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We study the regular acceleration of cosmic rays by shock waves from supernova explosions,
based on a simultaneous numerical solution of the diffusive transport equation for the

cosmic rays and the equations of gas dynamics. Typical supernova parameters are assumed:
explosion energy 10°! erg, and initial velocity 4600 km/s of the ejected shell. We assume a Bohm
diffusion coefficient for the cosmic rays, and a homogeneous interstellar medium. Cosmic

ray acceleration is investigated over the broad range of parameters of the interstellar medium found
in the Galaxy. Our numerical results suggest that acceleration is highly efficient—that

cosmic rays accelerated by the supernova shock wave account for more than 50% of the energy
of the explosion. At the same time, the shock itself does not wind up being completely

altered (smooth): the shock always exhibits mixed structure consisting of a thermal front
(explosion) and a smooth, extended preshock attributable to cosmic-ray pressure. In the absence of
dissipative processes in the preshock region, the overall compression of matter in the shock

is an unbounded function of the Mach number (cxM¥*), and can exceed the factor-of-4
compression in a strong shock with no cosmic rays by more than an order of magnitude.

The existence of an efficient mechanism to heat the medium in the preshock region will reduce
the degree of compression ¢ significantly. When the medium is heated by the dissipation

of Alfvén waves, the compression is at most a factor of 8. The theory satisfactorily reproduces
both the observed cosmic ray spectrum and chemical abundances at energies up to ~10'> eV.

© 1996 American Institute of Physics. [S1063-7761(96)00101-1]

1. INTRODUCTION

The notion that most observed cosmic rays are produced
in supernova explosions was based for a long time on energy
considerations (see, e.g., Ref. 1): supernovae are essentially
the only class of objects in the Galaxy capable of delivering
the requisite power (~ 10* erg/s) to the interstellar medium.
More recently, this idea has evolved significantly, with the
establishment of an efficient cosmic-ray acceleration that can
transmit the requisite fraction (~ 10*! erg/s) of a supernova’s
explosion energy to cosmic rays.>> From the outset, the high
acceleration and universal power-law behavior of the energy
spectrum of the accelerated particles, with n(g)xe™”
(y=2), has argued persuasively that regular acceleration
plays a dominant role in supernova remnants,*~” as these are
the very properties required of the cosmic-ray production
process to explain both the observed cosmic-ray spectrum
and the radio features of supernova remnants.

The spectral hardness of cosmic rays accelerated by a
strong shock and their rapid acceleration explain why they
become an important dynamic factor that significantly affects
shock front structure soon after the onset of acceleration.
This back influence of cosmic rays results in substantial
thickening of the shock front: apart from the usual thermal
front, a shock altered in this way acquires a smooth part—a
preshock. The greater the energy invested in cosmic rays, the
greater the relative amplitude contributed by the preshock at
the expense of the thermal shock. At high enough Mach
numbers (M=10), the shock is completely altered by
cosmic-ray pressure, the thermal shock vanishes, the post-
shock gas becomes cold, and all of the free energy in the
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shock wave is transmitted by means of cosmic rays.2~!* This
fundamental property of a collisionless shock shows up not
only in a steady plane wave,® but in the evolving, spherically
expanding shock of a supernova in the homogeneous inter-
stellar medium.'""12

Note, however, that the evolution of a spherical shock
has been studied using a simplified theory in which results
obtained in the plane-wave approximation play a central role.
Above all, this bears upon the mean cosmic-ray diffusion
coefficient, which in the two-fluid (gas + cosmic rays) hy-
drodynamic description is a parameter that cannot be deter-
mined solely within the confines of that theory. It was not
previously obvious, however, which features of a plane
shock, if any, might show up in a nonsteady shock of finite
dimensions. The systematic resolution of this problem re-
quires that one self-consistently determine both the cosmic
ray distribution function and the parameters of the gas.

The resultant spectrum of cosmic rays produced by the
supernova shock as it evolves is one of the fundamental char-
acteristics of the cosmic ray acceleration process, and it pro-
vides a basis for determining the acceleration efficiency—the
fraction of the energy liberated in the supernova explosion
that is transferred to cosmic rays. This, plus two other im-
portant aspects of the acceleration process—the shape of the
cosmic-ray energy spectrum and the maximum cosmic-ray
energy—cannot be properly handled by simplified ap-
proaches in which cosmic rays are treated as a fluid charac-
terized by some energy density and pressure.

Thus, a number of important characteristics of the
cosmic-ray acceleration process in supernova remnants can
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only be deduced on the basis of a kinetic description, which
in turn can only be fleshed out numerically. Kang and Jones'?
were the first to implement such an approach, which they
based on the simultaneous numerical solution of the diffusive
transport equation for cosmic rays and the gas-dynamic
equations. Their theory was limited in scope, however, to the
case of weakly energy-dependent cosmic-ray diffusion coef-
ficients (kxp® a=<0.25). Their work thereby missed the
case of greatest physical interest, with a Bohm diffusion co-
efficient kx p, for which the acceleration efficiency, and con-
sequently the dynamical role played by cosmic rays, is much
higher than for a weakly energy-dependent diffusion coeffi-
cient.

In essentially the same setting, we have worked out an
alternative theoretical description, based on more efficient
methods, that makes it possible to study cosmic ray accelera-
tion induced by a supernova shock for an arbitrary function
k(p)."* Even our initial investigations disclosed a number of
significant differences in the acceleration process, both from
the predictions of the plane-wave model, and from results
obtained with a simplified approach to the evolution of a
spherical shock. Given a Bohm cosmic-ray diffusion coeffi-
cient, kinetic theory reproduces the high acceleration effi-
ciency. Moreover, the shock wave does not wind up being
completely altered. In fact, as we show below, the nonsta-
tionarity of the expanding shock wave and its finite dimen-
sions exert a significant influence on the acceleration of cos-
mic rays.

In the present paper, we present the results of a system-
atic study of cosmic-ray acceleration by a spherical shock
from a supernova, based on the simultaneous numerical so-
lution of the diffusive transport equation for cosmic rays and
the equations of gas dynamics.

2. METHOD

The kinetic description of the acceleration and propaga-
tion of cosmic rays is based on the diffusive transport
equation'>'® for their distribution function f(r,p.t):
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in which « is the cosmic-ray diffusion constant, w is the
velocity of the medium (gas), and the source Q accounts for
the injection of suprathermal particles inte the acceleration
process.

The medium (gas) is described by the gas-dynamic equa-
tions
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in which p, w, P,, and y, are, respectively, the density,
velocity, pressure, and adiabatic index of the gas,
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is the cosmic-ray pressure, m is the proton mass, and c is the
speed of light. From here on, unless otherwise noted, the
term cosmic rays denotes protons, the principal ionic con-
stituents of the cosmic medium. Electrons do not play a role
in the dynamics, even when they are efficiently accelerated.

We describe the dynamics of the explosively ejected
shell in simplified form: we assume that all ejected matter
moves at a common velocity V,,, and that its thermal energy
is small compared with the kinetic energy of bulk motion.
The motion of the shell (piston) is then governed by the
simple equation

av, 2
M,; 7 =—47R,[P(R,+0)—P(R,—0)], (6)
where M ,; is the mass of the ejected shell, R, is the radius of
its outer surface, and P= P+ P, is the total pressure of gas
and cosmic rays. The piston is slowed down by the pressure
P(R,+0), transferring its energy to the ambient medium. In
this approach, we ignore the reverse shock propagating back
into the piston. Nevertheless, the model correctly reproduces
the basic global properties of the expanding shell (see, e.g.,
Refs. 11, 12, and 17).

What we mean by the size (radius) R; of the shock is the
location of the thermal shock, which for simplicity we take
to be a discontinuity. With regard to the gas, the thermal
shock possesses all the usual properties of a shock front.
Thus, the gas parameters immediately in front of and behind
the thermal shock transition region are related by the
Rankine—Hugoniot jump conditions:

PaUur=p Uy, @)

pus+P=pui+Pyy, ®)
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In these (and subsequent) relations, subscripts 1 and 2 refer
to the regions immediately ahead of or behind the thermal
shock, respectively, Fj,; is the energy flux carried off from
the gas in region 2 by a small contingent of the most ener-
getic particles, which are injected during regular accelera-
tion, and u=V,—w is the gas velocity relative to the shock
front.

Cosmic ray and gas particles could be described by a
common distribution function if it were possible to invoke a
detailed theory -of thermal shock formation. In other words,
splitting the resultant particle energy spectrum into gas and
cosmic ray components-is somewhat arbitrary. But since no
such detailed theory presently exists, the separation is neces-
sary, as the gas and cosmic rays are governed by different
equations. In our opinion, existing self-consistent
models'82° describing gas and cosmic ray particles in terms
of a common distribution function are inadequately grounded
in physics when it comes to dealing with the structure of the
thermal shock and particle injection into the acceleration re-
gime.
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As usual, we assume cosmic rays to be fast particles
whose dynamics, in contrast to gas particle dynamics, re-
quire that we allow for diffusion induced by scattering from
magnetic field irregularities. We can therefore define an en-
ergy &, separating gas particles from cosmic rays in the
hypothetical common distribution: this is the minimum en-
ergy at which X\, the mean free path of scattered particles,
exceeds the minimum spatial scale length /,,;, of the system.
In the present case /,,;, is the thickness of the thermal shock.
For cosmic ray particles with energy £>g;,;, the mean free
path A>1;,, and the thermal shock is effectively a discon-
tinuity. Consequently, the cosmic ray number density is ev-
erywhere discontinuous, including at the thermal shock.

The first angular moment of the distribution function,
which determines the cosmic ray flux, has a discontinuity at
the thermal shock front,

J f?
v f} =0, (10)
1

~or 3p3[;

since the injection of suprathermal gas particles into the ac-
celeration regime is described by the source

Q=Q05(V—RS),

which is concentrated about the thermal shock. In Eq. (10),
we use the notation [x]2=x,—x,.

An analysis of measurements carried out near interplan-
etary shock fronts?! and numerical modeling of collisionless
shocks?? show that regular acceleration involves a small frac-
tion (~1072-1073) of the fastest gas particles. This implies
that the energy of the injected particles is a few times the
characteristic thermal energy in the shock region. The par-
ticle spectrum falls off rapidly at such energies, so the in-
jected particles can be assumed to be monoenergetic:

Nipj )
47Tp2

inj

QO(p): 5(P—Pinj)- (11)

As noted above, we presently lack any systematic theory
enabling us to calculate the number of injected particles
Njpj or their energy €,;= piz,,j /2m. 1t is therefore of interest to
understand the extent to which the injection rate, which is
governed by N;,; and py,;, affects the acceleration of cosmic
rays with their attendant consequences. To do so, we can
conveniently parametrize these quantities by means of the
relations'!4

Ninj: 7)P1/m, pinjz)\mcﬂ’ (12)

which show that a fraction 7<<1 of the gas particles crossing
the thermal shock is injected, and that the velocity of the
injected particles is A>1 times the speed of sound ¢y, in the
post-shock region.

