Low-frequency asymptotic behavior of the Raman susceptibility of molecules
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Raman scattering with transformation of the frequency into the radio-frequency range as the
pump frequency w,, approaches the scattering transition frequency w,, is studied. The method of a
generalized two-level system, adjusted to the presence of a low-frequency field, is used to
calculate the Raman susceptibility of molecules (generally without distinguishing between polar
and nonpolar molecules) at the Stokes frequency w,. This quantity is shown to be

determined by the interaction of Raman scattering proper and two-photon absorption, and by
saturation effects. The spectrum of the imaginary part of the Raman susceptibility is

studied as a function of w; and the shift w

»— @y, for the most typical situations. In polar

molecules the imaginary part of the Raman susceptibility for transitions allowed in one-photon
absorption and in Raman scattering via other virtual levels is found to depend on the

ratio of the real and imaginary parts of the dipole-moment matrix element and the polarizability
of such a transition. In other cases, the imaginary part of the Raman susceptibility tends to

ZEro as w,— Wy as wf if w;=w,— w,;, and as w,— wy; when observed at the frequency of the
peak of the imaginary part of the Raman susceptibility. Finally, the transition to Raman
scattering in the optical range is examined. © 1996 American Institute of Physics. © 1996
American Institute of Physics. [S1063-7761(96)00401-0]

Raman scattering is one of the most powerful basic
methods of spectroscopy for various media.' It is also a
widespread method for radiation frequency transformation.
Therefore, interest in the frequency behavior of the Raman
scattering characteristics of various substances appears natu-
ral. In particular, it has been established that inelasticity in
the scattering leads to deviation of the high-frequency as-
ymptotic behavior of the differential cross section of Raman
scattering from the Rayleigh law: the fourth power of the
frequency w), of the incident radiation (the pump frequency)
is replaced with the factor wpwg , where w; is the frequency
of the Stokes component in the scattered radiation.® It has
also been found that as w, approaches the lower edge of the
medium’s continuous spectrum, the Raman characteristics
increase resonantly fast. Such an increase is also observed
when the pump frequency is close to the frequency w,,, of
one of the allowed one-photon transitions between the mth
and nth levels in the energy spectrum of the substance. A
brief survey of the first studies of these phenomena is given
in Ref. 1. In what follows we examine the low-frequency
behavior of the Raman susceptibility of molecules as the
pump frequency approaches the Raman-active transition fre-
quency w,;, and hence the Stokes frequency approaches
zero. Note that Raman scattering with the transformation of
the frequency into the radio-frequency range has begun to
attract researchers.* The characteristics of spontaneous Ra-
man scattering such as the cross section, the probability, and
the extinction coefficient are related to the imaginary part of
the Raman susceptibility through the fluctuation—dissipation
theorem;’ the stimulated gain coefficient for stimulated Ra-
man scattering is also proportional to the imaginary part of
the Raman susceptibility.?

Following Fain,” we define the Raman susceptibility x,
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of a molecule at the frequency w; by the relationship
P,=x,5,, where &, and &, are the amplitudes of the
Stokes components of the molecule’s polarization

P=E Pexplio;t}+ c.c.=Tr(aﬁ)
and the electric field acting on the molecule,
E=D, &expliojt}+ cc.,

where d is the molecule’s dipole moment operator, p is the
density matrix in the Schrodinger representation, and the
w; are the pump frequency (j=p) and the frequency of the
Stokes component of Raman scattering (j=s).

1. TRUNCATED KINETIC EQUATIONS

To calculate &°, we employ the approach developed in
Ref. 6, based on applying the averaging method to the equa-
tion for the density matrix in the interaction representation.
Here we allow for the fact that, in contrast to Raman scatter-
ing in the optical range, not only the shift vy= w,— w,, and
widths T,! of the lines corresponding to transitions between
the kth and mth levels but also the frequency w, are much
smaller than all other frequencies and frequency combina-
tions. The general case, which includes both polar and non-
polar molecules, requires the second approximation of the
averaging method to be used.

