is valid for A,(r,rr,w). Thus, elastic reflection 
of Cooper pair from the surface of the superconductor leads 
to its own kind of interference with amplification. 

For a superconducting lamina of thickness L, i.e., when 
Osz ,  z r<L,  where L%l, we obtain 

x cosh[k(zr - L)] (9) 

for z < z t .  If, on the contrary, z>zf  , then it is necessary for 
them to change places in Eq. (9). It is not hard to convince 
oneself that in the case of a massive lamina (L> 6) the an- 
tiferromagnetic coupling between the localized spins on each 
of the surfaces is two times stronger than in the interior. In 
the limit LAW, expression (9) goes over to expression (8) 
for a half-space. However, the above result (9) is more 
graphically illustrated in the quasi-two-dimensional situation 
in which the film thickness L is small in comparison with the 
coherence length 5. Then the interaction of the localized 
spins is practically independent of z and z' and is determined 
only by the projection of the radius vector R on the z = 0  
plane, i.e., by R,  = Ip-prl: 

Here, as follows from the asymptotic behavior of the modi- 
fied Bessel function 

the power-law falloff of the RKKY potential with distance 
between the localized spins is weaker in comparison with the 
three-dimensional case (4), and antiferromagnetic correla- 
tions of localized spins at distances R, 6 6 are enhanced. 
From a physical point of view, such a modification of RKKY 
exchange is due, apparently, to a "simplification" of the 
wave function of the Cooper pairs in a quasi-two- 
dimensional film with conservation of the phase volume they 
occupy. 

For a superconducting wire of radius L, i.e., for OSp,  
p r<L ,  (LS-l), we have 

4N(0)A2 
ID 

C cos mcp 
As(r,rr ,w) = 

D(w2+ A') ,=o 1 i - 3  6m,o 
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for p < p l .  If, on the contrary, p > p l  holds, then it is neces- 
sary for them to change places in Eq. (1 1). The symbol cp 
denotes the angle between the radius vectors p and p'; we 
have set qll=q,, k2=q1;+5i2;  and I&), K , ( x )  and 
I ~ ( x ) ,  K k ( x )  are the modified Bessel functions of first and 
second order and their derivatives. In the quasi-one- 
dimensional case, when the radius of the wire satisfies 
L e t ,  expression ( 1  1)  substantially simplifies: 

and the energy of the antiferromagnetic interaction between 
the localized spins at distances Iz- z'l S 6 is practically con- 
stant. 

Thus, the antiferromagnetic correlations of the localized 
spins, induced by the transition of the metal to the supercon- 
ducting state, strengthen as one approaches the surface of a 
massive, dirty superconductor and as one lowers the dimen- 
sionality of the sample. It is not hard to convince oneself by 
direct integration that all of the above results (8)-(12) satisfy 
the sum rule (5),  thereby ensuring that the homogeneous spin 
susceptibility X, equals zero at T= 0 .  

3. MUTUAL INFLUENCE OF SUPERCONDUCTIVITY AND 
FERROMAGNETISM IN FIS CONTACTS 

As an application of the results obtained in Sec. 11, let us 
consider a flat junction between a thin film of some ferro- 
magnetic insulator (F) occupying the region O<z< L. The 
subsystems of localized spins of the ferromagnet and the 
conduction electrons of the superconductor, coupled with 
each other across the FIS boundary, can be described by the 
Hamil tonian 

where the Hamiltonian HF takes account of direct exchange 
of the localized spins of the F film, and the exchange integral 
J is greater than zero only for nearest neighbors located at 
the sites r of a simple cubic lattice with period a .  In addition, 
we assume that the localized spins of the F film are ordered 
as in an "easy plane," i.e., the magnetic anisotropy constant 
is greater than zero: D>O. The Hamiltonian Hs in Eq. (13) 
[see Eq. (I)] describes the Cooper pairing of the conduction 
electrons scattering off the nonmagnetic impurities in the S 
layer. Finally, the last term HFls describes the s- 
d-exchange interaction of the localized spins of the ferro- 
magnet with the conduction electrons of the superconductor, 
and the prime on the summation sign indicates that r runs 
only over the localized spins located on the FIS boundary. 
Here I is the s-d-exchange constant, u is the Pauli matrix, 
and a and /3 are the spin indices of the conduction electrons. 
The proposed mechanism of the HFIs interaction is as fol- 
lows. The overlap of the conduction electron wave functions 
with the s and d orbitals of the first atomic layer of the F 

film leads to virtual transport of electrons out of the super- 
conductor into the insulator and vice versa. The correspond- 
ing effective s-d-exchange integral I  can be approximately 

where I. is the Hund intra-atomic s-d exchange, and ts and 
td are the transport integrals between the metal conduction 
band with characteristic Fermi energy Eo and the s  and d 
shells of the magnetic atom with energies E ,  and E d ,  respec- 
tively. Clearly, I  is substantially less than lo and to a signifi- 
cant degree is determined by the quality of the FIS bound- 
ary, i.e., it depends strongly on the conditions and technique 
of preparation. The interaction HFIS leads, on the one hand, 
to a splitting of states of the conduction electrons in the S 
layer by the exchange field of the localized spins of the 
FIS boundary, and, on the other, to the indirect exchange (2)  
of these same localized spins through the conduction elec- 
trons of the superconducting substrate. 