Equations (11) and (12) enable one to determine the en-
ergy flux in Eq. (9) carried away from the gas by injected
particles:

)\2
Fi= 77'2—P1u1C32~2- (13)

We restrict our attention here to the case in which the
interstellar medium through which the supernova shock
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propagates is uniform. Furthermore, for the sake of simplic-
ity, we neglect in our calculations the presence of back-
ground cosmic rays in the undisturbed interstellar
medium—as we show below, with an expected injection rate
of 7 ~ 1073, the supernova shock produces far more cosmic
rays than would be produced solely by acceleration of Ga-
lactic cosmic rays already present in the interstellar medium.

The conditions cited are boundary conditions for Egs.
(1)=(4), and can be written in the form

p=po, Py=Py, w=0, f=0(r—x). (14)

The simplest boundary condition for cosmic rays at the
surface of the piston,

7o

o (r=R,), (15)

corresponds to assuming that the piston is completely impen-
etrable to cosmic rays, since the quantity — «df/ dr evaluated
at the point R,+0 determines the cosmic ray flux through
the surface of the piston. The pressure P(R,—0) in the equa-
tion of motion for the piston then vanishes. When the ambi-
ent medium exerts external pressure P(R,+0), the piston is
damped, and it comes to a halt at some time ¢, . Subsequent
motion of the piston can be neglected (V,=0 at 1>1,).

Equation (15) makes physical sense for two reasons. At
earlier evolutionary times the matter in the piston is dense, so
cosmic ray diffusion within it can be neglected. At later
stages of evolution, cosmic ray penetration of the piston can
be neglected for another reason: the volume of the piston is
much less than the volume bounded by the shock. Below, we
quantitatively assess the role played by cosmic ray penetra-
tion of the piston, based on calculations that take advantage
of this circumstance.

In practice, we can reformulate'* the boundary condition
(10) for the cosmic ray distribution function at the shock
front by expressing the term («df/dr), in integral form. To
do so, we integrate the transport equation (1) term by term
over r2dr from R,+0 to », which yields'***

fr 3 Hu 1 du,

p(9_p_:—ul,—uz ”+§dlnp

dJ‘°° 2 1 of
7 v rf Eg;f;ﬁ Koy Z—Qo ,
(16)
where fr(p,t)=f(r=Rg,p,t),
© d 1
Upy=u;— fR.‘ 0drﬁ(r w)f Ef—f; 17

is the effective velocity of the medium, which is “‘sensed’ by
cosmic rays with momentum p.

The main difficulty in numerically solving for the evo-
lution of the supernova shock comes in solving the transport
equation (1) in the preshock region r>R . There, the distri-
bution of cosmic rays is characterized by the spatial scale

I(p)=«k(p)/Vy,
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which is known as the diffusion length, and which varies
widely when the diffusion constant depends heavily on the
momentum. Thus, for « « p the range can be characterized by
1(Pma)! L(Pmin) ~ 108, and it is essentially impossible to de-
scribe a system with that wide a spectrum of scales using
standard methods.

This problem becomes amenable to solution upon a
change of variables'® and the use of efficient implicit nu-
merical methods. It then becomes possible to accommodate
an arbitrary function x(p).

In solving the transport equation (1) for cosmic rays in
the preshock region r>R, we transform to the new spatial
variable

r—R;
xe=exp| — — V,l. (18)
0

The central feature of the simplification here is that the cos-
mic ray distribution function f(x.,p,t) is essentially a linear
function (of x.) for all momenta p and times ¢.

An analogous problem arises in solving the gas-dynamic
equations (2)—(4) for r=R;. The functions w(r) and p(r)
given by the cosmic-ray pressure profile P.(r) are compli-
cated, and it is essentially impossible to reconstruct them on
a uniform grid with the usual spatial variable r. This prob-
lem can be solved in like manner, with a suitable change of
spatial variable.

The choice of new variable is based on the following
considerations. At r>R_, the cosmic-ray pressure for a
strong but largely unaltered shock (fx = p~*), allowing only
for relativistic cosmic rays (p>mc), is P .(r) «< In (p,,/p(r)),
where p(r) is the minimum momentum of cosmic rays ca-
pable of reaching a point at r>R,. This quantity can be
obtained from the relation

k[p(r))V,=r—R,.

Then when k « p, the cosmic-ray pressure can be approxi-
mated in the form

l

s

+1]+C.

r
P.(ryc— ln(
g

The constant C can be determined by requiring that the
cosmic-ray pressure be negligible at some distance
Fmax> Ry, so that we can set P.(rp,,)=0. The parameter
l, accounts for the fact that the cosmic-ray pressure varies
only slightly at small distances less than the diffusion length
of relativistic particles (r —R;<k(mc)/V,), since relativistic
cosmic rays make a small contribution to the pressure.

Therefore, as the new spatial variable to be used in solv-
ing the gas-dynamic equations (2)-(4) at r>R,, we can
choose

r—R,

s 1
I +1)5, (19)

xg=ln(

where D = In[(rp,— R,)/l,+ 1]. Here rp,, and [, are chosen
in the course of the numerical computations, with r,,— R,
being several times the maximum cosmic-ray diffusion
length. To order of magnitude, / < is the same as the diffusion
length of particles with momentum p=mc. In our calcula-
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tions, we have taken r,,= 1.5R and [,=0.3/(mc), thereby
satisfying the foregoing requirements and yielding accept-
able precision.

As we shall demonstrate below, the functions w(x,),
p(xy), and P (x,) are essentially linear, which significantly
facilitates the calculations.

As in our previous paper,'* we restrict attention to the
case of greatest physical interest, with a so-called Bohm dif-
fusion constant

xk=ppgc/3, (20)

corresponding to a maximally disturbed (tnrbdlent) medium
in which the mean free path A of cosmic rays prior to scat-
tering equals the gyroradius pp . Magnetohydrodynamic tur-
bulence (in the guise of Alfvén waves) is efficiently gener-
ated by the cosmic rays themselves in the preshock region.?*
An analysis of measurements made near a bow shock?! and
other calculations®!?® suggest that regular acceleration is ac-
companied by intense pumping of Alfvén waves, whose am-
plitudes 6B can be comparable to the value B of the regular
magnetic field. In the quasilinear theory, we can formally
obtain even higher amplitudes 6B>B,* which suggests the
necessity of examining nonlinear wave interactions. Al-
though there is presently no corresponding detailed theory,
the widely assumed existence of a Bohm diffusion constant
(20) near the shock front is based on the supposition that
intense pumping of Alfvén waves and nonlinear interactions
among them result in the creation of a highly turbulent me-
dium in which A=pj3.

Note that at nonrelativistic energies, the diffusion con-
stant (20) differs from the pure Bohm constant pzv/3. This
difference turns out to be completely negligible, however,
inasmuch as the typical acceleration time in either case is
much less than the typical age of the system (the shock
wave).

In addition, we will assume that in a disturbed region,
the diffusion coefficient is inversely proportional to the den-
sity p of the medium:

K= KopPo/p» (21)

where «( depends on the magnetic field B, in the undis-
turbed interstellar medium in accordance with Eq. (20). On
the one hand, it stands to reason that compression of the
disturbed medium is accompanied by an increase in the mag-
nitude of the chaotic component of the magnetic field dB. At
the same time, a diffusion coefficient of the form (21) pre-
cludes the development of instability in the preshock
region.?6~28 Although the development of large-scale distur-
bances in that region is indeed a real physical process that
can exert a significant influence on cosmic-ray dynamics,”
we confine our present discussion to the case described by
(21) in order to avoid a multitude of complications.

As we have previously described methods of solving
(1)=(17) numerically,'* we forgo such a description here.

3. RESULTS

We assume typical values of the supernova explosion
energy E_gNzMeij,OQ and initial velocity V pg:
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TABLE I. Parameters of the principal phases of the galactic interstellar
medium.

Ny, Pos To,

cm’” g-cm™? K P,o
Hot interstellar medium 0.003 7.52x10°% 10 1.5x10712
Warm interstellar medium 0.3 7.52Xx10™% 104 1.5x10712

By, Ko(mc) Ro, To,

uG cm-s”! M, pc 10% yr.
Hot interstellar medium 3 1.04x10%2 33 222 472
Warm interstellar medium 30 1.04x10*' 330 103 2.12

Egy=10°" erg,V,,=4600 km/s.

Table I lists the parameters of the so-called hot and
warm phases of the interstellar medium through which the
disturbance propagates, and which fill most of the Galaxy
(see, e.g., Ref. 29). These parameters are the number density
Ny of hydrogen nuclei, the temperature 7)), and the mag-
netic field B,. The scaling parameters of a spherical shock
are determined by the values of these parameters and those
of the supernova. Specifically,

po=1.4Nym is the density of the interstellar medium,
assuming the concentration of helium nuclei to be
Nye=0.1Ny;

Ry=(3M,, 147pg)' is the radius of the shell at the end
of the free expansion stage;

to=Ry/ Vpo is the duration of the free expansion stage;

Po=po/ VpO is the dynamical pressure;

My=V/cy is the initial Mach number;

ko(mc)=mc’/3eB, is the diffusion coefficient for a
proton with momentum p=mec.

Apart from the two phases of the interstellar medium
noted above, we have carried out calculations for other pa-
rameters. Although these other cases do not play nearly so
important a role in the Galaxy, considering them enables us
to investigate the extent to which the cosmic ray acceleration
process is sensitive to the properties of the interstellar me-
dium. We will assume that all of the phases of the interstellar
medium that we consider can be approximated by a single

fR p*, arb. units

a

ol t/1,=0.15

0.01

10”

107

10°

107
. susd 22t ) st 2 ssmed 22 1L ]
10700101 1 10100 10° 10° 10° 10° 10°0.01 0.1

plmc
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gas pressure P, that holds across the Galaxy. We also as-
sume that the magnetic field and density of the medium are
related by By = /pg.

The principal factor that governs the level (rate) of in-
jection is the flux of energy carried off from the gas by
injected particles at the thermal shock. From Eq. (13), we see
that this depends directly on two of the dimensionless param-
eters that we have introduced, 7 and \; for the sake of sim-
plicity we take A=2 in all of the cases that we consider. The
injected energy flux then depends on 7, and by varying 7 we
can study the extent to which the properties of the regular
cosmic-ray acceleration process in supernova remnants de-
pend on the injection rate.

