Construction of a trial function in the variational procedure of quantum mechanics
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A form of variational method for calculating the ground-state energy of a quantum system is
considered. The method is based on a prescription for the systematic construction of a trial
variational function at each step in the calculation of the ground-state energy; the prescription
improves the previous result. In each step of the calculation, it is straightforward to obtain the new
variational function. The method is tested in two nontrivial problems. Good agreement

between the calculated ground-state energy and its exact value is found. The transformation of
the wave function in the transition from one step of the calculation to the next is traced.

It is shown that as the number of steps in the calculation increases the variational wave function
reproduces with ever greater accuracy the characteristic features inherent in the exact wave
function of the ground state. © 1995 American Institute of Physics.

1. Variational methods are widely used to estimate the
ground-state energy of quantum systems.' The main prob-
lem in the calculation is to make the optimum choice of the
trial variational function. Quite generally, this problem
comes to the fore if there is a need to make calculations
using a given variational function. In this connection, we
have the practical problem of constructing a simple proce-
dure for successive ““‘improvement” of a trial function with
the aim of obtaining a more accurate approximation to the
ground-state energy of the system. As far as possible, this
function must reproduce all the characteristic features of the
exact wave function, for example, its asymptotic behavior,
the presence or absence of periodicity, and the absence of
nodes for the ground-state function.

We consider one approach to estimating the energy and
constructing the wave function of the ground state of a sys-
tem described by the Schrodinger equation

HY=EWV, (1)

where H is the Hamiltonian of the system, and ¥ and E are
the wave function and energy eigenvalue. It is shown in Ref.
3 that Eq. (1) can be formally solved exactly in the form
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where H,,, is the matrix element of the operator H on the
states |m) and |n) of some arbitrary complete orthonormal
basis, and ¢, is a normalization constant. If we take
H=H,+V and as basis functions choose the eigenfunctions
of the unperturbed Hamiltonian H , then the expressions (2)
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and (3) go over into the well-known Brillouin—Wigner
perturbation-theory series. Each successive term of this se-
ries is the term of next higher order in the perturbation V
relative to the previous term.

We can go over from the expressions (2) and (3) to the
expressions
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A characteristic feature of these expressions is that their
terms contain the diagonal matrix elements H ,,. Therefore,
except for the first, all the remaining terms of the series (4)
for the energy contain expressions of second order in the
perturbation, and this makes it difficult to work with this
series. However, this series possesses one characteristic fea-
ture. Using the property of completeness of the basis func-
tions, we can express all terms of the series (4) as expecta-
tion values of the operators H, H 2, H,..., corresponding to
a particular state |n). As a result, we have

1 1

E=€+'E—62+-E—2€3+..., (6)
where
El:Hrm’ 62:(H2)nn~Hnn€I’
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The results (6) and (7) indicate that formally to determine the
energy of the system it is sufficient to know only one func-
tion in a complete set of orthonormal basis functions, for
which, in particular, one can take the wave functions of the
zeroth Hamiltonian.

Similarly, taking into account the completeness property
of the basis functions, we can formally express the wave
function ¥ (5) in terms of just the one wave function |n).
More precisely, the function ¥ can be expressed in terms of
the functions that are the results of applying the operators
H, H*, H 3,... to the basis function In) The coefficients of
the given functions can be expressed in terms of the param-
eters €, (7). This property of the wave function ¥ (5) can be
taken as the basis for constructing a variational scheme that
makes it possible to improve successively a trial variational
function during the course of the calculation.

2. The wave function (5) is formally the exact solution of
the Schrodinger equation (1). Suppose that as variational
function we take the function (5), having replaced in it the
unknown energy E by corresponding variational parameters

Gp:
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Retaining two variational parameters in the expression (8)
we can obtain

YD =c,{(1-G,€,~ G6,)|n)+(G,—G,€)H]|n)
+G,H?|n)}. ©)

To determine the parameters G, it is necessary to take
into account the basic variational formula