For definiteness in what follows, we will assume that the 
Curie temperature @ is higher than the superconducting tran- 
sition temperature T,  and that for T,< T < @  the ferromag- 
netism of the surface of the F film is not spoiled by the 
oscillations of the normal part of the RKKY exchange. This 
latter assumption in turn assumes that direct exchange at of 
nearest-neighbor distances is stronger than indirect ex- 
change, i.e., J > 1 2 ~ ( 0 ) .  In addition, we will assume in what 
follows that the thickness of the F film d is much less than 
6, where 6 is the penetration depth of the surface distortions 
of the magnetic ordering in the ferromagnet.18 In this limit 
the long-wave modulations of the magnetic ordering of the 
localized spins generated at the FIS surface will be commu- 
nicated over the entire thickness of the F film as a result of 
the strong interatomic exchange J. For simplicity, we also 
assume that the thickness of the S layer is small, i.e., 
L 4 5 .  In this case suppression of the order parameter A by 
the exchange field of the localized spins bordering on the 
superconductor occurs uniformly over the entire thickness of 
the S layer.'' 

Averaging the Hamiltonian (3) over the electron and spin 
variables in the self-consistent field approximation in the 
spirit of Refs. 4 and 5, and assigning the magnetic order in 
the F film in the form 

(ST)= (S~+~S;)=S exp( + ~ Q L .  p),  (S:) = 0 ,  (15) 

for the surface density of the free energy of the FIS contact 
at T=O, we obtain the following functional: 

where fO, and fON are the free energies per unit area of the 
FIS junction for the F film and the S layer, respectively, in 
the normal phase. The third term describes the loss of the 
direct exchange energy due to the long-wave ( q , a 4  1) 
modulation of the ferromagnetic ordering of the localized 
spins. The fourth term is the two-dimensional Fourier trans- 
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form of the superconducting contribution I(p-pl,z,z') to 
the RKKY potential, which is found by substituting expres- 
sion (9) in Eqs. (3) and (2), i.e., 

After summing over w ,  we can represent the low- 
temperature ( T T ~ A )  asymptotic limits of the exchange in- 
tegral I(q,,O,O) for the various regions of variation of the 
wave vector q, in the form 

ma 
I(q,,O,O)= - - N(0)12(q,5)-', L-'<q,<l-', 

8 5 
(18) 

where 5= m. The term proportional to I(q, ,0,0) in ex- 
pression (16) plays a double role. On the one hand, it de- 
scribes the long-range antiferromagnetic correlations of the 
localized spins on the boundary (z = z' = 0)  via the Cooper 
pairs of the superconductor, and, on the other, it takes ac- 
count of suppression of the order parameter A due to the 
paramagnetic effect of these spins. Finally, the last term in 
expression (16) describes the gain in the condensation energy 
(see Refs. 4 and 5) associated with the transition of the S 
layer to the superconducting state. Here A,= 1.76Tc0, 
e=2.718, and we neglect the difference in the lattice con- 
stants of the F and S layers (aF= as= a). 

Minimization of functional (16) over A and q, using the 
first of expressions (1 8) for I(q, ,O,O) for q, 54  1 leads to 
three different ground states or phases of the FIS junction, 
whose realization depends on the values of the parameters 
A and h: 

The parameter A is the ratio of the absolute values of the 
antiferromagnetic and ferromagnetic molecular fields per lo- 
calized spin of the FIS boundary due respectively to RKKY 
exchange via the superconducting electrons of the S layer 
and to direct exchange in the F layer. The quantity h is the 
mean exchange field acting on the conduction electrons com- 
ing from the localized spins at the FIS boundary. 

In the case A < 1 ferromagnetic ordering is stable with 
respect to long-wave modulation, the tendency toward which 
arises thanks to RKKY exchange. In this case, if the ex- 
change field h is not too large, superconductivity in the S 
layer arises against a background of ferromagnetism in the 

F film and they coexist (the FS phase). In the F S  phase the 
equilibrium values of the order parameter A and the mag- 
netic structure wavevector QL are given by 

The surface density of the free energy in this phase is equal 
to 

For A >  1, ferromagnetic ordering is unstable with re- 
spect to long-wave modulation and the free energy minimum 
(16) corresponds to the cryptoferromagnetic superconducting 
phase C F S ,  the parameters of which, A and Q, are found 
from the self-consistent equilibrium conditions 

The free energy density in the C F S  phase is given by 

Comparing the free energies (21) and (23), it follows that the 
transition from the F S  ground state to the C F S  ground state 
takes place at A = 1 and is accompanied by a mutual accom- 
modation of the superconducting and magnetic order param- 
eters. Here the neighborhood A - 1 4 A  of the transition point 
corresponds to large-scale sinusoidal modulation of the mag- 
netic order of the localized spins in the F film. On the one 
hand, it leads to a partial compensation of the paramagnetic 
effect, and, on the other, to minimal loss of the direct ex- 
change energy, since Q, ' 9 5 * a. 

With increase of the exchange field h,  when the gain 
associated with the condensation energy is compensated by 
the paramagnetic effect and the loss in the direct exchange 
energy, the FIS junction transitions to the ferromagnetic nor- 
mal state F N  with A = Q, = O  and free energy 
fFN=c+fi. This transition can originate in either the 
C F S  phase or the F S  phase. 

From the above low-temperature (T= 0)  analysis it fol- 
lows that as the magnitude of the exchange field h grows and 
the ratio A of the molecular fields given by (19) correspond- 
ingly increases, the FIS junctions may behave quite differ- 
ently. The two possible forms of the dependence of the su- 
perconducting order parameter A and magnetic structure 
wave vector Q, on h are schematically depicted in Fig. 1. 

In the case of FIS junctions of the first type (see Fig. la) 
the quantity A remains smaller than unity up to the critical 
value of the exchange field h,. The critical parameters 
(h, ,A,) of the first-order phase transition from the FS state 
to the FN state are found by equating the free energies of 
these phases and are given by 
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FIG. 1. Dependence of the superconducting order parameter A and wave 
vector Q, of the magnetic structure on the exchange field h for FIS junc- 
tions a) of the first type with A,< 1 (Q, = 0) and b) of the second type with 
A , > l .  

where to= is the coherence length at T=O and 
h =O. Small corrections of the order of ( ~ 1 5 ) '  to the well- 
known result for homogeneous ferromagnetic 
superconductors1 h,=AolV2 and A,= A. arise because the 
exchange field destroying the Cooper pairs is created by the 
localized spins located on the surface, and not in the interior 
of the sample. 