In this method we use the density matrix in the form of
the sum of a slow component and a series of rapidly varying
terms with a smallness parameter of the order of the ratio of
the molecule—field interaction energy to the characteristic
energy of transitions in the molecule’s energy spectrum. The
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truncated Kinetic equations of the gth approximation are de-
rived by averaging the expression obtained through substitut-
ing the sum of the slow component and ¢— | terms of the
rapidly varying component into the initial kinetic equations;
here the slowly varying functions of time including
exp{io,t} are taken outside the integral sign. For the rapidly
varying first-approximation density matrix we use the forced
solutions of equations obtained by subtracting the first-order
averaged equations from the original kinetic equations, in
which the density matrix is replaced by its slow component.
The resulting second-order equations for the elements o, of
the slow density matrix in the interaction representation have
the form

1 i _
dt 12+1912)0"12 ﬁ((fu_(fzz)”z/lzs (1)
i .
((l_t._}_ T1n+inn)(71n+ 57/1202":0, n;‘:l, (2)
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i +2 oWt Q1) —ouWi + Q)]
2 )
=% Im(o 2721, (6)
d0'22

It +2 [022(Wo+02p) — 0(Wia+ Qo) ]

2
= Elm(an(Z/.Zl)- (7
Here the subscripts 1 and 2 refer, respectively, to the lower
and upper levels in the Raman—active transition considered,
o the population of the kth level (whose off-diagonal ele-
ments meet the condition o, = ,,), W,,, is the probability
of the molecule relaxing from the mth state into the nth state,

and T,,, is the transverse relaxation time for the m—n tran-
sition. The quantities
oY) 2) 2
Q= Qi+ Q0 (w,) + QL) ®)

consist of shifts of the m—n transition lines caused by the
linear Stark effect in the presence of a Stokes-frequency
field,

Qinll)l_ [(me nn)exp(lw t) +(V’)llll_ v;’l‘)

Xexp(—iwt)], )
by quadratic Stark shifts caused by the pump field,
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and by quadratic Stark shifts caused by the Stokes-frequency
field,
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In Egs. (10) and (11) we must exclude resonant terms; for
example, in (11) there must be no terms with k=m and
k=n (the reader is reminded of the smallness of w;). Equa-
tions (9) and (10) show that the linear Stark shift oscillates at
frequency w, , while the frequency of oscillations of the qua-
dratic shift is higher by a factor of two. In Egs. (1)—(4) we
excluded terms describing nonlinear line broadening, which
are small compared to the nonlinear shift, (®,,,Tx) ' <1;
for this reason one must not overstate the accuracy of the
expression for the small broadening oscillating with a fre-
quency 2w, (the imaginary part of the second and third sums
ovel k are of order w,/wg,<1). In Egs. (9)-(11),
Vi,=—d}.%; is the jth complex-valued amplitude of the
matrix element of the operator V=—d-E of the molecule
radiation interaction energy for the m—n transition, and
d’, is the projection of the respective dipole=moment ma-
trix element on the direction of polarization of the field’s
spectral component at the frequency w;.
The matrix element 7 ,= 7% of the averaged Hamil-
tonian, which is present in Egs. (1)—(3), (6), and (7), is

+2

k \ Wgy— W5 Wpp—

V=2, V lexpliv,t}, (12)

where the {q}={O0,Rs,tpa} correspond to the following
resonances (Fig. 1): the one-photon resonance of the pump
frequency with the 2-1 transition frequency (the
Vo=w,—w,, shift), the Raman resonance (the
— w,— w,, shift), and the resonance associated with
w5, shift). The

P
VRs = (l)p
two-photon absorption (the v,,,=w,+ w,—
corresponding amplitudes are
g0 — _ gp g
7= —d0h%,,
oy Rs _ Rs «
712\__"12‘617/5—59 (13)