(PO|H|P®Y  9E

E=——mom 5 =0, p=1, 2,..., k. (10)
(TOeW®y > 4G,

In the case k=1, i.e., when allowance is made for only one

variational parameter in the function (8), we obtain from (10)
61+20162+Gf€3

- 1+Gl,

(11)

where the variational parameter G, is determined from the
equation

Gle3—G(e5—€,€,)— €,=0. (12)
Hence
L 2 3
G|:_f26 [63—€|€2i \/(63_'€|62) +4€2], (13)
2

where it is necessary to choose the solution that, when sub-
stituted in (11), ensures fulfillment of the inequality E<g,.
This inequality gives the simplest estimate of the energy in
the variational scheme.
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To obtain a more accurate value of E, it is necessary to
include in the calculation the second variational parameter
G, in the function (8). In this case,

£ fl+2G|€2+(2Gz+G%)€3+2GlG2E4+G%€5

1 +G2e,+2G,Goe,+ Gae, ’
(14)

and the parameters G| and G, are determined by solving the
system of equations

Gileses+G (€5~ €3€5)]—Goles—€,€,~2G €264
+Gl( €265~ €3€4)]— 63— G (€4~ €,63) + Glerey
+Gi(€~ €64)=0, (15)

Gil&,— Gy~ €,60)]-G [ &3~ €16,—2G €563
+Gi(e364— €265)]— €,— Gy( €4~ € €3)
—Giere4—2€3) — G3(€i— €3€5)=0. (16)

The expressions (14), (15), and (16) solve the problem when
two variational parameters are retained. Following this
scheme, we can include in the calculation the following
terms of the series (8) that determines the trial wave func-
tion. Thus, we calculate both the energy of the ground state
and its wave function in each stage of the calculation.

3. As an example, we first of all consider the simple
problem described by the Hamiltonian

d2

H=—-&;2-+4 cos? x. (17)

As basis functions, we take plane waves exp(ikJ\:)/(Zl)”2

normalized using the “volume” 2/. We calculate the param-
eters €, (7) using the plane wave with wave vector k=0.
This function is optimal from the point of view of the varia-
tional procedure; it ensures the minimum value of €. As a
result, we have €,=¢€,=2, =12, €,=74, €5=492. Substitu-
tion of these values in (13) gives G;=—0.224745. Thus, on
the basis of the expression (11) we have E=1.550511. Tak-
ing into account the second variational parameter in the wave
function, we can obtain from Egs. (15) and (16) the values
G,;=-0.3104911 and G,=1.382213-1072, and in conjunc-
tion with the expression (14) we then obtain E=1.5448707.
This last value agrees excellently with the exact value
1.54486... (Ref. 4) of the ground-state energy eigenvalue cor-
responding to the Hamiltonian (17).

Using the calculated values of €|, €, G|, and G, and
taking into account the explicit form of the Hamiltonian (17),
we can readily recover, on the basis of the expression (9), the
explicit form of the trial wave functions corresponding to the
calculations retaining one and two variational parameters:

1
vD=1.6506791 —1(1—1.632995 cos? x), (18)

V21

2
Y2 =1.363757 T (1-0.7630275 cos? x

V2l

+0.1491501 cos* x). ' (19)

R. Kh. Sabirov 648



FIG. 1. Variational wave functions: /—the function of the zeroth approxi-
mation; 2—the function (18) of the first approximation; 3—the function (19)
of the second approximation.

Plots of these “volume”-normalized functions together with
the variational function ¥@=1/(21)"? of zeroth order are
shown in Fig. 1.

It can be seen from the figure that when the variational
parameters are retained the variational function of zeroth or-
der is changed qualitatively. The variational functions w
and W@ are periodic, and their period is equal to the period
of the perturbation in the Hamiltonian (17). Thus, these func-
tions are in agreement with Bloch’s theorem.”® However,
there is one important difference between the functions g
and ¥@. In contrast to the function ¥V, the variational
function ¥® does not possess nodes. Therefore, retention of
the second variational parameter significantly improves the
behavior of the wave function. The point is that the ground-
state wave function must not have nodes.” From this it may
be concluded that the proposed procedure for constructing
the variational wave function of the ground state ensures a
qualitatively correct behavior of the true wave function.

4. We now consider the more complicated problem de-
scribed by the Hamiltonian

1 d® .

H——EW"FCIX, (20)
where a is some constant. This problem is interesting in that
standard perturbation theory here gives nothing.