For FIS junctions of the second type (see Fig. lb) the 
ratio of the molecular fields is less than unity ( A  < 1 ) only up 
to some lower critical value of the exchange field hcl . For 
h=h, , (<h, )  the second-order phase transition FS-+CFS 
takes place, accompanied by a more abrupt decrease (break) 
than in the FS phase, of the superconducting order parameter 
A in the S layer and the appearance of a nonzero wave vector 
Q ,  of modulation of the ferromagnetic ordering in the F 
film. The critical parameters of the transition ( h C l , A c l ) ,  
found by equating the energies of these phases, are 

Here A, is the value of the parameter A at h = h c  and 
A = A c  (see formula (27) below), where A,> 1. With further 
increase of the exchange field a first-order phase transition 
from the cryptoferromagnetic superconducting state ( C F S )  
to the ferromagnetic normal state ( F N )  takes place at 
h=hC2.  The upper critical value of the exchange field hC2 
and the corresponding values of the order parameter Ac2 and 
the modulation wave vector QC2 in the case A,- 1 <Ac  are 
given by 

It can be shown that the quantity A,  plays a role for the 
FIS junctions analogous to the role of the Ginzburg-Landau 
parameter x in dividing type-I and type-11 superconductors. 
Indeed, the ratio of molecular fields A ,  which plays a deci- 
sive role in assigning the FIS junctions to the first or the 
second type, can be expressed in terms of A ,  as 

Hence it follows that FIS junctions with A,< 1 belong to the 
first type (Fig. la), and junctions with A,> 1, to the second 
type (Fig. lb). In addition, FIS junctions with A,- 1 +A,  
are characterized by a wide coexistence region of ferromag- 
netism and superconductivity ( F S )  and a narrow region of 
the cryptoferromagnetic superconducting phase ( C F S )  since 
the critical values hcl and hc2 are close to h, in this situa- 
tion. 

In the case of lower stability of the ferromagnetism of 
the F film to long-wave modulation, i.e., when 
1 ~ A , ~ ( ~ ~ I L ) ~  holds, the region occupied by the CFS 
phase is substantially broadened, and the region correspond- 
ing to the FS phase, in contrast, narrows significantly since 
in this case h c l < h c 4 h c 2 .  Formulas (25) for hcl and A,, 
now substantially simplify since A,% 1. The upper critical 
exchange field hc2 and the corresponding values of Ac2 and 
Qc2 in this case are found from the new self-consistent equi- 
librium conditions 

which are obtained by minimizing the free energy (16) using 
the RKKY polarization (18) for the range of magnetic struc- 
ture wave vectors t - ' + q l  4 L-  I .  The ratio of molecular 
fields A in this case obeys the inequalities 1 < A ~ ( ( / L ) ~ .  
The free energy density of the FIS junction corresponding to 
conditions (28) has the form 

The characteristic parameters of the first-order transition 
from the CFS phase to the FN phase in the given case are 
given by 

Clearly, in the region of strong exchange fields h s h ,  super- 
conductivity in the S layer can be preserved only under the 
condition that it be effectively averaged as a result of small- 
scale (in comparison with the coherence length t o )  modula- 
tion of the magnetic order in the F film. At the same time, in 
order to ensure that the loss in the direct exchange energy 
will be small, the modulation should remain relatively long- 
wave in comparison with the period of the magnetic lattice 
a, i.e., the condition a * L 4  Q; ' 4 to should hold. The not 
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overly strong decrease in the superconducting order param- 
eter A in the CFS phase is due to the optimal nature of the 
mutual accommodation of the two competing phenomena. 

Finally, in the presence of even greater instability of fer- 
romagnetic ordering, when A , ~ ( , $ ~ / L ) ~  holds, there can be 
an even finer-scale ( a <  Q ,  ' 4 ~ 4  to) modulation of the fer- 
romagnetic ordering of the localized spins in the F film, 
characteristic for exchange fields h 2 hc(eo 1 L ) .  The equilib- 
rium values of A and Q ,  for this region of exchange fields in 
the CFS phase are found from the equations 

obtained by minimizing the free energy (16) using the 
RKKY exchange potential (18) for the range of wave vectors 
1- ' P q ,  4 L - ' .  This corresponds to quite large values of the 
ratio of molecular fields A such that A ~ ( ~ I L ) ~ .  The surface 
density of the free energy of the FIS junction corresponding 
to Eq. (31) is 

At the second-order phase transition CFS-+FN ( h  = hc2)  
we have 

(33) 
In the last of the cases considered ( ~ , 4 t i l L ' )  the FS phase 
has its smallest range of values of the exchange field since 
hc l=h ,  l a4 hCLl tO.  On the contrary, the CFS phase has 
its largest range of values of the exchange field since 
h,%-hcxiolL. 

The inequality A % - ( ~ / L ) ~  (or A , % - ( ( 1 ~ ) '  and 
h%-h,tOIL),  which is necessary for the realization of the 
finest-scale ( Q ;  ' G L )  modulation of ferromagnetic ordering 
in an FIS junction is seen to be quite severe if one takes 
account of the assumption that we made, namely that 
I ~ N ( o ) < J .  However, the smallness of the factor (itself a 
ratio) N ( o ) ~ ~ / J s '  in the definition (19) of the ratio of mo- 
lecular forces A is to a large extent compensated by the ratio 
~ t ' ~ 1 4 a ~ d  of the region of action of the superconducting 
part of the RKKY polarization and the region of action of 
direct exchange. As a result, A is bounded from above by a 
magnitude of the order of I ' N ( o ) ~ ' / J L ~ .  Consequently, our 
results for the strongly modulated CFS phase in FIS junc- 
tions are valid for very thin layers of ferromagnetic insulator 
and relatively thick layers of superconductor such that the 
inequalities J ~ ' ~ / L ~ ~ I ' N ( o )  < J are fulfilled. 