Gptpa — tpa o
7' =—«lh 6,)'(

The nonresonant polarizabilities in Raman scattering and
two-photon absorption for the 1-2 transition,
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FIG. 1. The W,— Wy =V, O, @~ Wy =Vg,, and
®,+ 0;— ®y=V,,,, (a) and (b), and the one-photon absorption lineshape
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are for all practical purposes the same for linearly polarized
fields (since in this case d,,}=dJ,, and all the shifts v, and
w; are much smaller than w,,|). In what follows we use the
notation «,= k for these polarizabilities. The probabilities
O,k=Qm in Egs. (5)—(7) of nonresonant stimulated transi-
tions between the levels m and k that take place owing to the
presence of fields with frequencies w, and w; differ from the

respective quantities calculated in Ref. 7 by terms like
Zys e ka(i—wska)
p2 ok km Trznkwrznk_(i-'-wska)

exp(2iwgt) + c.c.,

which oscillate at twice the Stokes frequency. Since we are
dealing with weak Stokes fields, these terms can be ignored.
In a similar manner we ignore the quadratic Stark shift asso-
ciated with the Stokes field. The probability of nonresonant
stimulated transitions produced by the pump field can be
included in W, or discarded, depending on pump intensity.

2. SLOW POLARIZATION OF A MOLECULE

The dglarization’s slow part P, that we are interested in
can be calculated by averaging the polarization after the den-
sity matrix, represented as the sum of a slow component and
a series of rapidly varying terms, has been substituted into it.
Its projection in the direction of the Stokes field proves to be

P.\Tl: 2 (TI""I{df"”I + K"l"l( w\)[ ;)(Yexp( i w\t)

m
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+&_exp(—iwt)]}
+ 0916128 ,exp(ivot) + 01K 5 pexp(—ivgt), (15)

where «,,,,(w,) is the polarizability responsible for the con-
tribution of molecules in the mth state to the nonresonant
part of the refractive index at the Stokes frequency. At
0,=0 Eq. (15) yields the polarization responsible for the
effect of resonant optical detection.® The contribution to the
Stokes-frequency polarization related to the diagonal dipole-
moment matrix elements d,,, is produced by the Stokes
components o7, in the spectrum of populations o,,, . The
constant components o7, with the corresponding polariz-
abilities «,,,, (the second term with #_ ) are contained in the
refractive index but have no effect on the imaginary part of
the Raman susceptibility. The contribution of the next-to-last
term in (15) to this susceptibility comes from the spectral
component o, at the frequency vg,— a'fi‘ , and that of the
last term from the spectral component a3° at the frequency
Vipq- To determine the DC susceptibility, these components
o, and the Stokes components of the populations must be
calculated by using the steady-state solutions of Egs. (1)—(7).

3. GENERALIZED TWO-LEVEL SYSTEM IN A SLOWLY
VARYING FIELD

The forced solutions of Eqgs. (2)—(4) are equal to zero.
Stokes-frequency oscillations of the populations of the levels
not belonging to the Raman-active 1-2 transition (see
Eq.(5)) may emerge if the populations o, and ¢, undergo
such oscillations. But if the populations of the levels with
k # 1, 2 are negligible or are relaxationally coupled to each
other more strongly than to the populations of levels 1 and 2,
with the result that their distribution in the presence of fields
remains at equilibrium, then of the diagonal elements of the
slow density matrix ¢ contribution only those that refer to
the levels 1 and 2 (the solutions of Egs. (6) and (7)) contrib-
ute to the Raman susceptibility. Here it has proved conve-
nient to go over to the population difference 7= 0|, — 0, by
using normalization based on the fact that the fraction of
populations belonging to the levels 1 and 2 remains constant.

Equation (1) and the equation

dn n—m
dt T

4
==z Im(o 1, 7%1) (16)

for the population difference, together with the expressions
(8)—(13), constitute a system of equations of a generalized
two-level system’ adjusted to the case where, in addition to
fields belonging to the optical range, there is a slowly vary-
ing field acting on the molecule ( 7, is the equilibrium popu-
lation difference in the absence of fields).

By introducing the complex-valued amplitude of the
Stokes spectral component 7, of the population difference
we can write the imaginary part of the Raman susceptibility
of a generalized two-level system as

Im Xx:{O'S(d‘;l_d%)lmnsg;k + Im[(a'lle;)*’(nzpz;k]
FIm(o e 551} 5] (1)

The transition to ordinary Raman scattering occurs when
w, and o, increase in such a manner that the shift vg, re-
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mains small. Then both v, and v,,, become large. If we now
average Eqgs. (1) and (17) once more with these facts taken
into account, the equations remain unchanged but the oscil-
lating terms in (3,(w;) (see Eq. (11)) and Q,,, vanish, as do
the terms with 7°}, and 2'5* in Eq. (12). Only the second
term with the polarizability of the type of the first formula in
(14) remains in the expression (17) for the imaginary part of
the Raman susceptibility. If w, and w, are varied in such a
way that v,,, remains small, then vy and vg, , while remain-
ing negative, increase in absolute value. Again the oscillating
terms in Q(lg)(ws) and Q,,, vanish, Eq. (12) retains only the
term with 7%, and Eq. (17) retains only the last term with
the polarizability of the type of the second formula in (14).
The transition to ordinary two-photon absorption is com-
plete.