3.1. Cosmic ray spectrum at a shock front

Figure 1 shows the calculated cosmic-ray distribution
function at a shock front (r=R;) at five different times in the
evolution of a shock expanding into a hot interstellar me-
dium. The lesser cosmic-ray injection rate [ =104, Fig.
1(a)] yields only modest energy transfer to the accelerated
particles. The shock therefore winds up being only slightly
altered by cosmic ray pressure, and the cosmic ray spectrum
is accordingly similar to the spectrum in the linear approxi-
mation. In the free expansion stage (1<t;), the distribution
function can be accurately described by a pure power law f
« p~ 9 with spectral index

qg=30/(oc—1) (22)

close to 4, since the degree of compression o of a strong
shock is close to 4, over the full range between the injection
momentum pj,; and the cutoff momentum Pm(t). The latter
depends on geometric factors,”® and can be obtained from

2+b—(v—1)/lv b+d
g1(pPm) &20Pm)

in which g;(p)=Ru;/k;(p), (i=1,2) are the so-called
modulation parameters. Likewise, b=d In Nj,j/d In ¢ is the
time variation of the injection rate; v=d InR;/dInt de-
scribes the expansion of the shock; and

=1, (23)

q

B mar“ W>}

FIG. 1. Cosmic ray distribution function at a
shock front as a function of momentum at
various times, for an initial Mach number
M =133 and injection rates 7= 10"* (a) and
7=10"2 (b).

10°10°

10 100 10° 10’
plmc
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determines the role played by adiabatic variations of cosmic
ray energy in the postshock region. Here p,, is the cosmic
ray momentum, where the local spectral index
d In fp/d1np is | greater than the value of ¢ given by (22).
In a strong shock (0=4) with constant injection rate, we
obtain a simple expression for the cutoff momentum,

RV, 04

pu(t)y=mc Kreg(me)’ )
in which K=6 for the free-expansion stage
(v=1,d=—-1/2) and K=26 for the adiabatic stage

(v=2/5,d=13). The cutoff momentum, as can be seen from
(24), increases linearly with time in the free expansion stage,
which is consistent with the numerical results shown in Fig.
1(a).

At the beginning of the adiabatic stage (> 1¢,), while the
shock is still relatively strong (Mach number M= 10), the
cosmic ray spectrum remains nearly a pure power law f
o« p~9 with a universal spectral index ¢ (see curves corre-
sponding to times t/ty=1 and #/ty=3 in Fig. 1(a). With
time, the shock wave slows down, the Mach number falls,
and at t/t>5, the compression o becomes appreciably less
than 4. Cosmic rays accelerated by the shock during this time
period have a softer spectrum: it is still a power law f
o« p~4, but the spectral index is much less than 4 and it
increases with time as given by Eq. (22) (see curves for
t/to=10 and t/ty=25 at p/mc=<10%).

During this time period, a high-energy component be-
comes detectable in the cosmic ray spectrum, with dynamics
that are fundamentally different from the dynamics of the
low-energy part of the cosmic ray spectrum. It is readily
apparent in the spectra corresponding to t/ty=10 and
t/t,2=25 in Fig. 1 in the momentum range
10*<p/mc=10%. Against the soft spectral background, this
spectral range is dominated at any given time by particles
accelerated at the beginning of the adiabatic stage (t~1t,).
During that stage, when they interact relatively weakly with
the shock, they are effectively propagating under free diffu-
sion. The volume occupied by these particles has a charac-
teristic size R=\ «y(p)t. The distribution function in this
momentum range therefore varies with time as f « ¢~%2, The
radius R varies more rapidly that the size of the shock wave
R, x t?A. Thus, in a certain sense, these particles can be re-
garded as escaping: they leave the dynamical region of the
system (r<R|), carrying off a corresponding fraction of the
energy.

Figure 1(b) shows numerical results that differ from the
preceding case only in the injection rate: here 7= 1072, two
orders of magnitude greater than previously. Due to the high
rate of particle injection in the acceleration regime, cosmic
rays are an important dynamical factor even at early times
(see curve with ¢/¢y=0.15). Their pressure P, near the shock
front is at least comparable to pu®. The shock wave is sub-
stantially altered by the back influence of cosmic rays on the
medium. The shock front is characterized by a total compres-
sion o= 16, and consists of a strong preshock and a thermal
shock with compression o;=2.5. In accordance with (16),
the spectrum of cosmic rays accelerated by a weakly modi-
fied shock is not a pure power law. If one nevertheless ap-
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proximates this with a power law fr « p 9, then according to
(16) the spectral index ¢g= —d In f/d In p in the momentum
range pi<p<p,, where only the first two terms on the
right-hand side are important, will be given by

_ 3u,tdu,/dInp

= , (25)
1 U,—uy

which can be written in the form

30, dlIn(o,—1)

qzo',,—l * dlnp (26)

if we introduce the effective compression o,=u,/u, “felt”
by cosmic ray particles with momentum p.

Particles with low kinetic energy &, <mc? carry a small
fraction of the resultant cosmic ray energy, and exert only a
minor influence on the structure of the shock front. This
means that o,= o, for momenta p<<mc. At nonrelativistic
energies, therefore, the cosmic ray spectrum is, according to
(26), close to a power law with spectral index
q=q,=30,/(0o,— 1), the actual value of which depends on
the compression o at the thermal shock.

At relativistic energies, the effective velocity of the me-
dium varies from u,=V —w; to u,=V; as the momentum
ranges from p=mc to p=p,,. The effective compression
o, is an increasing function of momentum over this energy
range, while the spectral index q decreases. The effective
compression varies from o,= o, for particles with momen-
tum p=<nic to 0,= o as p tends to the cutoff momentum.

Several important comments are in order here. First, it is
clear from Eq. (26) that the spectral index ¢ is always greater
than 30,/(0o,— 1) by virtue of the second term on the right-
hand side, which is always positive. The cosmic ray spec-
trum is therefore always softer than the spectrum given by
the linear approximation for a shock with compression factor
o. Even though the effective compression o, tends to its full
value as the momentum approaches cutoff p,, , the third and
fourth terms in the exact expression (16) become important
in this range, leading to softening—and eventually to an
abrupt cutoff—of the cosmic ray spectrum. In the case of a
strongly modified wave, the spectrum p~ 9 with spectral in-
dex g=30/(o—1) is never encountered, even locally.

A qualitatively similar cosmic ray spectrum is encoun-
tered in the case of a plane shock wave,*® except that the
spectral cutoff in the plane-wave case is due to the finiteness
of the acceleration time, rather than the geometrical factors
that come into play in the case considered here.

The cosmic-ray spectral features noted here are quite
apparent in the behavior of f(p) in Fig. 1(b) at times #/¢, of
0.15, 1, and 3, for which the Mach number is still reasonably
large. At late times (#/ty= 10, t/t3=125), as before, escaping
particles show up in the cosmic ray spectrum.

Figure 2 shows the calculated energy density of acceler-
ated cosmic rays at the shock front (r=Rj),

dE,
m—f:zp €k,

for the two injection rates considered above. At the lower
rate [Fig. 2(a)], with corresponding minimal alteration of the
shock wave, most of the cosmic ray energy is uniformly

Berezhko et al. 6
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distributed over relativistic energies (mc<p=<p,,) during
initial evolution, when the shock is still fairly strong
(t/ty=5). As the shock weakens, the energy becomes con-
centrated near p=mc and p=p,, (escaping particles), which
is apparent from the shape of the curves at t/t;=10 and
t/ty=25 in Fig. 2(a).

The high injection rate and corresponding strong modi-
fication of the shock differ in that due to the substantially
harder cosmic ray spectrum, most of the energy in the rela-
tivistic range is carried by particles at the highest energy
P~ P [Fig. 2(b)] when the shock has a large Mach number.
This is in fact a fundamental feature of a supernova shock
wave undergoing evolution involving the ongoing accelera-
tion of cosmic rays.

3.2. Resultant cosmic ray spectrum

From the standpoint of the cosmic ray production prob-
lem, the resultant spectrum produced by the shock wave is of
special interest. It can be calculated by integrating the differ-
ential number density of cosmic rays at the corresponding
time over all space R,<r<co:

47wadrr2af(r,ap,t) . (27)

4

N(p,t)=4mp?

In this expression, the parameter a accounts for the assumed
relaxation of the disturbed medium toward the mean state of
the interstellar medium.>'*? Strictly speaking, Eq. (27)

log N(p)

|
N
rr

j"? p3£ , arb. units

FIG. 2. Cosmic ray energy density (vs.
In p) at a shock front as a function of mo-
mentum at various times, for an initial Mach
number M,=33 and injection rates
7=10"*% (a) and 7=1072 (b).

10200101 1 10100 10° 10° 10° 10°

plmc

makes sense only at late enough stages of evolution, when
the shock has become weak (small Mach number M <3) and
no longer accelerates cosmic rays efficiently. But it also
makes sense to reconstruct the spectrum N(p,t) at interme-
diate times ¢ in order to understand which evolutionary
stages contribute most to the resultant cosmic ray spectrum.

An analysis shows that a variety of assumptions about
the nature of the relaxation of the medium lead to essentially
the same results.?! For simplicity, then, we make the simplest
one: that the density of the medium disturbed by the shock
wave relaxes toward the mean state of the interstellar me-
dium. In the process, since the scales are large, the cosmic
ray energy varies adiabatically, yielding

a(r7t):[p(rvt)/p0]l/3' (28)

The resultant cosmic ray spectra given by Egs. (27) and
(28) for the two injection rates considered earlier are shown
in Fig. 3.

At low injection rates, the resultant spectrum of shock-
induced cosmic rays (see curve for #/ty=25 in Fig. 3(a) is
close to a power law Nxp~7 throughout its evolutionary
history; the spectral index is y=2 over a wide range of
momenta, 107 3<p/mc=<3-10°. An analysis of the temporal
evolution of the spectrum N(p,t) shows that most of the
cosmic rays in the resultant spectrum were produced in the
initial adiabatic stage (¢/to=<3), when the Mach number was
still high (M=10). The contribution at high momenta

FIG. 3. Resultant spectrum of cosmic rays
produced by a shock wave with initial Mach
number M,=33 and injection rates
7=10"* (a) and =102 (b) at various
stage of evolution. (N, is measured in rela-
tive units).

-2

log (p/mc)
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FIG. 4. Time history of piston energy £,
cosmic ray energy £, gas kinetic and ther-
mal energy £, and E,, and total energy
E. in a shock with initial Mach number
M ,=33 and injection rate »=10"* (a) and
7=10"2 (b).
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p>mc coming from the later stages, with Mach numbers
M <10, is negligible.

An analysis of the geometric factors that affect the shape
of the spectrum for cosmic rays accelerated by an expanding
spherical supernova shock wave shows that the cosmic-ray
spectral energy (momentum) peaks at the end of the free
expansion stage, with p .= max {p,,()}.2> We can therefore
make use of Eq. (24) to produce an accurate estimate of the
maximum cosmic-ray momentum p,,.. , substituting the ap-
propriate R, and V, in place of R, and V. Taking advan-
tage of the relationship between these parameters, the explo-
sion energy Egy, and the density p, of the interstellar
medium, as well as (20) and (21) for the cosmic-ray diffu-
sion constant, it is straightforward to obtain a final estimate

of the maximum cosmic-ray momentum?>:

P max =4.43. 105 ESN 12 Mej -ue
me 10°"  erg 10M ¢,
Ny —-1/3 B,
X .
(3- 10—3cm“3) 3uG (29)

An accurate calculation for a modest alteration of the shock
wave [see Fig. 3(a)] yields p . /mc=4-10°, in good agree-
ment with Eq. (29).