4. COMPETITION BETWEEN FERROMAGNETISM AND 
SUPERCONDUCTIVITY IN Fl S SUPERLATTICES 

Let us consider an FIS superlattice obtained by alter- 
nately laying down layers of insulator, of thickness d ,  and 
superconductor, of thickness L,  where L 4 5 ,  as before. To 
examine the mutual accommodation of the superconducting 
and magnetic order parameters in such a system, it is suffi- 
cient to study the free energy density f* of a unit cell con- 

sisting of two magnetic half-layers ( F )  - d12< z < 0 and 
L < z <  L + dI2, separated by a superconducting layer ( S )  
O<z<L.  The functional f * in this case will differ from the 
previous case [Eq. (16)] in that, in addition to the term 
I (q ,  ,0,0), it should include an analogous term due to surface 
RKKY exchange I ( q ,  ,L ,L)  between the localized spins of 
the neighboring ferromagnetic layer ( z =  z' = L ) ,  and also a 
term I (q ,  ,O,L) accounting for RKKY exchange between the 
localized spins belonging to the magnetic surfaces z = 0 and 
z' = L separated by the intervening superconducting layer 
S. In this light, we seek the magnetic order in the FIS su- 
perlattice in the form 

where qll is the component of the wave vector parallel to the 
superlattice axis. Below, as before, we assume that the thick- 
ness of the ferromagnetic layers d is much less than the 
penetration depth S of the surface distortions of the magnetic 
ordering. This ensures that the magnetic order parameter will 
not vary within the limits of the thickness of any given F 
layer and that as a result of the translational invariance of the 
FIS superlattice, it will at most be multiplied by a constant 
phase factor as one goes from one F layer to the neighboring 
F layer, i.e., 

(sL(p,z + L + d ) )  = (s'(p,z))exP(+- i q l lL ) .  (35) 

At the same time, we will temporarily neglect tunneling by 
the conduction electrons from one S layer to another through 
an intervening F layer. Therefore we will treat the phases of 
the superconducting order parameters A in neighboring S 
layers as uncoupled, and we will not consider the "T-phase" 
variant (in the superconductivity sense, see Ref. 10) of the 
mutual accommodation. 

Noting further that I (q ,  ,L,L) = I (q ,  ,O,O) and 
I (q ,  ,L,O) = I (q ,  ,O,L), we obtain the following expression 
for the free energy density f* per unit cell: 

where I(q ,  ,O,L) is found from Eq. (17) and has asymptotic 
limits similar to those for I(q,,O,O) [Eqs. (18)]. They only 
differ for wave vectors 9 ,  comparable to L -  I .  Indeed, for 
q,L+1 we obtain 

from which it can be seen that the corrections to I(q,,O,O) 
are small of order (LIE)'. In this case, RKKY exchange 
between the localized spins belonging to the different mag- 
netic surfaces z = 0 and z' = L are of the same order of mag- 
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nitude as RKKY exchange between the localized spins on 
each of the surfaces z = z'  = 0 and z = z' = L.  In the opposite 
limit ( q ,  L P  1 ) we have 

i.e., the exchange coupling between magnetic surfaces 
through the intervening superconducting layer S is exponen- 
tially small in comparison with the exchange between the 
localized spins on each of the surfaces (although L e t ,  as 
before). This is due to extensive averaging of the spin polar- 
ization of the electrons in the superconductor with strong 
modulation of the ferromagnetic ordering in the F layers, 
thanks to which RKKY exchange in this case has a purely 
surface character. 

Minimizing the free energy (36) over A ,  q ,  , and 911 
using expression (37) for I(q,,O,L) leads to two possible 
variants of the ground state of the FIS superlattice combin- 
ing magnetic and superconducting types of long-range order. 

1f A < 6 ( t l ~ ) ~  holds, then the mutual accommodation of 
superconductivity and ferromagnetism will take the form of 
a layered antiferromagnetic superconducting phase AFS, for 
which the equilibrium values of A ,  q ,  , and 911 are given by 

The free energy density corresponding to this phase, CFs,  is 
equal to 

In the AFS phase, which corresponds to three-dimensional 
behavior of the FIS superlattice, the localized spins of each 
of the F layers are ordered ferromagnetically, and the mag- 
netizations of neighboring layers are antiparallel. Such a con- 
figuration of the localized spins ensures against any loss in 
the direct exchange energy. In addition, by virtue of the small 
thickness of the intervening superconducting layer ( L  < 0,  
the exchange polarization induced in it by the localized spins 
of one of the F layers is almost completely canceled by the 
polarization of opposite sign induced by the neighboring F 
layer. The uncompensated part of the spin polarization of the 
conduction electrons, as can be seen from Eq. (40), is small 
of order L l t .  

Note that the strong averaging of the spin polarization of 
the conduction electrons in the AFS phase leads to a sub- 
stantial increase in the values of the exchange field h and the 
parameter A (19) that are required for the transition to the 
cryptoferromagnetic phase CFS,  in comparison with FIS 
junctions. Indeed, to realize the CFS phase in FIS superlat- 
tices it is necessary that the new (effective) ratio of molecu- 
lar forces A * = A L ~ / ~ ~ ~  be greater than unity. The param- 
eters of this state A,  Ql , and Qll are found from the self- 
consistent equilibrium conditions 

0 hf,  hf h:, h 

FIG. 2. Dependence of  the superconducting order parameter A and wave 
vector Q, of the magnetic structure on the exchange field h for FIS junc- 
tions a) of the first type. with Af < 1 (Q, = 0) and b) of the second type. with 
A T > l .  