4. AMPLITUDES OF THE STOKES COMPONENTS OF THE
AVERAGED DENSITY MATRIX

We write Egs. (1) and (16) using the dimensionless time
9=t/T,,, the parameters O=7/T,,, A=w,T,, and
6=1yT,, the normalized linear Stark shift L= Q(II)TIZ, and
the normalized averaged Hamiltonian u=2%" 1,77 y/f !
and going over to the variable S=2\7/T ;0 ,exp{iéd}:

On+(n—7n¢)=—Im Su*, (18)
S+[1+i(6+L)]S=inu. (19)
Here

u=uyt+u, exp{iAd}+u_exp{—iAd},
L=1,exp{iAd}+ c.c,
u0=2¢'?2mﬁ_l ,
u_=27%\rT,h",

and Q(122)(wp)T12 is incorporated in the offset § but can be
ignored if the pump intensities are not too high. Where the
field & is absent, u,=u_=1,=0 and Eqs. (18) and (19)
transform into the equations of an ordinary two-level system
with well-known stationary solutions. In our notation these
have the form (below ['(x)=(1+ix)™"

na=nol 1 +|ug2IT (S|P 17", Sq=inquel(8). (20)

Clearly, modulation of the shift due to the linear Stark
effect results, through the quantity L that enters into ¢ addi-
tively, in oscillations of the population difference (Fig. 2)
and the amplitude S at frequency w, and hence in the forma-
tion of Im y,. Therein lies the mechanism of formation of
the resonant Raman susceptibility specific to polar mol-
ecules.

To calculate it in general form we use iterative refine-
ment, representing 7 and S in the form

7= ny+ nexp{iA 9} + pFexp{—iA I} +O(|&,[?),

u+=2577'£a \/Tleﬁ—' R
L=(Vi—V)Th,

S=Su+S,expliA 0} + Speexp{—iA 9} +O(|%,]),

where 7, and S, satisfy Egs. (20). Substituting these repre-
sentations into (18) and (19), using (20), and discarding
small second-order terms in |%,|, we can easily see that the
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FIG. 2. Modulation of the population difference due to the linear Stark shift
of the levels produced by the Stokes field (the quasistationary approach): /
is the saturation curve for the stationary population difference 7 normalized
to the equilibrium population difference 7,, and 2 and 3 are the curves
representing the time dependence of the linear Stark shift L normalized to
the linewidth and the variable component of the population difference 7, ,
respectively.

quantities S,,, and S, , which are proportional to the Stokes
amplitudes o'’ and (a53)* of the off-diagonal element of
the density matrix determining Im y,, are related only to
each other and to the Stokes amplitude of the population

difference 7,:
2(1+iOA) py—iug Sy, +iugSp,=i(Squ*—Sku,),
—iugn, H[1+i(6+A)JS,pa=i(pau s —Suly),  (21)
iufn+[1—i(6—A)ISE =i(pau*—S*1,).

In terms of these variables the imaginary part of the Raman

susceptibility is

Im x,=—#(47&,|%) 'Im(201* p,+S,,u*+Sku_).
(22)

tpa

From (21) we find the Stokes amplitude of the popula-
tion difference:
75=0.5n{iluol* 1 [T (T (8+A)—T*(5)I*(5-A)]
—ugu¥[I'(&)+T*(5—A)]
—ufu [[*(8)+T(5+A)H1+iOA+0.5]uyl?
X[C(s+A)+T*(s-A)]) " (23)
Combining (20) and (21), we obtain
Sipa= il nu(us —il(8uoly) + puoll'(6+4),  (24)

SE=—il p(u* +il*(Oudl )+ nudIT*(6-A).
(25)
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FIG. 3. The evolution of the spectrum of the imaginary part of the Raman
susceptibility of a nonpolar transition (see Eq. (27)) as the dimensionless
shift 6=(w,—w,)T increases. Curves [-4 correspond to the values
8,<6,<1<8,<8,. The dashed curve with arrows depicts the line along
which the maximum shifts as § grows.