The modified shock accelerates high-energy particles
more efficiently, so the cosmic-ray spectrum in Fig. 3(a) is
harder than previous resultant spectra®' = calculated in the
linear approximation (7y=2 instead of 2.1-2.2).

The spectrum of cosmic rays produced at an injection
temperature high enough that the shock wave is appreciably
altered [Fig. 3(b)] will no longer be a pure power law in the
momentum. The spectrum N(p) is softer than in the previous
case at nonrelativistic energies and low injection rates, and it
is harder at relativistic energies. This can easily be under-
stood in light of the most general properties of the accelera-
tion process. At low momenta p/mc~ 1073, the spectral am-
plitude is directly proportional to the injection rate (i.e., the
value of 7). In the second case [Fig. 3(b)], this amplitude is
therefore 100 times the amplitude in the first case [Fig. 3(a)].
Hence, it is clear that N o p‘2 cannot represent some univer-
sal spectral behavior when 7= 1072, as this would corre-
spond to cosmic ray energies E. 100 times greater than in the

8 JETP 82 (1), January 1996

7=10"* case, which is impossible—at 7= 10"*, E, at late
evolutionary stages is more than 20% of the total explosion
energy Egy .

Furthermore, as we have already noted, a substantially
modified shock generates a significantly harder cosmic ray
spectrum at relativistic energies than an unaltered shock. In
other words, for a modified shock, if the cosmic ray spec-
trum is approximated by a power law N « p~7, the spectral
index y<2 when p>mec, as can be seen in Fig. 3(b). At
nonrelativistic energies (p<mc), we necessarily have
y>2. The physical reason for this is that rather than “feeling
out” the overall compression, nonrelativistic particles re-
spond solely to the compression o at the thermal shock. In a
modified shock, o is less than the compression in an un-
modified shock (o,=0c in this case) at the corresponding
instant. The alteration of the shock thus results in a softer
cosmic ray spectrum at nonrelativistic energies.

Interestingly enough, the maximum momentum
Pmax™ 10®mc in the resultant cosmic ray spectrum is appre-
ciably higher than in the previous lightly modified shock,”
because in the present case with 7= 1072 the total compres-
sion reaches o=17, which is much greater than in the pre-
vious case.

3.3. System energetics

The different components of the system energy calcu-
lated for »=10"* and 7= 1072 are plotted in Fig. 4. Here

— 2
E,=M V22

is the kinetic energy of the shell,

E,= 27rf drripw?

P

is the kinetic energy of the gas,

Eg=3ﬂfR drr*(P,— P )
»

is the thermal energy imparted to the gas by the shock,

EL.=47rj drr?

R,

47rf dppzskf}
0
is the kinetic energy of cosmic rays, and
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Eo=E,+E,+E,+E,

is the total system energy less the thermal energy of the
interstellar medium.

Given the way it has been defined, E, ought to be con-
stant in time and equal to the explosion energy E gy . Devia-
tions of E,/Egy from unity can only result from computa-
tional errors. It is clear from Fig. 4 that this ratio remains
within 1% of unity even in the latest stages, a result that we
consider to be perfectly satisfactory.

At t=0, the energy of the system consists entirely of the
kinetic energy of the shell (piston) ejected in the explosion.
As the piston expands, it transfers energy to the gas and
cosmic rays, decelerating in the process. The shape of the
function E,(t/t,) is essentially independent of the param-
eters of the problem, since ¢, in fact defines the characteristic
dynamical time constant of the piston.

The cosmic ray energy E,. at the lesser injection rate
[Fig. 4(a)] peaks at 1<t/ty<<2, and then decreases slowly.
Although the shock front continues to produce cosmic rays
efficiently even at #/ty=2, adiabatic cosmic-ray energy
losses in the expanding postshock region (r<<R,) begin to
dominate. Nevertheless, even when the injection rate is as
low as = 10™*, more than 20% of the total supernova en-
ergy Egy is transferred to cosmic rays. Naturally, as the in-
jection rate rises, so does the energy transferred to cosmic-
ray particles: at 77=10"2 (Fig. 4(b), cosmic rays carry 80%
of Egy.

3.4. Structure of the shock front

Figure 5 shows the temporal evolution of the total com-
pression 0=p,/p,, the preshock compression of matter
p1/po, the compression at the thermal shock o,=p,/p,,
and the flux density of matter p,u, at the thermal shock in
units of pyV,, all for »=10"* and = 10"2. For the same
two cases, Fig. 6 shows the velocity of the medium ahead of
(w)) and behind (w,) the thermal shock, as well as the cos-
mic ray pressure P, at the shock front.

At the lower injection rate (=10"%), the ratio of the
cosmic ray pressure to the dynamical pressure pOVf [Fig.
6(a)] increases smoothly with time at first, peaking at
t/ty=2. The reason is that for an essentially constant ampli-
tude of the distribution function, the cutoff momentum
Pm(t) rises with time (see Fig. 1). An increase in the cosmic
ray pressure is accompanied by an increase in the preshock
compression of matter p,, the total compression
o=p,/p,, and the velocity of the medium ahead of the
thermal shock, as can be seen from Figs. 5(a) and 6(a). Later
on, at t/ty>2, all of these quantities are smoothly decreas-
ing. Two factors come into play here: a drop in the Mach
number, and a decrease in RV, which governs the value of
the cutoff momentum for the cosmic rays being accelerated
at that time.

At the higher injection rate, the cosmic ray pressure [see
Fig. 6(b)] and accordingly o, p, [Fig. 5(b)], and w, [Fig.
6(b)] all peak at very early stages in the expansion,

FIG. 6. Time history of the velocity of the
medium ahead of (w ) and behind (w,) the
thermal shock, and of the cosmic ray pres-
sure at the thermal front, for an initial Mach
number My=33 and injection rate
7=10"*% (a) and 7=10"2 (b).
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FIG. 7. Scale size of the preshock as a
function of time for a shock wave with
initial Mach number M,=33 and injec-
tion rate 7= 1074 (a) and »=10"2 (b).
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t/ty=0.1. The pressure due to cosmic rays is then governed
by their self-regulating nonlinear interaction with the me-
dium, and depends only weakly on the value of the cutoff
momentum p,,(t).

It is noteworthy that the flux density of matter p,u, is
close to poV in all cases, as in a steady plane shock, where
pu=poV, in the preshock region. This is so because the size
L of the preshock is always small compared to the size R of
the shock itself.

The width of the preshock can be determined from the
relation

X(Ry)

XD co

according to which L is the distance from the thermal shock
at which the value of X decreases by a factor of e. Here X
can stand for P,, w, or p—p,.

Figure 7 shows the value of L as a function of time,
calculated using Eq. (30). At the lower injection rate
7=10"%, L/R,~= 1072 [Fig. 7(a)], except at the very latest
stages of expansion #/t,>8, when it starts to increase rap-
idly, reaching L/R;=0.1 at t/t,=20. The latter has to do
with the influence of escaping particles (see Fig. 1). We have
already noted that these are the highest-energy particles in
the cosmic ray spectrum, and the linear size of the region that
they occupy grows faster than does the size of the shock
wave R;. Thus, in the later stages of evolution, when the
shock is fairly weak and escaping particles become the domi-
nant energy component at r>R, (see Fig. 2), the preshock
begins to grow rapidly. Of course, it must be borne in mind
that the shock is weak at that point, and that the efficiency of
cosmic ray acceleration is low.

As the injection rate increases, with concomitantly
greater alteration of the shock, the preshock grows as well. It
is easy to see why the scale length L increases as the injec-
tion rate rises. With increasing 7, the shock becomes further
modified, and the cosmic ray spectrum becomes harder and
harder (see Fig. 1). The energy in the cosmic ray spectrum
becomes more and more concentrated near the cutoff mo-
mentum p,,(t). This means that in a substantially modified
wave, the scale size of the preshock is, to order of magni-
tude, the same as the diffusion length of particles with mo-
mentum p,, . In conjunction with (24), this yields

10 JETP 82 (1), January 1996

L~R,/K.

Hence, it is clear that the limiting value of L/R; is approxi-
mately 0.17. At »=10"2 [Fig. 7(b)], the preshock width
given by P, and W reaches 0.03 during the period of effi-
cient cosmic ray acceleration (¢/ty<3), which is still appre-
ciably less than the limiting value.

The local minimum in L(¢) near t/to= 10 results from
the energy-bearing component of the cosmic rays at that
point being nonrelativistic particles with a short diffusion
length (see Fig. 2).

The density distribution p(r) of the preshock medium,
as is clear from Fig. 7, has a shorter scale length than the
velocity distribution w(r), which in turn is similar to the
cosmic ray pressure profile P.(r). The reason is that the
density and velocity of the medium at r>R are simply re-
lated by

P~ pPo=pow/u,

a consequence of the constancy of the flux density of matter
pu. Clearly, then, when r>R, p—p, decreases faster than
w, since u(r) then increases as well. The difference in scale
lengths L between the density and flux-density distributions
is especially notable in a significantly modified shock.

Figure 8 shows the velocity profile w(r) at five times for
the medium at r>R with »=10">. The behavior of w(r)
here is clearly complicated. The characteristic scale length
L=|w/(dwldr)| is itself a function of distance from the
thermal shock, and varies widely. In order to understand the
behavior of w(r), we analyze Eq. (3), introducing the new
spatial variable x=R,—r and neglecting the minor terms
dw/dt and AP,/ dx. Noting that pu=pouy at r>R, we ob-
tain the simple equation

[P
Po¥s oy ~ Tox

which shows that the preshock scale lengths of w(r) and
P (r) are the same (as also shown by the results plotted in
Fig. 7). The efficacy of the new spatial variable x, given by
(19) is illustrated by Fig. 9, which shows w(x,) at r>R;
(x,=0-1). Then w(x,) is clearly not that far from being
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linear, which makes it possible to represent it numerically to
high precision with a fairly small number of points (100 at
most).

Figure 10 shows the spatial dependence of the cosmic
ray distribution function for four values of the energy at four
different times (7=10"%). In the preshock region r>R,,
there is clearly a quasilinear relationship at all p and ¢ be-
tween In f and r and between f and x., which justifies the
choice of variable x,. at r>R;.

