Pair production in small-angle Bhabha scattering
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The radiative corrections due to pair production in small-angle high-energy e* e~ Bhabha
scattering are considered. The corrections due to the production of virtual pairs as well as real soft
and hard pairs are calculated analytically. The collinear and semi-collinear kinematical

regions of hard pair production are taken into account. The results in the leading and next-to-
leading logarithmic approximations yield an accuracy ~0.1%. Numerical calculations

show that the effects of pair production must be taken into account in the precise luminosity
determination at LEP. © 1995 American Institute of Physics.

1. INTRODUCTION

The electron-positron scattering process (Bhabha pro-
cess) at small angles was chosen for mobile precise luminos-
ity measurement at LEP I.! The measurement technique pro-
vides an accuracy of order 0.1%, or even better.” Until
recently there has been no adequate theoretical calculations
of the Bhabha cross-section.>* The radiative corrections
(RC) due to the emission of virtual soft and real hard photons
and pairs have to be calculated up to the three-loop level. In
our previous paper’ a program of analytical calculations was
carried out. The leading contributions o (aL/ 71-),"2'3 as well
as the next-to-leading ones xa/7r, (a/ 71')2L were calculated
explicitly for processes with the emission of photons (here
L=In Q¥/m?, 0®~1 (GeV/c)’ is the square of the momen-
tum transferred, 6 is the scattering angle). As for pair pro-
duction processes, the contributions due to the emission of
virtual soft and real hard pairs were considered, but the pro-
duction of real hard pairs was calculated only in collinear
kinematics (CK). In this paper we present a systematic study
of hard pair emission in semi-collinear kinematics (SCK).
We also present the total contribution to the observable
Bhabha cross section due to pair production,

e‘(p.)+e+(pz)—>e“(q1)+e+(qz)+e’(p—)+e+(p+),(
1

which takes the cuts into account in the detection of the
scattered electron and positron. We accept the convention' >
by which as an event of the Bhabha process is taken to be
one in which the angles of the simultaneously registered par-
ticles hitting opposite detectors lie in the ranges

0 min < 0e< 0 max — p9 min »
T=p0 in < 0é< T— 0 min (2)

(0,4i,~—3°, p=1) with respect to the beam directions. The sec-
ond condition is imposed on the energy fractions of the scat-
tered electron and positron:
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X X;>X,, xe,é=2eevé/\/;, s=4g2, 3)

where ¢ is the energy of the initial electron (or positron) and
€,z is the energy of the scattered electron (positron); here
and in what follows the center-of-mass (CM) reference
frames implied.

Our method of calculating the real hard pair production
cross-section to within logarithmic accuracy is to separate
the contributions of the collinear and semi-collinear kine-
matical regions.>® In the first one (CK) we suggest that both
electron and positron from the created pair go in the narrow
cone about the direction of one of the charged particles [the
projectile (scattered) electron p, (q,) or the projectile (scat-
tered) positron p, (q,)]:

P+P-~ PP~ PiPi<6p<1,

g6p/m>1, P;=p1,P2,41.9- 4)

The contribution of the CK contains terms of order (aL/)?
and (a/7r)’L. In the semi-collinear region only one of the
conditions (4) on the angles is fulfilled:

P+P-<0y, P=P;>06p; or p_p;<bp,
m> 00, or ﬁ> 00, m< 00. (5)
The contribution of the SCK contains terms of the form
2 2
o /] a
(—) L In —, (—) L, (6)
T (7] T

where # = p_q is the scattering angle. The auxiliary param-
eter @, drops out in the total sum of the CK and SCK con-
tributions. We systematically omit the terms without large
logarithms, which are of order (a/7)* const~107>,

We restrict ourselves to the case in which an electron-
positron pair is created. The effects due to the other pair
creation processes (utu”, mH " etc.) are at least a factor of
ten smaller and can be neglected, as will be seen from the
numbers obtained. All possible mechanisms for pair creation
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(singlet and non-singlet) as well as the identity of the par-
ticles in the final state are taken into account. In the case of
small-angle Bhabha scattering only a part of the total of 36
tree-type Feynman diagrams are relevant, namely, the scat-
tering diagrams. Besides that we verified that the interference
between the amplitudes describing the production of pairs
moving in the electron direction and the positron one can-
cels. This is known as up-down cancellation.

The sum of the contributions due to virtual pair emission
(due to the vacuum polarization insertions in the virtual pho-
ton Green’s function) and of those due to the real soft pair
emission does not contain cubic («L3) terms, but depends
on the auxiliary parameter A= ds/e (mn <€ e <e, where Je is
the energy sum of the soft pair components). The
A-dependence disappears in the total sum after the contribu-
tions due to real hard pair production are added. Before sum-
ming one has to integrate the hard pair contributions over the
energy fractions of the pair components, as well as over
those of the scattered electron and positron:

o€
A= -—8—<xl+x2, X <x=1-x—x,<1-A4A,

(7

-

ey £ q

X|=——, Xp=—, x=—,
€ € £

where €. are the energies of the positron and electron from

the created pair. We consider for definiteness the case when

the created hard pair moves close to the direction of the

initial (or scattered) electron.