We calculate the matrix elements (H?),,,, in the quanti-
ties €, (7) using the oscillator wave function

1/2
‘Ifo(x)=( \/§> e B2, 21)

This means that as the basis we have taken the wave func-
tions of the harmonic oscillator. It is sensible to determine
the parameter 8 by means of the standard variational proce-
dure. In this case, B=(6a)”3. As a result, we have

3 35 601
=— Ay Y N~ 3
(H) g B (H7) 92 A (H') 1536 7
" 40163 4 4393865 (22)
(H7)= 12288 B (H)=

5
98304 B
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FIG. 2. Variational wave functions: /—the function of the zeroth approxi-
mation (21); 2—the function (24) of the first approximation; 3—the function
(25) of the second approximation.

and this enables us to calculate €, €, €, €, and €5:

3 1,59
El—§.3, fz—ﬁﬁ, 53—mﬂy

13819 , 1558393 (23)
“4=7608 P = 36364

Taking into account now the expressions (11) and (13),
we obtain G,=—0.1427368"! and E=0.678115¢'". Note
that the dependence of E on a is exact. For a=1/2, the
energy is E=0.538220, and this value differs only slightly
from the exact value 0.530181 (Ref. 7). At the same time we
find (H)=0.540843. For a further improvement of the esti-
mate, we must retain the second variational parameter in the
calculation. In accordance with (15) and (16) we have
G,=-0.22444387", G,=0.008268182, and in conjunction
with the expression (14) we then obtain E =0.669043a'".
For a=1/2, we have E=0.531020. This value exceeds by
0.16% the exact value of the ground-state energy of the sys-
tem described by the Hamiltonian (20).

Taking into account the calculated variational parameters
and the expressions (8), (20), and (21), we obtain

T =co\[1+c 1 Bx2—cy 1 B2x*1¥o(x), (24)
VD= coo[ 1+ 1,852 — e B2x* — 3,87 x°
+cgaBx¥1Wo(x), (25)
where
c01=0.981741, ¢;,=0.0726643,

c,=0.0242214,
€12=0.0953664,

€02=0.975683,
¢2,=0.0296714, (26)
€32=0.00141152, ¢4,=0.000235256.

Plots of these functions as well as W(x) (21) are given in
Fig. 2. However, on this scale the variational functions p
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TABLE I. Values of variational wave functions.

r/VB| ¥ p ¥

2.8 | 0.020 | 0.0015 | 0.0026
3.0 | 0011 |-0.0033{-0.000328
3.2 | 0.0060 |-0.0046|-0.000371
3.4 | 0.0031 |—0.0042 0.000476
3.6 | 0.0015 |-0.0032| 0.0012
3.8 |0.000732|-0.0021| 0.0015
4.0 ]0.000335/-0.0013| 0.0014

and ¥ can hardly be distinguished. The main difference
between them is observed at large x > 2.88"2 The corre-
sponding values of the functions are given in Table I. For
x > 2.858"2 we have ¥V < 0. In contrast, the wave func-
tion ¥@ has negative values only in a very narrow range of
variation of x, and these values are very small. It is to be
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expected that retention of the next variational parameter will
make it possible to eliminate altogether the presence of
nodes in the wave function that describes the ground state of
the system.

'S. T. Epstein, The Variation Method in Quantum Chemistry (Academic
Press, New York, 1974) [Russ. transl., Mir, Moscow, 1977].

L. D. Landau and E. M. Lifshitz, Quantum Mechanics: Non-Relativistic
Theory, 3rd ed. (Pergamon Press, Oxford, 1977) [Russ. original, Nauka,
Moscow, 1974].

3R. Kh. Sabirov, Teor. Mat. Fiz. 73, 79 (1987).

4R. C. Young, L. C. Biedenhamn, and E. Feenberg, Phys. Rev. 106, 151
(1957).

5J. M. Ziman, Principles of the Theory of Solids, 2nd ed. (Cambridge
University Press, London, 1972) [Russ. transl. of 1st ed., Mir, Moscow,
1966].

SC. Kittel, Introduction to Solid State Physics, 5th ed. (Wiley, New York,
1976) [Russ. transl., Nauka, Moscow, 1978].

TA. V. Turbiner, Pis’ma Zh. Eksp. Teor. Fiz. 30, 379 (1979) [JETP Lett. 30,
362 (1979)].

Translated by Julian B. Barbour

R. Kh. Sabirov 650