The free energy density in such a layered CFS phase has the 
form 

As follows from a comparison of Eqs. (40) and (42), the 
transition from the AFS state to the layered CFS state takes 
place at A * = 1 .  In this case the neighborhood A * - 1 < A  * of 
the transition point is associated with a large-scale 
(Q;  ' 4 L )  sinusoidally modulated structure of the localized 
spins in the F layers. At the same time, the phases of the 
magnetic order parameters in neighboring F layers, as can be 
seen from Eqs. (35) and (41), are shifted by n. Such a three- 
dimensional ( 3 0 )  "T-phase" behavior of the magnetic or- 
der parameter in the AFS state and immediately after the 
transition to the CFS state is due to RKKY exchange, which 
sets up a long-range antiferromagnetic coupling between the 
localized spins of neighboring ferromagnetic layers through 
the conduction electrons of the intervening superconducting 
layers. 

The above analysis shows that with growth of h and 
A* the FIS superlattices, like FIS junctions, exhibit two 
kinds of behavior. The corresponding dependences of A and 
Q, on h are schematically depicted in Fig. 2, where the 
critical exchange fields h: , hr, , and hF2, and the corre- 
sponding order parameters A:, A:, , and for the super- 
lattices are marked with asterisks to distinguish them from 
the corresponding values for the junctions. 

For superlattices of the first type (see Fig. 2a), as h 
grows, the modified ratio of molecular forces A* remains 
less than unity up to the critical value h: , at which the 
first-order phase transition AFS--+FN occurs. At this point 
the superlattice in the magnetic sense becomes quasi-two- 
dimensional ( 2 0 )  since the long-range exchange coupling 
between the F layers disappears simultaneously with the de- 
struction of superconductivity in the S layers. The critical 
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values h,* and A: , corresponding to the A FS-+ FN transi- 
tion point, are found by equating the energies of these 
phases: - 

In the case of FIS superlattices of the second type (see 
Fig. 2b) the ratio of molecular forces A * is less than unity up 
to the lower critical value of the exchange field h:, , where 
the second-order phase transition A F S ( 3 D )  -+ CFS(3  D )  
takes place in the FIS system. Equating the free energies of 
these phases [Eqs. (40) and (42)], we obtain 

where A: - 1 <A,* . Here the ratio of molecular forces is 
represented in a form normalized to the critical point 
(h: ,A:) ,  i.e., 

where A,  is the critical ratio of molecular forces (27) of the 
corresponding FIS junction. The A FS- CFS transition is 
accompanied by the appearance of a nonzero wave vector 
Q ,  of the sinusoidal modulation of the spin order in the F 
layers, which with conservation of the phase shift by T be- 
tween the sinusoids in neighboring layers leads to additional 
averaging of the spin polarization acting on the Cooper pairs 
in the intervening superconducting layers S. Therefore in the 
CFS state the falloff of the order parameter A in the region 
h>h,*, is slower than in the AFS state in superlattices of the 
first type. Thus, at the point h= h:, + O  there is a positive 
jump in the first derivative A 1 ( h ) ,  which is different from 
the case with FIS junctions, where this jump (at 
h = h,, + 0) is negative. The upper critical exchange field 
hT2 of the superlattice and the parameters AX and Q,*2 of the 
first-order transition CFS--t FN for A,* - 1 GA: are given 
by 

As follows from expressions (44)-(46), the critical ratio 
of molecular forces A,* plays the same role for the FIS su- 
perlattices as does the critical ratio of molecular forces A,  
for the FIS junctions. Indeed, superlattices with A,*< 1 be- 
long to the first type and, as can be seen from Fig. 2a, are 
characterized by homogeneous ordering of the localized 
spins in the F layers (Q, = 0) both in the normal ( F N )  and 
superconducting (AFS)  states. At the same time, superlat- 

tices with A:> 1,  belonging to the second type, can possess 
one more intermediate superconducting phase ( C F S )  with 
sinusoidal modulation ( Q ,  Z 0) of the spin structure in the 
F layers (Fig. 2b). As A:--+ 1, the region occupied by the 
cryptoferromagnetic state contracts into a point since 
h,*, ,h,*2-+h,* and, correspondingly, A,*l ,AF2-+ A,* and 
Q%-0. 

If A: G 1 holds, then for the lower critical parameters 
h:, and A:l we obtain from Eqs. (40)-(42) 

To find the upper critical parameters hF2, A,*2, and Q,*2 in 
this case, new equilibrium conditions, valid for the high ex- 
change fields h+h,* and, correspondingly, the strong modu- 
lation of the magnetic ordering in the F layers ( q ,  L+ 1 ), are 
necessary. Minimizing the free energy density (36) over A 
and 9 ,  while neglecting, by virtue of relation (38), the ex- 
ponentially small interlayer F-F exchange gives 

where A * 9 1. The free energy density corresponding to the 
so strongly modulated CFS phase is 

For the case under consideration (A,*% 1 and h% h: , i.e., 
A*+ 1), invoking Eqs. (48) and (49) for the parameters of 
the first-order phase transition CFS-FN we obtain 