3.5. Influence of the interstellar medium and injection rate
on the efficiency of cosmic ray acceleration

Besides the hot interstellar medium assumed in all of the
preceding calculations, other phases of the Galaxy are often
invoked—for example, the so-called warm interstellar me-
dium, with Ty=10* K, Ny =0.3 cm™3 (see, e.g., Ref. 29).
It is therefore of interest to study the evolution of a super-
nova shock and the acceleration of cosmic rays for a variety
of interstellar media. To keep things simple, we assume that
all phases of the interstellar medium are at the same pressure,
P,o=10""2dyn/cm?, which is approximately true of the
Galaxy.” The different phases of the interstellar medium can

w/wI
1k
SN e - \_ -
0.5
10.04 ————-
! 25.06 ———
0 n L 1 1 2
0.2 04

FIG. 9. Same as Fig. 8, but plotted as a function of the new spatial variable
x, defined by Eq. (19).
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then be distinguished from one another by just one more
parameter, such as the temperature T, density p,, or some
combination of the two. A convenient choice that specifies
the properties of the interstellar medium is the initial Mach
number My=V/c., a dimensionless parameter that di-
rectly accounts for shock evolution. Since all of the follow-
ing calculations are carried out for a single initial shock ve-

fp®, arb. units

! 1, = 0.15 a
0.1F & eV
0.01F
0.1F b
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FIG. 10. Cosmic ray distribution function at four different energies and
times as a function of distance for an initial Mach number M(=33 and
injection rate 7=10"%.
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locity Vyo=1.1V,5 (V,0=4600 km/s), the Mach number
should enable us to determine all of the parameters of the
interstellar medium.

Finally, we assume that the magnetic field and density of
the interstellar medium are related by B x \/p_o.

Since 7, which defines the particle injection rate at the
thermal shock in the acceleration regime, is a free parameter
in our theory, it makes sense to study the progress of shock
evolution and the acceleration of cosmic rays as functions of
7.

The amount of information encompassed by the state
and evolution of the system under study is enormous, so we
limit our scope and discuss just the basic parameters, which
above all reflect upon the efficiency of the cosmic ray accel-
eration process and its influence on shock structure. Among
the most useful such parameters are the maximum total cos-
mic ray energy E, attained during evolution, the cosmic ray
pressure P, at the shock front (relative to the dynamical
pressure pOVf), the total compression o, and the compres-
sion at the thermal shock at the same instant. Here the maxi-
mum energy E. characterizes the efficiency of cosmic ray
acceleration, which to good accuracy can be viewed as the
total energy committed to cosmic rays throughout the evolu-
tion of the shock, since as we showed earlier in a number of
examples, the cosmic ray energy E.(f) remains essentially
constant once it has reached its maximum. Furthermore, the
presumed relaxation process in the disturbed medium can
also alter (raise) the cosmic ray energy somewhat, making
the assessment of the energy transferred to cosmic rays a bit
uncertain. We thus conclude that the quantity (E./E gy)max
reasonably fully characterizes the efficiency of cosmic ray
acceleration. The same can be said of o, : it reflects the
degree to which the structure of the shock has been modified
by cosmic rays.

The quantities plotted in Fig. 11 are shown as a function
of the initial Mach number M, for four values of the injec-
tion rate 7, while in Fig. 12 they are shown as a function of
the injection rate 7 for five values of M.

The most notable feature of Fig. 11 is that all of the
quantities except o are rising functions of M,, a conse-
quence of the fact that a stronger shock accelerates cosmic
rays more efficiently, and is therefore itself more signifi-
cantly modified by the back influence of the cosmic rays.
The compression of matter at the thermal shock, o, then
decreases with increasing M, although o (M) is a slowly
varying function. Under more physically interesting condi-
tions (7= 10"*~1073 and M,> 10), the compression o, lies
in the fairly narrow range 3-4.

In contrast, the total compression o is a strong function
of the Mach number. At any given injection rate, the com-
pression follows a power law, ox My, with a~0.75 (see
Fig. 11).

3.6. Critical injection rate

It can be seen from Fig. 12 that there is a big difference
in the efficiency of acceleration as a function of injection rate
at low and high values of 7. The behavior of E.(7) and
P.(7m) and (a(7n) as well) is such that there exists for any
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v

FIG. 11. Cosmic ray compression o, energy E, and pressure P_ in units of
the dynamical pressure pOVf (maximum values attained during evolution) as
a function of the initial Mach number M, for various injection rates 7. The
compression o at the thermal shock is calculated at the same instant as
a. Curves for M =33 and M ;=330 with black dots were computed with
Alfvén wave dissipation taken into account. Unfilled dots correspond to
My=33 and 7=10"%,1073, with cosmic ray penetration of the piston.

Mach number a critical value 7, (M) of # that divides the
two substantially different ranges. For the sake of definite-
ness, let us take for 7, the value of 7 that makes

al

10 10 10 0.01
n

FIG. 12. Same as Fig. 11, but plotted as a function of the injection rate 7 tor
various values of the initial Mach number.
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P./poVi=0.1. We then find that for 7 <7, , both E(7)
and P .(7) are close to linear, and the total compression of a
strong shock is close to 4. Acceleration of cosmic rays with
7 <, takes place in the linear regime: by virtue of the low
injection rate, the cosmic ray pressure P . is low compared to
the dynamical pressure pOVf , and the shock remains essen-
tially unaltered. This can also be called the unsaturated re-
gime.

We can easily identify the factors that determine the
critical injection rate 7, . On the one hand, given the defi-
nition of 7, , the cosmic ray pressure at the shock front is
PC*=O.lp0Vf. At the same time, we can express this pres-
sure in terms of 7, : we merely note that the cosmic ray
distribution function at a largely unmodified shock front con-
forms to a power law,

o)zl
*\'m 47Tpi3“j Pinjl

with ¢ =4 and injection momentum p;,;=mV . Also bearing
in mind that relativistic particles make the major contribution
to the pressure, we obtain

4 Pm
PC*=§— NyPoVsc In ot 31)
whereupon
3V,

7%~ 40¢ In(p,,/mc)’ (32)

Hence, all other things being equal, it is clear that a
shock with a lesser velocity V is more easily modified by
cosmic ray pressure, or in other words, the lower the velocity
V,, the fewer the cosmic rays required to produce the same
modification. This means that at a constant injection rate, a
shock with a high initial Mach number M,>10 will be
maximally altered at the instant when its velocity begins to
decrease, but it will still remain strong. Assuming that the
minimum Mach number for a strong shock is approximately
M =10, we conclude that we need V=10V ,/M, in (31)
instead of V, which then yields the final expression for the
critical injection rate:

~ 3V
7+ “4Mc In(p,,/mc)’

(33)

In the present case p,,/mc=4-10°, V ,=5000 km/s, so that
7,=10"%/My. At My=33 (hot interstellar medium) the
critical injection rate is 7,=3-107°, and at M;=330
(warm interstellar medium) 7, =3- 1076, It can easily be
shown that the derived value of 7, , and in fact Eq. (33) as
a whole, are in good agreement with the results obtained
numerically (Fig. 12).

As 7 increases, with 7> 7, , the cosmic ray energy and
pressure rise rapidly, ultimately becoming weak functions of
7. At high enough Mach numbers in this saturated cosmic-
ray acceleration regime, large values of E./Egy and
P./ p0v§ exceeding 0.7 are attained.

Note that the cosmic ray acceleration exhibits similar
behavior in the plane-wave approximation if an additional
parameter—the cutoff momentum p,,—is introduced at the
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outset, and if one allows for the energy removed from the
system by particles that can reach the limiting momentum
P 20343 In the present description, where the finite size of
the shock is a natural consideration, there is no need to in-
troduce such a parameter. The cosmic ray spectrum is instan-
taneously bounded by virtue of geometrical factors.?® In con-
trast to a plane shock, the volume occupied by accelerated
particles at r=R,, Vx R?K(p)/Vs , increases with time due
to the growth in R, and the decreasing velocity V, of the
shock. On the other hand, their rate of acceleration falls (the
characteristic acceleration time*®*7 is 7 & V2/x).

We see, then, that when the cosmic ray diffusion coeffi-
cient x(p) rises with momentum, particle acceleration at
high p by a spherical shock is incapable of filling the volume
V with accelerated particles to the same density as in the case
of a plane shock. The value of cosmic ray momentum at
which geometrical factors become important is given by Eq.
(23).

Note that geometrical factors are more important than
temporal factors in an expanding shock: the cutoff momen-
tum given by (23) is always less than the limiting momentum
attained in a plane shock with the same time dependence of
V .2 This plays an exceptionally important role in dictating
the nature of the modification to the shock. It is precisely the
geometrical factors that explain why, as shown by the fore-
going calculations, an expanding spherical shock is not com-
pletely modified by cosmic ray pressure, no matter how high
the Mach number.*® Simplified versions of the theory—for
example, a two-fluid (gas plus cosmic rays) hydrodynamic
description—can lead to inconsistencies, due to improper al-
lowance for these factors. In the hydrodynamic theory, infor-
mation on the relationships among spatial scales in the cos-
mic ray distribution resides in the spectral mean of the
diffusion coefficient, x(r,t). The strong momentum depen-
dence of the initial diffusion coefficient x inevitably leads to
a strong r-dependence of the mean coefficient x at r=R;.
Since the behavior of x(p) exercises a decisive influence on
the nature of cosmic ray acceleration, a proper hydrodynamic
description must incorporate the correct function «(r). Two-
fluid hydrodynamic models presently in use rely on the
plane-wave approximation to estimate «(¢), and fail to take
account of the r-dependence of «.!!1239-4l

3.7. Compression

There are two aspects to the back influence of cosmic
rays on the medium. The transfer of a substantial fraction of
the energy of the shock to cosmic ray particles is always
accompanied by a rise in the total compression of matter
o. This rise in o, in turn, makes the acceleration of cosmic
rays a more efficient process—the pace of acceleration in-
creases, and the cosmic ray spectrum becomes harder. A
positive feedback loop in the nonlinear interaction between
cosmic rays and the medium thus ensues.

The system reaches an equilibrium state mediated by a
negative feedback loop: modification of the shock is accom-
panied by a decrease in the compression o of the thermal
shock, which, as previously noted, directly affects the shape
of the nonrelativistic cosmic ray spectrum. A decrease in
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o, results in softening of the cosmic ray spectrum f(p) at
p<mc, and in the final analysis precludes any excessive rise
in the spectral amplitude in the relativistic range, which car-
ries the brunt of the energy.