5. RAMAN SUSCEPTIBILITY OF TRANSITIONS WITH
FORBIDDEN ONE-PHOTON ABSORPTION

In this case d,, and u, vanish and |u,|*=|u_|? are fi-
nite; in nonpolar molecules /, =0. From Egs. (20) and (23)
we find that 74= 7, and 7,=0, and combining Egs. (22),
(24), and (25) we get

Im x,= 7T ™[k 1o 1,R(8,A), (26)

where 1,=|&,|* is the pump intensity, and the frequency-
dependent factor

R(8,A)=Re[l'(6—A)—T(5+A)]
=48A[1+(6— M) [1+(6+A)2)71  (27)

is depicted as a function of & and A in Fig. 3. The result for
polar and nonpolar molecules is the same.

Equations (26) and (27) imply that amplification of the
Stokes field (Imy,>0) can occur only when the pump fre-
quency is higher than the transition frequency (8>0). If
w,=0, there is no amplification of the Stokes field. For fixed
8, the maximum value of the imaginary part of the Raman
susceptibility is reached at the frequency

=T 3728~ 1+2(1+8+68%"2]"72, (28)

with o, being closer to l/T\/§ at small values of & and
tending to infinity as w,—® when §—o. The maximum
value of Imy, corresponding to this frequency monotonically
increases with & in proportion to the factor R(J8,A), which
increases for small values of & as 3¥24718(1—0.756%) and
approaches 1 as 6— . The passage to the limit of ordinary
Raman scattering in the optical range can be obtained from
(26) and (27) by increasing & and A with constant Raman
shift 6—A. Here with I'(6+A)—0 the frequency depen-
dences are determined as usual by the Raman shift §— A and
the frequency dependence of the Raman susceptibility. For
the sake of comparison, the corresponding expression is

Im x,=noT i~ k21, [1+(6-4)"]7". (29)
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Here the maximum value of the imaginary part of the Raman
susceptibility is attained at w;= w,— w,,. If this condition is
met, the asymptotic behavior of the imaginary part of the
Raman susceptibility as w;—0 differs in our case from the
usual behavior by a factor of wf the asymptotic behavior of
the maximum value of the imaginary part of the Raman sus-
ceptibility differs by a factor of 6 * w,— ;.

6. RAMAN SUSCEPTIBILITY OF TRANSITIONS WITH
ALLOWED ONE-PHOTON ABSORPTION

In the case of nonpolar molecules the condition d,; # 0
implies, owing to alternative exclusion, that k=0 and hence
u,=u_=0. Moreover, [, =0 in such molecules. Therefore,
for nonpolar molecules we have 7,=0, S,,,=Sg,=0, and,
finally, Imy,=0.

In a randomly nonpolar transition of a polar molecule,
the diagonal matrix elements are finite but equal, so that
1,=0. Hence, if k=0, we arrive at the same result: the
Stokes field is not amplified. But if ¥ # 0, the susceptibility is
finite. When [, is moderate and the stationary population
difference is far from saturation, Imy, can be approximately
described by Egs. (26) and (27). As I, increases, there ap-
pears a correction, which for real d|,=d and «;,= k can be
described by the factor

1= 27T,k 2d*,T(OA)[T(5+A)+T'(6)
+T*(8)+T*(6—A)] (30)

under the real-part sign in (27). Calculations show that if we
take R(5,A) in the form of the right-hand side of (27), the
correction retains its form but I'(@A)[---] is replaced by a
function of & and A that is positive for moderate values of
S and A. This suggests that in such cases the increase in
Im y, with pump intensity slows down, with a tendency to
vanish. A similar result (albeit with another coefficient of
I, in the correction factor) is obtained if d«* is imaginary.