For superlattices with A,*+ 1, as can be seen from relations 
(47) and (50), the span of the AFS state is minimal, while 
that of the CFS state, on the contrary, is maximal, since 
h:, 4 h: 4h,*2.  It is interesting to note that the origin of the 
CFS state, i-e., the region hZ1<h4h ,* ,  corresponds to 3 0  
behavior of the magnetic order parameter with "T-phase" 
matching of the large-scale (Q;'%L) modulations of the 
spin structure in the neighboring F layers. At the same time, 
the region h , * G h ~ h , * ~  near the transition to the FN state 
already corresponds to quasi-two-dimensional behavior of 
the superlattice with small-scale ( Q ,  4 L )  oscillations of 
the spin ordering in the practically non-interacting F layers, 
although superconductivity in the intervening S layers is still 
preserved. Such a quasi-two-dimensional variant of the co- 
existence of the two competing phenomena is due precisely 
to the surface character of RKKY exchange in the region of 
large wave vectors q ,  . The FIS superlattice in this case 
decays into a system of weakly coupled SIFIS sandwiches. 
In this case, whereas the phases of the magnetic order pa- 
rameter on opposite sides of the same F layer are synchro- 
nized by strong direct exchange, the correlation between the 
phases of the order parameter in neighboring F layers is 
absent with exponential accuracy and Qll is arbitrary. 
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5. CONCLUSIONS AND DISCUSSION OF RESULTS 

The work presented in this paper can be summarized as 
follows. 

1. A simple model of exchange interactions between lo- 
calized spins in FIS junctions and superlattices (ferromag- 
netic insulatorlsuperconductor) has been proposed. In addi- 
tion to the direct exchange between nearest neighbors in the 
F film, it also takes account of the indirect interaction be- 
tween the localized spins on the FIS boundary by way of the 
conduction electrons of the superconductor. This latter ex- 
change is due to the effective s-d exchange I, which arises 
as a result of virtual electron transport from the superconduc- 
tor to the insulator and vice versa as a consequence of the 
overlap of the corresponding wave functions. 

2. The dependence of the RKKY potential on the dis- 
tance between the localized spins and their positions relative 
to the surface of the superconductor for three geometries of 
practical interest: a half-space, a lamina (quasi-two- 
dimensional film), and a wire (quasi-one-dimensional whis- 
ker). It has been shown that the antiferromagnetic correla- 
tions between the localized spins grow as one approaches the 
surface of a massive superconductor or as one decreases the 
dimensionality of the sample. 

3. It has been shown that FIS junctions can be divided 
into two types depending on the magnitude of the critical 
ratio of the antiferromagnetic and ferromagnetic molecular 
fields A, (27): 

a) FIS junctions of the first type with A,< 1 allow only 
a homogeneous ferromagnetic ordering in the F film, which 
for exchange fields h<h, coexists with superconductivity in 
the S sublayer (FS phase). For h a h ,  the FIS junctions pass 
into the normal state (the F N  phase) by way of a first-order 
phase transition (see Fig. la). 

b) In FIS junctions of the second type with A,> 1 the 
FS  phase exists only for h< hcl . For hcl< h< hc2 the su- 
perconducting substrate S induces a nonuniform cryptoferro- 
magnetic modulation (the CFS phase) in the F film as a 
result of the long-range antiferromagnetic RKKY exchange 
between the localized spins. This phenomenon can appar- 
ently be considered as a magnetic aspect of the well-known 
proximity effect. The F S j C F S  transition at h=hcl  is a 
second-order phase transition (see Fig. lb). The wave vector 
Q, of the spin structure (S:) = S c o s ( c p )  in the CFS 
phasevariesfromQ,=O a th=hc l  t 0 ~ ~ S L - l  a th=hn  if 
A , P ( ~ / L ) ~ ,  where L is the thickness of the superconductor 
and 6 is the coherence length (L 4 6). The first-order phase 
transition CFS+FN takes place at h=  hc2. 

4. The variants of mutual accommodation of supercon- 
ductivity and ferromagnetism in an FIS superlattice also de- 
pend on its type, which is determined by their critical ratio of 
molecular fields A: (45), specifically: 

a) For superlattices of the first type (Fig. 2a) with 
A:< 1 the 3 0  behavior corresponding to the layered antifer- 
romagnetic superconducting state (AFS) is characteristic for 
h<h: . It is due to the long-range RKKY exchange between 
the localized spins of neighboring F layers through the inter- 
vening superconducting layers. For h> h,* these superlattices 
pass into the normal state (the FN phase) by way of a first- 

order phase transition. Simultaneous with the destruction of 
superconductivity, the long-range coupling between the F 
layers disappears, and the FIS superlattice, in the magnetic 
sense, becomes quasi-two-dimensional (20) .  

b) In superlattices of the second type (Fig. 2b) with 
A,*> 1 the AFS state exists only for h<hF1 (<h,*). For 
h = h,*, it gives way to the layered cryptoferromagnetic state 
CFS(3D), which in turn gives way, by way of a first-order 
phase transition at h = hz2, to the FN(2D) state. If A:% I ,  
then the region h>h,*, corresponds to large-scale 
(Q, ' % L) modulation of the spin ordering with a phase shift 
of rr between neighboring F layers (CFS(3D) behavior). 
The region h ~ h , * ~  corresponds to quasi-two-dimensional 
CFS(2D) behavior of the FIS superlattice when small-scale 
(QY14L) oscillations in the spin structure of the F layers 
lead to exponentially weak RKKY exchange between these 
layers. 