In order to understand which factors affect the compres-
sion of matter at the thermal shock, we adopt a simplified
model of the cosmic ray spectrum at the front of a modified
strong shock. This model consists of two pure power laws:

qs
a(—) for pipj<p<mc,
Pinj

fr= —-q
amc(f—) for mcSpSpm,
mc
which can be seen from previous calculations (Fig. 1) to
provide an adequate approximation. It must also be kept in
mind that g,>4 and 3<¢<4. The cosmic ray pressure can
be easily calculated based solely on relativistic particles:

4q(mc 3amc m 4-q
ot

P=—=a—9 \mec

The amplitude a,,. is related to the amplitude at the in-
jection point by
(mc) s
ape=al — .
" Pinj
We can also write the cosmic ray pressure in the form
P_.=kP .« . Since by definition the critical pressure is 10% of
the dynamical pressure pOVf, we clearly have 1<k<10.
Writing  the  critical  pressure in  the  form
P..= (471'/3)p?njca* In(p,, /mc) and noting that
ala,=nln, , we obtain

_ In( 77/ 7,)
In(mc/ piy))

P\ 1 1
+1n| | — .
[(mc) (4—q)k In(p,,/mc) | In(mc/ piy;)

(34)

Noting further that under a substantial modification
k<10, 3<g<4, and that the typical injection and cutoff
momentum are  given by p;i/mc=2- 1073  and
pn/mc=4-10°, it can easily be shown that the third term on
the right-hand side of Eq. (34) can be neglected. Bearing in
mind that g,=30,/(o,— 1), we obtain an expression for the
compression at the thermal shock,

3
=14+ .
Ts 1+ (/) /In(mel piy)

qs

35)

This expression accounts for the weak (logarithmic) depen-
dence of the preshock compression at the front on the injec-
tion n > 7« rate and on the Mach number M, which has
been corroborated computationally (see Fig. 11). Direct com-
parison with the results in Fig. 11 shows that the expression
accounts for the quantitative behavior of o if we employ the
critical injection rate 7, found above.

On the other hand, if in Egs. (7)—(9) we ignore the en-
ergy flux F;,; carried by injected particles (which is permis-
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sible if the injection rate is not too high), the compression
o,=p,/p, will be expressible as usual in terms of the local
Mach number M |=u,/c,,:

4
- , 36
) Ve (36)

Here ¢, = 5P, /3p, is the local speed of sound immedi-
ately ahead of the thermal shock, and we have taken
¥,="5/3. A compression of o,=3 corresponds to M =3.

We can therefore conclude that the distinctive feature of
the preshock is that the medium there is compressed to such
a degree as to ensure that Egs. (35) and (36) hold for the
Mach number M . It is not difficult to establish the relation-
ship between the preshock compression of matter p, /p, and
the total compression o, on the one hand, and compression
o, at the thermal shock, on the other.

It follows from (2) and (4) that at r>R,, the gas pres-
sure and density are adiabatically related:

szpgo(P/Po)m-

Noting also that pu=p,V, in the preshock, we obtain a re-
lationship between the total Mach number M=V /cy, and
the local Mach number M,

M=M(p,/po)~*,
whence the compression of matter in the preshock is
pi/po=(MIM )Y (37
and the total compression is
o=a,(MIM ) (38)

Equations (36)—(38) are in good agreement with the numeri-
cal results shown in Figs. 11 and 12.

A natural question arises: what basic physical principle
makes such high compression in a shock wave possible, as
predicted by Eq. (38) at high Mach numbers? To address this
important question, we begin with the generalized Rankine—
Hugoniot jump conditions, which can be obtained by inte-
grating Egs. (1)—(4) over r from R;,—0 to % to yield

P2U2=Polho = Je»
2 _ 2
p2u2+P2—p0u0+Pg0_qe9
3 3

P2y Y2
+
2

8

These relations differ from the customary Rankine—
Hugoniot jump conditions due to the presence of additional
terms (mass, momentum, and energy flux, respectively):

o, © [(2pw dp
Je=JePotto= Rxdr —t )
© [2puw dpu
— 2_
qe—flépo“o"kad’( . +7),
, 3 [*,[2F OE uj j,
F,=F.poug= R:dr -t T Fpatued.m =
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In these equations, F is the energy flux density, E is the
energy density, and Fp, is the diffusive flux of cosmic ray
energy at the point r=R;—0.

Solving the algebraic equations above, we obtain an ex-
pression for the total compression o= p,/py:

Y21

o=

L+ (y,— 1)/2
o + 20, (Ve + ¥ [ V(2= DM = (v, + )F,
(39)

We see that the total compression can be expressed as a
product of two factors. The first, (y,+ 1)/(y,— 1), yields
the usual value for the compression of matter in an infinitely
thin shock front, expressed in terms of the adiabatic index
v, of the postshock medium. For an ionized monatomic gas,
v,=5/3, which yields c=4. When cosmic rays are present,
the effective adiabatic index of the medium (consisting of
gas plus cosmic rays) can be close to 4/3, yielding o=7.

The second factor in Eq. (39) can significantly increase
the compression. In a strong shock (M>1), this factor dif-
fers from unity due to the nonvanishing fluxes j., ¢, , and
F,. These describe the way in which the region encom-
passed by a spherical nonstationary shock front of finite
thickness acts as a sink for fluxes of mass, momentum, and
energy that are filling it. By virtue of the region’s being a
sink, the outgoing and incoming fluxes are unequal. Further-
more, the term Fp, in the expression for F, indicates that the
cosmic ray distribution immediately behind the shock can be
nonuniform. The associated diffusive flux Fp,, if it is nega-
tive (i.e., directed toward the region with r<R,), results in
energy being drained from the vicinity of the shock front
(radiative losses), which, as in a traditional shock with such
losses, is accompanied by increasing compression.

It can easily be seen that as the thickness of the shock
front tends to zero, in which limit w, F, and the time deriva-
tives are all nonvanishing, the fluxes j,, ¢q., and F,+Fp,
all vanish. It can be shown that the energy F, plays the
principal role in Eq. (39). Despite the preshock thickness
being small compared to the size of the shock, as shown
above, F, is nonnegligible. To convince oneself of this, it
suffices to evaluate just one term in the expression for F,,
namely the one associated with the diffusive flux of cosmic
ray energy in the preshock:

JE,
ar -’

FD(r):—k

Here E. is the cosmic ray energy density and «(r) is the
(spectral) mean diffusion coefficient. In a substantially modi-
fied wave, most of the cosmic ray energy is concentrated in
the spectral range near the cutoff momentum p,, (see Fig. 2).
This is in fact why the mean diffusion coefficient k over
most of the preshock is close to x(p,,). We can therefore
write

» 2F _2k(py
J ’_D“_f (P )Ech
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where E | is the cosmic ray energy density at the thermal
shock. Writing out the quantities that appear here as
E. =kpoV? and «k(p,)=R,V,/K [see (24)], we obtain
F.=2k/K. In the free expansion stage K=6, and £ is close
to unity for a strongly modified wave. Hence, we estimate
the flux to be F,=0.3. It is clear from (39) that this value of
the flux results in a substantial rise in the degree of compres-
sion.

We thus conclude that the basic physical reason for the
rise in compression in a shock that efficiently accelerates
cosmic rays is the dilution of a substantial fraction of the
energy within the shock transition region, which in this re-
gard is not thin. What is important here is that the very
highest-energy cosmic rays are the principal players in this
process, as they exhibit the greatest diffusion length and
carry the brunt of the cosmic ray energy.

The expenditure of energy needed to fill a growing shock
front of finite thickness has consequences similar to those
produced by the extraction (radiative loss) of a fraction of the
system’s energy. It would seem that this is the very reason
that the plane-wave description, which involves the cutoff
momentum p,, as a parameter and takes account of the en-
ergy flux carried off from the system by particles that have
reached p,, ,2**° qualitatively reproduces the behavior of the
acceleration efficiency and the degree to which the shock has
been modified, both as functions of the injection rate and the
Mach number. In that regard, the arguments of Achterberg
et al.? that a simplified description of cosmic ray accelera-
tion that makes no use of information about the cutoff mo-
mentum p,, is of limited applicability would appear to be
justified.

From somewhat of a different perspective, Eqs. (35)—
(38) elucidate the reasons for the extremely high compres-
sion in a strong shock with Mach number M> 1, in which
cosmic ray acceleration proceeds in the saturated regime.
Specifically, Eq. (38) predicts an unbounded increase in com-
pression with increasing M, and for a simple reason. The
onset of stabilizing negative feedback under saturated accel-
eration conditions requires that compression in the thermal
shock drop to the value given by Eq. (35). For this to happen,
the local Mach number M, must be reduced, which is ac-
complished by heating the gas via adiabatic compression in
the preshock. Higher Mach numbers M require higher and
higher compression of the preshock. One might say that the
strong dependence o « M* described by (38) results from
the low efficiency of adiabatic heating of the preshock.

3.8. Dissipation of Alfvén waves

Alternative mechanisms for heating the preshock can
play an important role in this situation. Above all, heating of
the gas in the preshock beyond that provided by adiabatic
compression can result from the dissipation of Alfvén waves
generated by cosmic ray particles. A systematic treatment of
this mechanism must consider the dynamics of Alfvén turbu-
lence, including wave damping. We can describe a frequently
used simplified approach to this problem, which we adopt
here, as follows.'>** Alfvén waves generated by cosmic ray
particles at r>R, rapidly reach their limiting amplitude
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0B~ B, thus ensuring Bohm diffusion of the cosmic rays.
Nonlinear damping mechanisms prevent any subsequent
growth in the wave amplitude. Here, regardless of the details
of the damping mechanism, the rate at which the gas is
heated is exactly equal to the rate at which energy is trans-
ferred from cosmic rays to Alfvén waves.

Instead of (4), the gas pressure is then governed by the
equation®

d _ P,
E(ng 73)=(1“7g)0a71> %, (40)

where d/dt=3/3t+wd/dr and c,=B/\J4wp is the Alfvén
velocity. Furthermore, since Alfvén waves in the preshock
propagate primarily in the radial direction, w+ ¢, must be
used at r> R in the transport equation (1) instead of the gas
velocity. We can neglect dissipation in the postshock region,
at r<R_, primarily because the energy in Alfvén waves is
low there relative to the gas energy.

Numerical calculations allowing for Alfvén wave dissi-
pation in the preshock are plotted in Fig. 11 for an injection
rate 7=107>, and in Fig. 12 for Mach numbers M= 33 (hot
phase of the interstellar medium) and M= 330 (warm phase
of the interstellar medium). Above all, it is clear from these
figures that allowance for wave dissipation, which ensures
more efficient gas heating in the preshock, lowers the
cosmic-ray acceleration efficiency due to an appreciable de-
crease in the total compression o. As before, the magnitude
of o is arising function of % and M, but when both M, and
the injection rate increase, the compression reaches a limit
(saturates) at o="7.3. The efficiency of cosmic ray accelera-
tion then remains high: the cosmic ray energy E, comprises
approximately 50% of the overall explosion energy Egy .

An analysis of the derivation of (35) for the compression
at the thermal shock shows that it ought to hold even when
Alfvén wave dissipation is present, which is consistent with
the numerical results shown in Figs. 11 and 12. Making use
of (40), Eq. (37) for the preshock compression takes the form

ﬂzl(ﬂ)z_i_z’Mzﬁ 1_(&)5/3]"3/8 (41)
po (\M] 371V, P '

This is consistent with Eq. (37) if we take ¢,=0. On the
other hand, if c,/V > 1/M?, the preshock compression be-
comes essentially independent of the Mach number M. In
the present case ¢,=~=100 km/s and V,=5000 km/s, and pre-
shock heating becomes especially significant at Mach num-
bers M> \/%, which is also in agreement with the calcula-
tions (Fig. 11).