Now let us consider the opposite limiting case, where the
pump intensity is much higher than the saturation pump in-
tensity, so that |1 +i®A| in the denominator of (23) is much
smaller than 0.5|u,||T'(8+A)+*(8—A)|. For all values
of d and k the imaginary part of the Raman susceptibility
reaches a plateau. The value is zero when the product d«* is
imaginary and is

Im x,~— pohk?/27d*[ 5A/(1+ A?)] (31)

p

when both d and « are real (here we discard a cumbersome
factor of order unity). From Eq. (31) follows the possibility
of the Stokes field being amplified by intense pumping at a
frequency below the transition frequency (Imy,>0 for
6<0). Thus, the phase of the product d«x* plays an impor-
tant role here, just as it does in resonant parametric
interactions.® To clarify this we notice that when (23)—(25)
are substituted into (22), a noticeable contribution to the sus-
ceptibility under intense pumping is provided by terms re-
lated to the time-synchronism conditions of the type
(w,)—(0,+0,)+(w,)— (w,~ 0,)=0, which can be ob-
tained, by passing to the limit as e —0, from the conditions
characteristic of parametric interactions schematically de-
picted in Fig. 4; for example, (w,)—(w,+w;)+(w,)
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FIG. 4. Examples of parametric processes transforming, as (a)
®,0s5— 0, and w3, (b) w46~ 0, and wys—w,, ()
0546 ®, and 035— 0, , and (d) w346~ @, and w,;s— o, into reso-
nant processes, which markedly contribute to Imy, under conditions of satu-
ration.

—(ws—we)=0, where w;=w,te, w,=w,~rE, V3=w,
trie, w4=w,~ €, Os=w,—rye, and we=w;—ry¢, and
in parentheses we have frequency combinations close to
w),.

In another special case, with the nonresonant two-photon
polarizability of a polar transition with allowed one-photon
absorption being zero (k=0, u,=u_=0, ug # 0, and I,
# 0), the imaginary part of the Raman susceptibility is

Im Xs= 77stT12ﬁ - llKreslzlp
[C*(8)T*(8—A)—T(8)I(6+A)T(OA)
“14+0.5[upP[T(6+A)+T*(6—A)T(OA)’
(32)

where the resonant polarizability k. is defined as
| iresl > = || (d} —d3p) > R 72 (33)

Equation (32) shows that for a pump intensity much
higher than the saturation pump intensity, as I, increases the
imaginary part of the Raman susceptibility decreases for all
values of & and A. If the pump is weaker than that needed
for saturation, (32) is transformed into an expression similar
to (26) but with R(8,A) differing from (27) by a factor

[(1-(20)"H+2(1+(A/2)2)O 1+ 6*)71]
X(1+02A2%)~ 1, (34)

Clearly, as in the previous cases, amplification of the Stokes
field (Im y,>0) can occur only if §>0. The shape of the
Raman susceptibility spectrum, which for fixed J is deter-
mined by the dependence of R on A, is fairly complicated
for arbitrary values of ® and 8. We restrict our discussions
to two limits: ®=1 (Fig. 5) and ®> 1 (Fig. 6). At ©® =3 the
factor (34) becomes 4(1+ 6?)!, and the imaginary part of
the Raman susceptibility peaks at the frequency w; from
(28), as in the case of transitions forbidden in one-photon
absorption. Here the behavior of the maximum value of the
imaginary part of the Raman susceptibility as & increases is
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FIG. 5. The evolution of the spectrum of the imaginary part of the Raman
susceptibility of a polar transition with an allowed one-photon process and a
forbidden nonresonant two-photon process (see Eq. (32)) as the shift &
increases for the case where T=27. Curves /-5 correspond to the values
8,< 8, <83~0.7<5,< 5s.