The differences in the character of the mutual accommo- 
dation of the FIS junctions and the FIS superlattices are due 
mainly to the presence in the latter (in addition to RKKY 
exchange between the localized spins at the FIS boundary) 
of antiferromagnetic exchange between the localized spins of 
neighboring F layers through the intervening S layer. The 
idea itself of antiferromagnetic coupling of two ferromag- 
netic insulators through a superconductor was first discussed 
by de ~ e n n e s . ' ~  Now it can be expanded substantially. The 
interlayer F-F exchange I(Q, ,O,L) (37) is of the same order 
of magnitude as the exchange I(Q, ,0,0) between the local- 
ized spins on one F layer if the period Q;' of the modula- 
tion of the magnetic ordering due to the latter is greater than 
the thickness of the intervening superconducting layer L. In 
the opposite case (Q; ' < L) the antiferromagnetic coupling 
between the F layers is exponentially small [see Eq. (38)] in 
spite of the fact that L 4  6. This is manifested most clearly by 
a comparison of the lower and upper critical exchange fields 
of the junctions and superlattices for A,*% 1. Indeed, whereas 
the lower boundary of the CFS phase in the superlattices is 
shifted, in comparison with the junctions, toward higher 
fields, i.e., hF1 - h c 1 ( @ ~ ) 2  due to 3 0  behavior (Q, = O), the 
upper boundaries are of the same order of magnitude, 
h,*,= hc2 l a ,  reflecting 2 0  behavior in this case, i.e., decay 
of the superlattice into a system of almost independent 
SIFIS sandwiches at Q, = RIL. In addition, the differ- 
ences between FIS junctions and superlattices are also mani- 
fested in the behavior of the superconducting order param- 
eter A(h) (see Figs. l b  and 2b). Whereas the transition in 
FIS junctions to the CFS state with inhomogeneous mag- 
netic ordering is accompanied by a negative jump in the 
derivative A ' (h) at h = hCl , in superlattices this jump is 
positive and A falls with growth of h slower, not faster, than 
in the first case. As a consequence of the large difference 
between the critical exchange fields h, and hz 
(hz = h,tIL) one can expect that superconductivity, initially 
suppressed in the FIS  junction of the first type for h>h,, is 
restored in an FIS superlattice obtained by periodic repeti- 
tion of this junction if h < h,* . 

Note that the conditions for the coexistence and mutual 
accommodation of superconductivity and ferromagnetism in 
FIS junctions and superlattices with a ferromagnetic insula- 
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tor are more favorable than in analogous systems with a fer- 
romagnetic metal. The point here is that in our case the ex- 
change field h is created solely by the localized spins of the 
first atomic layer of the FIS boundary and has smallness of 
the order of alL. In addition, the effective exchange integral 
I [Eq. (14)], which depends on the degree of overlap of the 
wave functions of the conduction electrons and of the s and 
d orbitals of the localized spins of the FIS boundary, is 
smaller by an order of magnitude or more than in a metallic 
ferromagnet. Its magnitude is determined in a substantial 
way by the conditions and technique of preparation of the 
FIS boundary. 

As the temperature increases, the attendant decrease of 
the number of paired electrons weakens the antiferromag- 
netic RKKY correlations between the localized spins, 
thereby leading to a decrease in the ratio of molecular fields 
A [Eq. (27)] for FIS  junctions and the ratio of molecular 
fields A* [Eq. (45)] for superlattices from values A,A** 1 
down to zero. Therefore, under certain conditions, as the 
temperature is increased from zero to T,, in FIS junctions 
and superlattices of the second type one can expect a cascade 
of alternating magnetic and superconducting transitions: 
CFS-tFS-tFN for the junctions, and CFS(2D-3D) 
+AFS(3D)-+FN(2D) for the superlattices. To obtain a 
more detailed picture of the phase transitions in FIS systems, 
it is necessary to analyze the high-temperature expansion of 
the free energy. 

An analogous sequence of phase transitions can be pro- 
duced at T =  0 by applying an external magnetic field parallel 
to the plane of the FIS junction. In this case, for a thin film 
of superconductor with L 4 5  the orbital depairing effect is 
small, and the main role in the suppression of superconduc- 
tivity in metals with weak spin-orbit scattering is played by 
the paramagnetic effect of the external field. Destruction of 
Cooper pairs with increase of the magnetic field H (the or- 
bital effect) gradually decreases the ratio of molecular forces 
A and wave vector Q, , smoothing out the oscillations of the 
spin structure in the ferromagnet. In addition, the action of 
the magnetic field on the subsystem of localized spins of the 
F film gives rise to a preferred orientation and transforms the 
CFS phase into a banded-domain phase analogous to the 
phase that was predicted in Ref. 7. Only the width of the 
domains aligned with the field will be larger than the width 
of the anti-aligned domains. Further growth of the external 
field causes the system to transition to the single-domain 
FS  phase with Q, =O. The Zeeman splitting of the BCS 
peak in the density of states of the conduction electrons ob- 
served in FIS junctions will contain an additional term cre- 
ated by the oscillating exchange field h c o s ( 0 )  of the 
localized spins of the FIS boundary. This extra splitting satu- 
rates at the CFS-+FS phase transition, where Q,  vanishes. 
With further increase of the external field, a first-order phase 
transition from the F S  state to the F N  state (FS--1 FN) takes 
place at H~ + h2= A 2 ( ~ ) .  Such extra splitting was observed 
in tunneling experiments with the FIS junctions EuOIA1 
(Ref. 12) and EuSIAl (Refs. 13 and 14). Indeed, it was found 
that a thin aluminum film behaves as a BCS superconductor 
with an internal field causing additional splitting of the peak 
in the quasiparticle density of states. This splitting depended 

on the thickness of the Al film as L- . From its saturation it 
is possible to determine the effective exchange integral I 
and, consequently, to estimate the transport integrals t ,  and 
tf according to our model (14). The estimates show that for a 
EuOlAI junction12 150.7 meV, and for EuSIAl (Ref. 13) 
I -  1.6 meV (SEUz7/2, LAI= 4 nm, and a,,= 0.4 nm). The 
hysteresis observed in AuIEuSIAI junctions,14 i.e., the extra 
splitting after removing a field in excess of the paramagnetic 
limit can be explained by the fact that as a result of pinning 
of the inhomogeneous spin structure, the ground state of the 
EuSIAl junction turns out to be the CFS phase with modu- 
lation period Q;' comparable with 5. Additional experi- 
ments on magnetic scattering of neutrons might give valu- 
able information about spin ordering in EuOIAl and EuSIAl 
junctions and how it is affected by an external field. 