Our main conclusion from the calculations is that the
inclusion, over and above adiabatic compression, of addi-
tional mechanisms for heating the preshock—one of which
might be the dissipation of Alfvén waves—substantially af-
fects the evolution of the shock wave and the acceleration
process. The properties of the modified shock and the
cosmic-ray acceleration process become universal, to a large
extent: the degree of modification of the shock wave and the
efficiency of acceleration depend little on either the initial
Mach number or the assumed injection rate, as long a
My>10 and 7> 10™*, which, in our opinion, is usually the
case.
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Note also that a simplified description of shock and cos-
mic ray dynamics'? leads to the opposite result: the dissipa-
tion of Alfvén waves plays no appreciable role, except at the
very latest stages of evolution (#> 10¢,). We can ascribe this
difference to the shortcomings of a hydrodynamic descrip-
tion of cosmic rays, at least in the form that one usually
encounters. As noted above, we expect the two-fluid hydro-
dynamic description to be extremely sensitive to the choice
of input parameter—the cosmic ray diffusion coefficient
k(r,t). The mere inclusion of time dependence40 in «(t)
fundamentally alters the results obtained with this theory, as
compared with the results obtained with a coefficient « that
is constant in time.*> We believe the spatial dependence of
k in the preshock region to be even more important. More-
over, it is still an open question as to whether one can accu-
rately assess the behavior of the diffusion coefficient x(r,t)
averaged over the cosmic ray spectrum without reconstruct-
ing the spectrum itself.

3.9. Post-shock pressure

The total internal pressure behind a strong shock front
can be obtained from the relation

Pyt paui=Pgo+poVi—gq.
(see Sec. 3.7) if we neglect P, and g, , which yields
Py=poVi(o—1)/0. (42)
Similarly, the relation
Pyo+pauz=Pg +pu;

for a thermal shock with the cosmic-ray pressure (P,) dis-
continuity taken into consideration can be used to determine
the postshock gas pressure P,,. Since the Mach number is
high for the thermal shock (M%> 1), P, is negligible rela-
tive to p,u7, which yields

Pg2=p0V?(o’s—- /o (43)

when allowance is made for the conservation of the flux of
matter (pu,;=poV,) at the preshock.

We obtain from Egs. (42) and (43) an expression for the
cosmic ray pressure at the shock front:

Py=P.=pVi(o—0)l0. (44)

This demonstrates that in the saturated acceleration regime,
the ratio of the cosmic ray pressure to the dynamical pres-
sure, Pc.l/pOVf.: l—o,/0, is an increasing function of the
Mach number M, in agreement with the calculations [Figs.
11 and 12]. At the same time, the postshock gas pressure
P,y /poV? « M~¥* becomes relatively low at high Mach
numbers.

When allowance is made for dissipation of Alfvén waves
in the preshock of a strong shock wave (M>7), o,=3.5 and
o=73, which according to Eq. (43) and (44) yields
Pcz/povf=0.5 and sz/ponzOS, regardless of the value
of M and in good agreement with the calculations. Even
though cosmic rays significantly modify the shock in this
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case, the pressure and temperature of the postshock gas re-
main high, as required by x-ray observations of young super-
nova remnants.

3.10. Cosmic ray penetration of ejecta

We now attempt to assess the extent to which various
assumptions about the interaction between cosmic rays and
the piston affect the final result. Recall that all results dis-
cussed above were obtained assuming a piston that was im-
penetrable to cosmic rays, corresponding to the boundary
condition (15). Let us consider an alternative model that al-
lows for the possibility of diffusive penetration of the piston
by cosmic rays.

As before, we assume that matter in the piston is con-
centrated within a fairly thin shell of thickness

l,=6R,, (45)

(8<1). Retaining the assumed relationship (21) between the
cosmic ray diffusion coefficient and the density of matter, we
find that the distribution of cosmic rays traversing the thin
shell of the piston into the region r<R/, can be taken to be
uniform, since the cosmic ray diffusion coefficient here is
fairly large, due to the low density of matter. In place of (1),
we can then write the cosmic ray distribution function at
r<R, in the simpler form

o _Vy IS w©

ot R, dp V
which allows for the adiabatic change in cosmic ray energy
within the varying volume V= 47rR13,/ 3, and for the existence
of a diffusive cosmic ray flux Fp=4wp?® through the sur-
face bounding that volume, S= 47rR,2,. Given the small
thickness /,, of the piston, we can write for this diffusive flux

O=— %[f(r=Rp+o, p.)—f(r=R,=0,p.t)], (47)

P

in which
Po
K,=Kog— (48)
p— 10 Py
is the cosmic ray diffusion coefficient in the piston, and
pp:Mej/V (49)

is the mean density of the piston, which occupies a volume
V=4wRl,.

Note that we have assumed a piston of vanishing thick-
ness in Eqs. (46) and (47), while in calculating the mean
density of matter p, we have assumed a finite thickness /,.
This is not a serious problem so long as [,<R,,.

The possibility of diffusive leakage of cosmic rays
through the piston also requires a change in the boundary
condition (15) for the cosmic ray distribution function in the
range R,<r=<R;:

of
k—=—® for r=R,+0. (50)
ar 4

Figures 11 and 12 show the results of calculations that

allow for cosmic ray penetration of a piston with §=0.1 in
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the hot phase of the interstellar medium (My=33) at injec-
tion rates 7=10"* and 7= 107>, Clearly diffusion does not
substantially affect cosmic ray acceleration or shock evolu-
tion: including it produces only a minor change (at most 5%)
in the basic characteristics.

This result can be easily understood. In the early stages
of evolution (#<€¢), cosmic ray diffusion through the piston
is slow due to the high density p,>p,, by virtue of which
kp(p)<xo(p).

In the late stages (> 1t,), diffusion is also unimportant,
but for a different reason—the volume enclosed within the
region r <R, is small compared to the overall volume occu-
pied by cosmic ray particles (~47TR§/3), since R;>R,,. The
filling of that small a volume with cosmic ray particles has
little effect on their dynamics.

Naturally, the actual processes transpiring in the super-
nova ejecta (piston) are much more complicated than we
have described here. We have ignored the existence of a
reverse shock, which heats the matter in the shell and accel-
erates cosmic rays. But for the same general reasons, we
believe that from the standpoint of the production (accelera-
tion) of cosmic rays and the degree to which those cosmic
rays influence the global properties of the system, these ad-
ditional features can be neglected.

3.11. Chemical composition of cosmic rays

We now turn to one of the most important questions of
all, which has recently riveted the attention of more and
more researchers concerned with the origin of cosmic rays,
namely their chemical composition. In this section, we
present only preliminary results bearing on this complex and
interesting question, which indicate that in principle, the
theory of regular acceleration of cosmic rays in supernova
remnants is capable of accounting for the observed compo-
sition of cosmic rays in the energy range e<10" eV.

In considering the chemical composition of cosmic rays
accelerated by a shock, the question of the mechanism of
injection into the acceleration regime must be framed with
some care. Thus far, as we have dealt solely with the funda-
mental constituent of cosmic rays—protons—the injection
problem has entailed few subtleties. Indeed, as we have
shown above, due to the self-regulating nature of the accel-
eration process, it turns out to be insensitive to the injection
rate over a wide range (7> 7,). Since both measurements
of the interplanetary medium?! and numerical modeling of a
collisionless shock?? suggest that an injection rate 7~ 1073
is much higher than the critical rate, the theory makes pre-
dictions that are essentially independent of the details of the
assumed injection mechanism.

When the question bears on the chemical composition of
cosmic rays, however, the universality of the theoretical pre-
dictions (i.e., the extent to which the predictions are indepen-
dent of %) is considerably diminished. Atomic nuclei heavier
than hydrogen are but a minor constituent of the interstellar
medium, and therefore when such elements are accelerated
by a shock wave, they do not exert a significant back influ-
ence. This then means that the ratio of protons to heavy
nuclei in cosmic rays is directly proportional to their relative
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injection rates. In order to correctly reconstruct the chemical
composition of accelerated cosmic rays, it is necessary to
know how the injection rate depends on the mass and charge
of the particles.

Since there is presently no detailed theory of the injec-
tion mechanism, we will attempt to determine the mass- and
charge-dependence of the particle injection rate in the accel-
eration regime on the basis of general considerations.

Charged-particle motion in a collisionless shock is gov-
erned by particle interactions with electromagnetic fields.
The intensity of this interaction—in particular, the mean free
path between scattering events—is therefore a function of the
rigidity R=pc/Ze or the mass-to-charge ratio A/Z. The ri-
gidity of protons is less than that of heavy ions with the same
velocity. The thermal shock is therefore more transparent to
cold ions crossing for the first time than it is to cold protons,
and we would expect the postshock thermal distribution of
ions to have the same characteristic thermal velocity as the
proton distribution.

It would also be natural to suppose that the injection
mechanism differentiates between particles according to their
rigidity: only particles whose rigidity is above some critical
value should be capable of crossing in the second time the
thermal shock and being accelerated. Since the postshock
thermal distribution of ions has high mean rigidity, we expect
them to be injected preferentially over protons.

This can all be expressed mathematically:

a A

Pni=APinj> M= n—aie(g), (51)
where a is the mean number density (prevalence) of nuclei in
the Galaxy, quantities with subscript A pertain to ions with
mass number A, and unsubscripted quantities pertain to pro-
tons. The function e describes preferential injection of heavy
ions, with

e(1)=1, e(x>1)>1.

For definiteness, we assume a power law:

e(x)=xP, pB>1.

The exponent B is a free parameter of our theory, and is
chosen to reproduce the observed chemical composition of
cosmic rays.

In comparing the calculated spectrum of cosmic rays
produced by a supernova shock with the cosmic ray spec-
trum observed at the Earth, it must be borne in mind that
they are related by

J(e)xT,(R)N(&y), (52)

in which J(g;) is the intensity of cosmic rays with kinetic
energy &; observed at the Earth, N(g;) is the energy spec-
trum of cosmic rays (the differential number density) pro-
duced in supernova remnants over their full course of evolu-
tion, and 7, is the mean lifetime of Galactic cosmic rays,
which is a function of their rigidity R(gy) (see, for instance,
Ref. 29). The shape of the cosmic ray spectrum N(g;) pro-
duced at the source differs from the shape of the observed
spectrum J(&;), as the lifetime 7, of a Galactic cosmic ray
depends heavily on its energy (or more precisely, its rigid-
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ity). The function 7,(R), determined from the measured re-
lationship between the primary (produced at the source) and
secondary (produced by interactions between primary cos-
mic rays and nuclei in the interstellar medium) components
of cosmic rays, is a power law:

T, XR™#,  u>0. (53)

Apart from protons, we have also considered He nuclei
and nuclei in the CNO group, the Ne, Mg, Si group, and
Ar—Ni (the iron group), for which the high-energy cosmic
ray intensity has been measured. Expressing the prevalence
of these groups in units of the hydrogen prevalence a at the
cosmic ray source (in the interstellar medium), we have (see,
e.g., Ref. 29)

a(He)=0.1, a(C,N,0)=1.42-1073,

a(Ne,Mg,Si)=1.8-10"%, a(Ar-Ni)=3.3-107°.