The paper is organized as follows: in the second section
we consider the emission of a hard pair in the collinear ki-
nematics. The results are very close to those obtained by one
of us (N.PM) in Ref. 6 for the case of pair production in
electron-nuclei scattering and applied to the case of small-
angle Bhabha scattering in Ref. 4. For completeness we
present very briefly the derivation and give the result, cor-
recting some misprints in Ref. 6. In the third section we
consider the semi-collinear kinematical regions. The differ-
ential cross-section is obtained there and integrated over the
angles and energy fractions of the pair components. In the
fourth section we give the expression for the RC contribution
to the experimental cross-section due to pair production. The
results are illustrated numerically in tables and discussed in
the Conclusions.

2. THE COLLINEAR KINEMATICS

There are four different CK regions: when the created
pair goes in the direction of the incident (scattered) electron
or positron. We will consider only two of them correspond-
ing to the initial and the final electron directions. For the case
of pair emission parallel to the initial electron it is useful to
decompose the particle momenta into longitudinal and trans-
verse components:

P+:X|P|+Pi, P-=x2P|+PL’ ‘11:J"P|+‘1|L »

(8)

x=l=x;=X2, ¢2~p2. PL+P-+q =0,

where p/ are the two-dimensional momenta of the final par-
ticles, which are transverse with respect to the initial electron
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beam direction. It is convenient to introduce dimensionless
quantities for the relevant kinematical invariants:

&6; 2 -
Zi= Tn_ s 4= ; »

2 2
€6
Z2=(p’n:t) . 0<Z,<(—”TO') >l,

(p++p-)? _
A=——7— =(x2) '[(1—x) %+ x3x3
X(z1+2,—2Vz12, cos ¢)],
9
2pyp-  _
A= l2 =x; '[1+x3+x52,],

2
A2=—p’;ll—2p—i=xl_l[1 +xf+xle],

—p )2
c= (plmp-) _2-4,,
— )2
=(L”_’.;gl_)__1_—.A-A1_A2,

where ¢ is the azimuthal angle between the (p,p%) and
(p\p-) planes.

Keeping only the terms which give non-zero contribu-
tions to the cross-section in the limit ,—0 from the sum
over spin states of the square of the absolute value of the
matrix element, we find that only 8 from the total 36 Feyn-
man diagrams are essential. They are drawn in Fig. 1.

The result has the factorized form (in agreement with the
factorization theorem®):

— M 2277T2a2_
3 M2l o

> M)

spins

(10)

py-p_lp,

where one of the multipliers corresponds to the matrix ele-
ment in the Born approximation (without pair production):

44 4, 4
s+t tu
> 'M0,2=2777232(_2 T
spins st
(1)
s=2p\py, t=—0%%, u=-s5—t,

and the quantity / which stands for the collinear factor coin-
cides with the expression for /, obtained in Ref. 6. We write
it here in terms of our kinematical variables:
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f_f. 42 fé ‘7: ”3 I; q, FIG. 1. The Feynman diagrams which give
) 2 3 4 N logarithmically reinforced contributions in the
kinematical region when the created pair goes in
the electron direction. The signs represent the
I: ql ,: q| ,1 ,: P. Fermi-Dirac statistics of the interchanged fer-
mions.
+ A (- L -
A r P, 9,
r a 9 P A q,
5 s oty s :
A(l—x2)+Dx2)2 x2+x2 1 1
I=(1—x *2(———— +(1-x)7? -
(=) bC (1= T 2 T—n? " T=x7
C(l-—x)—Dx2 2 2(x2+x2)
X D=2 (14)
AP 0T —xp)”
1 2(1—x)2=(1-x)*? xx—x
N (I=x,)"—(1—x) ML BV 2xx,%,
2xAD 1—x 1—x, D3=—r———
R " (1=x3)
1 1—=x,)*=2(1—x X—Xxx
*X) + ( 2) ( ) + 142 8 (1—x)2 2xx1x2
2xCD 1—x, 1—x x| - =+ >
(1—x,) XXX (1—x)
2 2
Xy(x*+x3) 3x 2C
+3(x,—x) |+ te=t— Xy 2(x1—xp) 8 1 4
2x(1— 1-x)AC D AD —_—
*(1=xy)(1=x) xx; xx(1—=x) (1—-x)*  xx;x, x(1—x)
2A 2(1—x,) 4C 4A
+ + X2 X X1 4(xxy—x,)
CD* " xA’D  xAD? D*C? +6+4x
(1-x)* x(1-x)] " (1-x,)?
1 x—x)(1+x 1—x
— (1 ( 2 (12) 4(1=xy)x\x,  8xxx? xx3
DC x(1—x,) X — 3 T v
i (1-x) (1=x)* (1—x,)
Rewriting the phase volume of the final particles as
d3 d3 4 X2 4(1_ )+2(x~xl)(1+x2)
919792 (1 —Xz) * I_X2 ’