In FIS superlattices, increasing a external field parallel 
to the surface of the sample also leads to the transitions 
CFS(2D--3D)-+AFS(3D), after which the system can be 
in the layered ferromagnetic superconducting phase F S  if it 
has not already undergone a phase transition into the F N  
state. For a complete picture, it is necessary to analyze the 
phase diagrams of the FIS systems in an external magnetic 
field. In principle, it should be possible to fabricate a super- 
lattice combining superconductivity in the S layers with a 
ferromagnetic orientation of the magnetizations of the neigh- 
boring F layers even in the absence of an external magnetic 
field. To this end, it is necessary that the magnetic atoms of 
neighboring layers F and F* have s-d exchange integrals 
I and I*  of different sign. In this case, superconducting 
RKKY exchange (17) will lead to ferromagnetic coupling 
between the localized spins of neighboring F layers without 
disturbing the compensation of the exchange polarization in 
the intervening S layers. 

Since all of the results obtained in this paper are based 
on the expression (4) for the RKKY exchange integral in a 
dirty superconductor, let us briefly discuss the nontrivial role 
of impurity scattering in this interaction. As is well known, 
in a clean superconductor the spin susceptibility is defined as 
the sum of two terms:2 an oscillating term (associated with 
the quasiparticles) and a nonoscillating term (due to the Coo- 
per pairs). It has recently been shown2' that for the case of 
weak impurity scattering the oscillating part of the RKKY 
exchange acquires a random phase rp and does not cut off at 
one mean free path I ,  as was previously established for 
 metal^.^"^^ At the same time, the non-oscillating part of the 
RKKY exchange AS(r,r1,w) cz R - ~  remains unchanged, re- 
flecting the smallness of the impurity fluctuations for that 
part of the interaction due to the contribution of the phase- 
coherent Cooper condensate. For large impurity concentra- 
tions, when the motion of the conduction electrons for 
R> l  (<5) is diffusive, it is necessary to allow for interfer- 
ence of the interelectron (BCS) interaction with the elastic 
scattering off the impurities, which necessitates2 replacing 
the foregoing term by the also nonoscillating but still more 
slowly falling-off expression (4) AS(r,r1 ,w) (R1)- ' . 
Physically, this is due to an increase of the effective time of 
the pairwise correlations for diffusive motion of the conduc- 
tion electrons through the region of the BCS interaction. The 
radius of action of the exchange in this case decreases from 
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ensuring that the sum rule (5) will also be fulfilled in the case 
of a dirty superconductor. The role of the impurity fluctua- 
tions, which affect only the oscillating (normal) part of the 
RKKY exchange, can be important for a study of the coex- 
istence of superconductivity and ordering of spin glass type, 
where the spin per site averaged over configurations is zero, 
(S,),=O, but (s:), # 0. In our case, (S,), # 0 and the oscil- 
lating part of the interaction can enter into the free energy 
only if it is first averaged over impurities (i.e., with the factor 
exp(-RII), Ref. 23). However, since we assumed in Sec. I11 
that the direct exchange is stronger at small distances than 
the indirect (J>I~N(o)), the contribution of the oscillating 
part can be neglected, leaving in place the more important 
short-range ferromagnetic (J)  and long-range antiferromag- 
netic ( ~ ~ ~ ~ , ( r , r ' ) )  parts of the exchange interaction. 

In the present paper we have also not taken into consid- 
eration suppression of superconductivity due to magnetic 
scattering of the conduction electrons off the FIS boundary. 
It is a second-order effect in comparison with the exchange 
polarization h, with relative smallness of the order of 
IN(0). In principle, it should be possible to take it into ac- 
count by renormalization of the order parameter A in the 
cryptoferromagnetic phase CFS, where it can be important, 
under the condition that the s-d exchange integral I be suf- 
ficiently large. In the  experiment^,'^.'^ however, the value of 
I turns out to be two orders of magnitude lower than in 
homogeneous materials, and IN(0) 4 1. Strong spin-orbit 
scattering, which keeps the spin susceptibility of the conduc- 
tion electrons from vanishing, can substantially weaken the 
antiferromagnetic coupling of the localized spins operating 
through the superconductor. Also, we have not considered 
effects associated with single-axis magnetic anisotropy, 
which is characteristic of thin films and interfaces of two 
media (see the review in Ref. 6). An account of this anisot- 
ropy will, apparently, lead to a transformation of the crypto- 
ferromagnetic phases of FIS systems into banded-domain 
phases similar to those suggested in Ref. 7 and observed in 
homogeneous materials of the type ErRh4B4 

With the exception of "T-phase" superconductivity 
effects,'' arising as a result of the transparency of the 
F-layers to the conduction electrons in metallic superlattices, 
the variants of mutual accommodation we have examined 
seem to reflect general tendencies in the behavior of thin- 
layered ferromagnet/superconductor multisystems. In par- 
ticular, due to the coexistence of superconductivity and lay- 
ered antiferromagnetism discovered recently in rare-earth 
boron-nickel carbides of the type HoNi2B2C (Ref. 24), these 

compounds are a natural microscopic analog of supercon- 
ducting magnetic superlattices in the AFS phase. Finally, in 
passing, we might note that the weak suppression of super- 
conductivity experimentally observed2' in EuOIV multilay- 
ers may be explained by self-induced compensation of the 
exchange field in the vanadium interlayers or by antiferro- 
magnetic alternation of the ferromagnetic layers of europium 
oxide in the AFS state, or by "T-phase" magnetism which is 
characteristic of the layered CFS state. 
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