different: R(5,A) decreases as 1/8%, and Im x, approaches
the contribution of the 1—2 transition to Im )y, in the case
of ordinary Raman scattering in the optical range. As 6—0,
the imaginary part of the Raman susceptibility decreases in
proportion to wf if w;=w,—wy; and in proportion to
—w,, if we consider its peak value, at w, from (28).
When ©> 1, the A-dependence of the imaginary part of
the Raman susceptibility is represented by a unimodal curve
at 6<6,=[3.5+(3.52—1)12]12~2.6 and a bimodal curve
at 6> §,. The frequency of the first (or the only) peak is

o, =A\To =7 1(1-(1-8)/(1+6%)?0?), (35)

with the corresponding value of R being

@p

R(S, D)
0.65T/7 }~—=—=--~

0 Tt 187  ~8,=27/T -6, A

FIG. 6. The same as in Fig. 5 but with T<7. Curves /-8 correspond to the
following values: §,<8,=1/ V3< 6<8<85=08,~2.6<6<8; =6,~27/T
< 8. The dashed line with arrows designates the line along which the maxi-
mum shifts as & grows.
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R(8,A)~26/(1+6%)%0. (36)

The value of A, changes little with &: from 1/© (1 —0 ~2) at
5=01to 1/® at =1 to /O(1+ 1/802) at 5= \/3, and back
to 1/® as 6—x. Here R(5,A|) increases from zero at
5=0 to 3\3/80~0.65/@ at 5=1/\/3, after which it de-
creases to zero at 1/8°. The maximum value of the imaginary
part of the Raman susceptibility is

Im x,=0.657|d,|2(d},—d5)*TTH,R %1, . (37)

As in all previous cases, as w,—w;—0 the value of
Im y, tends to zero as wf if 0= w,—w,, and as w,— w, if
the observations are conducted at the frequency w, where
Im y, peaks.

Near 6= 6, there emerge a minimum and a maximum
with  A,=A;=[0.6(8*—1)]"?> and R(5,,A,=A3)
~0.17/0*<R(5,,A,). As & grows, so do A, and Ay (A3

and A} are the roots of the equation
5x24+6(1—6%)x+(1+6%)2=0). For & large,

A,~\0.2 1+2) Aot 38
2~ 0. F) B~ (38)
5,A 14 8,A :

R( ) 2)~W7 R( ) 3)~W' (39)

When 6> 8,~20, the first peak becomes lower than the
second, and the maximum value of the imaginary part of the

Raman susceptibility approaches the contribution provided
by the 1—2 transition into Im x, in the case of ordinary
Raman scattering in the optical range:

Im Xs— ”Oldpl'le(dlil—d;Z)zﬁ_B(wp_w21)2' (40)

The position of this maximum approaches w,=w,
in ordinary Raman scattering in the optical range.

Generally /. and all the u; are finite. If the pump inten-
sity is much higher than the saturation pump intensity, the
Raman susceptibility tends to a constant value as / p—®, as
in the case with /, =0. Since the saturation pump intensity at
high values of & grows almost as &2, the passage to the
optical-range limit at fixed pump intensity cannot be traced.
Let us consider in greater detail the case where the pump
intensity is much lower than the saturation pump intensity.
Here the imaginary part of the Raman susceptibility is the
sum of three terms: the resonant term (Eq. (32) without the
term proportional to |uo|? and responsible for saturation, in
the denominator), the nonresonant term (26), and the
“mixed” term equal to

—wj;, as

L,m0T 1fi " '[R(8,A)Re (dfy(d5,—d) T oh ™'kl
+Ri(8,A)Im (dhy(d5,—d} )T 1,h ™'k, (41)

where

2A{1 -0 -02-5*(3+40%)+ 540 -202)+A[1-0-202- (0 +202)]}

R (6,A)=

26A[3+20+ 8*(1-20)+A?]

(1+8H)(1+0%A%)[1+(5—A)?J[1 +(6+A)?]"
(42)

Ri(6,A)=

We again examine the cases where ®=0.5 and ©>1.
Clearly, at ® =0.5 the imaginary part of the Raman suscep-
tibility can be written in the form (26), where the factor
R(6,A) coincides with (27) and instead of x|, we must take
the quantity

K12= K12+ d’llz(ds“_ ;Z)leﬁ_ l( 1+ 52)— 12

X exp{isin™!(1+ 8%~ V2)}. (43)

Note that here the A-dependence of Im is the same as in
the earlier cases, which are described by Eq. (26) with
R(6,A) in the form (27). In view of the fact that K, re-
mains, Im y,—0 as 6—0 like w? if w;=w,—w,; and like
w,— Wy if the Stokes frequency coincides with the peak in
the spectrum, Eq. (28). Note that for small & the leading
additon to «, in Eq. (43) is related to
Re[d?y(d},—d5,) T ,h~ '], while for large & the leading ad-
dition is related to the imaginary part of this quantity.
When ©> 1, it is impossible to write Im y, in a form
similar to (26). For small values of & the dominant term can
be shown to be the mixed term (41), which is approximately
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(1+ ) (1+O%AH)[1+(6-A)2][1 +(5+A)?] ’

41,m0T oh ™ 'O A(1+AY) 7 (1+602A%) 7!