The charge numbers Z of the ions are determined by the
temperature of the interstellar medium. In the hot phase
(To=10°% K), all of the ion types noted above are essentially
fully ionized, in contrast to the warm interstellar medium
(To=10* K), where the temperature is not high enough.
The initial equilibrium ionic charge is less than the nuclear
charge, and can be calculated using the Saha equation. The
mean charge and mass numbers Z and A are then determined
for each of the above groups of nuclei, with their prevalence
folded into the calculation.

In accordance with our adopted proton diffusion coeffi-
cient (20), (21), we have for ions with charge number Z

ko(p.Z)=ko(P)/ Z,

in which «y(p) is the proton diffusion coefficient in the un-
disturbed interstellar medium.

In Figs. 13 and 14, we compare the calculated spectra
J(&,) for the five groups of nuclei cited above to the existing
experimental data. The calculations correspond to the warm
phase of the interstellar medium (7,=10* K, initial Mach
number M,=330) and a moderate proton injection rate
7=2-1073, with dissipation of Alfvén waves. The cosmic
ray intensity given by Eq. (52) has been normalized so as to
give the best fit to the observed proton spectrum in the en-
ergy range £,<10' eV. Under these same considerations,
we have chosen a value for u, which specifies the depen-
dence of Galactic cosmic ray lifetime (53) on rigidity. The
calculations shown in the figures correspond to w=0.75.
Comparing this with the experimentally dictated require-
ments (u=0.3-0.7; see, e.g., Ref. 29), we find that the re-
quired value 0.75 is somewhat high. It must be borne in
mind, however, that even a slight random preacceleration of
cosmic rays in the postshock region, the possibility of which
we have ignored, can soften the spectrum somewhat, leading
to a reduction in the required value of w.

We obtain agreement with the experimental data for
heavy nuclei with an enrichment factor ¢ = (A/Z)°3 [see Eq.
(51)]. Note that the degree of ionization (i.e., our required
charge number Z) can vary (increase) as acceleration pro-
ceeds, something that we have also not considered. Since the
acceleration time of cosmic rays corresponding to the
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FIG. 13. Energy spectrum of various chemical constituents of Galactic cos-
mic rays. Experimental values are taken from Ref. 44. Calculations assumed
an initial Mach number M= 330 and proton injection rate 7=2-10"3, and
allowed for dissipation of Alfvén waves. The injection rate of heavy nuclei
is given by (51).

Jgk2‘75, part./m?.sr.s. GeV'"™

adopted diffusion coefficient (20) grows with increasing en-
ergy, a change in the charge of the ions can affect their spec-
trum at the highest energies.

We must also note that at energies <10 GeV/nucleon,
the shape of the observed cosmic ray spectrum can be modu-
lated by the solar wind, so direct comparison of theory with
experiment is only possible at energies =10 GeV/nucleon.
Thus, a comparison of computed results with direct
measurements* (Fig. 13) indicates satisfactory agreement
for all types of nuclei if we bear in mind that one-third of the
arriving CNO nuclei are carbon, due to its prevalence, and
that the most prevalent element in the Ar—Ni group is iron.

The same calculations (with the same normalization) are
compared in Fig. 14 over a wider energy range with experi-
mental data from HEAO and Spacelab 2, from balloon ex-
periments (JACEE), and from measurements of the total cos-
mic ray intensity.*

Here it is clear that the theory fits the total cosmic ray
intensity quite well up to ~10'° eV, and it is also in satis-
factory agreement with existing measurements of the spectra
of the various groups of constituent nuclei. Ignoring the fact
that we are dealing with small-number statistics, we point
out somewhat of a discrepancy between theory and experi-
ment at the very highest energies, £,=10'* eV. According
to the measurements, the proton spectrum begins to steepen
at £,=10" eV, while the heavy-element spectra tend to
harden at £,=10'"* eV. This trend becomes all the more
prominent among the heaviest of the groups.
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+ FIG. 14. Energy spectrum of various chemical constitu-
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f/f taken from Ref. 45. Computed results are the same as in
-3 Fig. 13.
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The theory also reproduces the fact that the spectrum
hardens in the energy range 10"°-10" eV, but not so
strongly as it does observationally. The most difficult thing to
explain theoretically is the great variety among the spectra of
protons and heavy elements at £,>10'* eV. Conceivably, if
we drop our assumption about interaction between the mag-
netic field and the density of matter (B, « \/;(;) and instead
employ the same field as in the hot interstellar medium,
By=3uG, the peak energy of protons accelerated in super-
nova remnants falls by an order of magnitude to 10'* eV.
The limiting energy of heavy nuclei is a factor of Z higher.
Thus, if we entertain the possibility of nuclei becoming fully
ionized via acceleration, an iron nucleus will be accelerated
to ~3-10" eV.

One remaining problem of no small import is the eluci-
dation of the contribution of the various phases of the inter-
stellar medium to the observed spectrum of cosmic rays.

More detailed calculations to be completed in the near
future and higher-precision measurements of the chemical
composition of cosmic rays in the 10'*-10' eV energy
range“s’46 should make it possible to estimate the highest
energies in the observable spectrum of cosmic rays produced
in supernova remnants.

4. CONCLUSION

The principal distinction between the results presented in
the present paper and previous investigations'® is that we
have considered for the first time and studied in detail the
evolution of a supernova remnant and cosmic ray accelera-
tion with allowance for the energy dependence of the diffu-
sion coefficient, which provides for the efficient acceleration
of cosmic rays and substantial modification of the shock.

We have established that precisely in the case in which
nonlinear interactions between cosmic rays and the medium
are significant, the spherical shock produced by the super-
nova evolves in a manner that is fundamentally different
from that predicted on the basis of the plane-wave approxi-
mation or simplified models. Geometrical factors such as the
finite size of the shock and the increasing volume of the
preshock lead to a situation in which the shock cannot be
completely altered by cosmic ray pressure: the thermal shock
does not disappear, but instead plays an important role in the
dynamics of cosmic ray acceleration and shock evolution.

In the absence of nonadiabatic mechanisms that heat the
preshock, the compression o of the thermal shock is given
by (35), which reproduces the weak (logarithmic) depen-
dence of o, on the Mach number M and the injection rate.
For reasonable values of the parameters that enter into (35),
the compression of the thermal shock in a strong shock wave
(M=10) does not drop below 2.5, which is also confirmed
by numerical calculations. Furthermore, during the rapid ac-
celeration of cosmic rays by a strong shock (M >10), when
the injection rate is above a critical value, the structure of the
shock is greatly modified by cosmic ray pressure, with the
degree of modification rising rapidly with increasing Mach
number M. The total compression of matter in a shock,
which characterizes the degree of modification (oxM 3’4),
can be extremely high at large Mach numbers (o=77 at
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M =330). The physical causes of high compression o>4
include the dilution (distribution) of a substantial fraction of
the energy in the preshock [see Eq. (39)], which in this re-
spect is similar to a shock with radiative cooling.

Nonlinear effects due to the back influence of acceler-
ated cosmic rays on the structure of the shock become sig-
nificant only at a sufficiently high injection rate of supra-
thermal particles into the acceleration regime, with the
injection rate exceeding a certain critical value 7, given by
(33).

At » <5, , the acceleration of cosmic rays is a linear
(unsaturated) process. Cosmic ray energy and pressure at the
shock front are proportional to the injection rate, and the
degree of modification of the shock is small.

At high injection rates (%> 7,.), cosmic ray acceleration
is saturated, and because of the self-regulating properties of
the acceleration process, the efficiency of cosmic ray accel-
eration and the degree of shock modification are both high
and largely independent of 7 as the latter ranges widely. This
property was previously noted?® during modeling of cosmic
ray acceleration in the plane-wave approximation. Since the
critical rate is low for typical parameters of supernovae and
the interstellar medium, there is reason to believe that the
actual particle injection rate in the acceleration regime is
above critical. In that event, the predictions of the theory are
largely independent of the specific value of this free param-
eter.

In the saturated injection regime, higher levels of com-
pression are encountered in a strong shock due to the inad-
equate efficiency of adiabatic heating of the preshock. Under
these circumstances, other possible gas heating mechanisms
in the preshock become exceptionally important. One of
these may be the dissipation of Alfvén waves generated by
cosmic ray particles. Allowance for Alfvén wave dissipation
significantly limits the extent to which a strong shock can be
modified. In the saturated acceleration regime, the total com-
pression of matter in a strong shock (M >10) is 0=7.3, and
depends only weakly on the parameters of the problem. The
acceleration efficiency remains high. Approximately 50% of
all the mechanical energy liberated in the blast (Egy) is
transferred to cosmic ray particles. This is undoubtedly suf-
ficient to cover the production of cosmic rays leaving the
Galaxy (see, e.g., Ref. 29). In the postshock region of a
strong shock (M=10), one-third of the thermal pressure
comes from gas, and two-thirds from cosmic ray particles. In
other words, the gas temperature behind a strong shock, de-
spite being lower (by a factor of 2.5) than the temperature in
a classical shock with no cosmic rays, remains high enough
to be consistent with x-ray observations of supernova
remnants.*

A comparison of our calculations with experimental data
shows that the theory satisfactorily accounts for the observed
cosmic ray spectrum up to energies of 10'*-10'5 eV. With
regard to chemical composition, theoretical predictions in
this area depend strongly on the injection rate 7 of ions with
different mass and charge numbers A and Z. The lack of a
comprehensive theory for a collisionless quasiparallel ther-
mal shock precludes an informed choice for the function
7(A,Z). We have shown that it is possible to satisfactorily
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account for the existing experimental data on chemical com-
position up to 10" eV by making several assumptions—
which we believe to be physically reasonable—about the ra-
tio of injection rates among different types of particles.
Nevertheless, a great deal more progress is required on both
the theoretical and experimental fronts before we can come
to any kind of well-founded conclusions relating to this im-
portant problem.

Besides a theoretical injection mechanism, we still lack a
detailed description of Alfvén wave dynamics in the pre-
shock. Neglect of the dynamics of Alfvén turbulence, as one
finds in most work of this type, is based on energy consid-
erations. In the vicinity of a strong shock front, cosmic rays
carry far more energy than turbulence. Only a detailed de-
scription of turbulence, however, can tell us how broadly
applicable the assumption of a Bohm diffusion coefficient is
for cosmic rays near a shock front.
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