XRe(diy(d}—dyp) Tk~ k).

Its extremum, attained at w =~ 1/7, is equal at 6=0 to
21, moh ™ ' TRe(dfy(d — d3) T oh ™ k). (44)

Increasing & leads to increasing the contributions of the reso-
nant and nonresonant terms and the mixed term, which con-
tains the imaginary part of df,(d5,—d})T ,h~'«¥,. Hence
measurements of Im y, as functions of & and A can provide
information about the relationship between the real and
imaginary parts of df,«,

Concluding this section, we note that for all values of
O the transition to large & and A with | §— A|< 5, A leads to
the expression (29) for the imaginary part of the Raman sus-
ceptibility characteristic of ordinary Raman scattering in the
optical range, where for the polarizability «,, we must take
the well-known expression obtained from (14) by discarding
the last term and going over to summation over all the inter-
mediate states (the index m is taken without exclusions).

7. CONCLUSION

We close with some estimates. First, for ordinary Raman
scattering in the optical range we have Imy,~10"%1, for
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pumping at a frequency ®,>w,, of the nonpolar transition
with the typical values T,=10"% s and xk=10"2* (here and
below all the quantities except the radiation flux are given in
the esu system), 7,=1, and vg,=0.

If the pump frequency is moved closer to the transition
frequency in such a way that ®,— w,,= 1/2T,, (6=0.5), the
peak of Imy;, is at w,~0.7/T, (see Eq. (28)) and its value is
approximately three times smaller than in Raman scattering
in the optical range: Imy,~3.4X 10_3°Ip (see (26) and
(27)). Note that here, as in the previous case, the pump in-
tensity I, is restricted only by optical breakdown.

For two cases of quasiresonant pumping of a polar tran-
sition  with  allowed one-photon  absorption, (1)
7=0.5x1078"" and T,=10"% for ©=3 and (2)
7=10"7s"! and T,=10"%s for @> 1.

In the first case far from saturation the optimum shift of
the pump frequency from the transition frequency is
0.7x 108!, and the largest imaginary part of the Raman
susceptibility is at the Stokes frequency w,~0.8X 10%s (see
Fig. 5). Here Im x,~4.5x107'%1,, which is a factor of
45X 10" greater than in Raman scattering in the optical
range with the same pump intensity. But because of satura-
tion the increase of pump intensity above the saturation
pump intensity leads to a decrease in the imaginary part of
the Raman susceptibility. The optimum intensity in our first
example is 7)7'=0.5X 1072 (obtained by the numerical study
of (32)). In gases this corresponds to a pump flux of
2 W cm™2 (the refractive index of gases is close to unity).
The maximum value of Imy, amounts to 7 X 10~ '°, Reach-
ing such a value in the case of Raman scattering in the op-
tical range requires a pump flux of roughly 30 TW cm™2
Note that current theory predicts unlimited growth in the
imaginary part of the Raman susceptibility of the polar tran-

sition as ®,— w,; .

p
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In the second example (®>1) in the unsaturated mode,
the shift w,— w,;=0.6/T, is optimal, and the Stokes fre-
quency at which Im y, peaks is w,=1/7 (see Fig. 6). For
these parameter values, Im x,~7X107"],, ie., the in-
crease in Raman susceptibility with pump intensity proves to
be even faster than at © = 3. However, the restriction due to
saturation comes into play at lower intensities
(I;’,P'~ 2.3X 1074, which corresponds to an intensity flux of
100 mW cm™2), and the greatest value of the imaginary part
of the Raman susceptibility must be somewhat lower than in
the previous case: Im y,~5X 107",
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