= 4 + . —
dr (27)62_(1?—2qg(2ﬂ) Mpix+pr—q,—q,)

d
Xm42—87T—4X1X2dX1dedZId22 %, (13)

and integrating over the variables of the created pair we ob-
tain (details are presented in the preprint'o):

=) e [ e
0 4 22_2XX1X2

X
X{D,[Lo+2 In 'Tz)
I —xy)(1— )
+D, In U=x)(1=x xii( x)+D3], Lo= ln(Pm") ,
2
B 1 1 (1=x)?% (1—x)?
D'_2”"‘2((|—x)4+(1—x2)) (-2 (1-x)°
(x+x,)? 3(xy—x)?
+l+2(l-—x)(l—x2) 201 —x)(1—xy)
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Performing similar manipulations in the case when the pair
moves in the direction of the scattered electron, integrating
the resulting sum over the energy fractions of the pair com-
ponents, and finally adding the contribution of the two re-
maining CK regions (when the pair goes in the position di-
rections) we obtain:

adx p? dz A2
—2-L Ro(x)|L+2 In - (1+0)

do-coH:;—Q_%_
0o
+4Ry(x) In x+2®f(x)+2f,(x)}, A= I
min
1, x%p*>z,
= 2 2 _\_
0=0(x"p Z)_[O, 2pl<z,
2 (1+x?) (1— )
0(x)—~3 —x i (4+7x+4x?)
+2(1+x) In x, (15)
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107 136 2, 4 20 2
fO= -t X 3 X T35 —x) ' 3

—4x*—5x+1 PR |n(1—x)+l
x(1—x) 3

In 2

In x—

X|8x2+5x—7—
1 l—x

Xx+4(1+x) In x In(1—x)

2(3x -1)

1 L12(1 .x),

_ R 1 116 127 +4 2_{_2
fig)==x Re fly]=-—g~+ 5 xF3r+g

20 —4x*=5x+1+—— !
EREDM ST )
><1n(1—x)+ 8x2 —10x—10+ —

XIn x—(1+x) In2x+4(1+x) In x In(1

2(x2-3)

— Lip(1-x),

_X)—

: *dy
LIZ(X)E—J'O 7 ln(l_)’), Ql=86mins

2
z
L= ln—QQ—

Some misprints, which occur in the expressions for f(x) and
f1(x) in Refs. 4, 6, are corrected here.

3. THE SEMI-COLLINEAR KINEMATICS

We will restrict ourselves again to the case in which the
created pair goes close to the electron momentum (initial or
final). A similar treatment applies in the CM system in the
case in which the pair follows the positron momentum. There
are three different semi-collinear regions, which contribute to
the cross-section in the frame to the required accuracy. The
first region includes the events for which the created pair has
very small invariant mass:

4m*<(p.+p-)2<|q?,

and the pair escapes the narrow cones (defined by 6) in both
the incident and scattered electron momentum directions. We
will refer to this SCK region as p.||p_ . Only the diagrams /
and 2 of Fig. | contribute in this region; the reason is the
smallness (in comparison with s) of the square of the four-
momentum of the virtual photon converting to the pair.

The second SCK region includes the events for which
the invariant mass of the created positron and the scattered
electron is small, 4m2<(p,+q,)2<|q?*|, with the restric-
tion that the positron should escape the narrow cone in the
initial electron momentum direction. We refer to it as p,|q,
and note that only the diagrams 3 and 4 of Fig. | contribute
here.
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The third SCK region includes the events in which the
created electron goes inside the narrow cone in the initial
electron momentum direction but the created positron does
not. We refer to it as p_||p,. Only the diagrams 7 and 8 of
Fig. 1 are relevant there.

The differential cross-section has the following form:

4 2
al |M|* dx dxydx 2.0 g2 L g2 L g2 1
T e 4P p-dq;d°q,

do= gmis? ¢
X5(1 —xl—xz—x)gz)
(16)

X(ph+pi+ai+a;), [M|>=—Ly,papa,.

where x; (x;), x and p} (p " qi are the energy fractions and
the perpendicualr momenta of the created positron (electron)
and the scattered electron respectively; s=(p,+ p2) and

?=—-0%=(p, —qz) =—g26* are the center-of-mass en-
ergy square and the momentum transferred square; and the
leptonic tensor Ly, has different forms for different SCK
regions.

3.1. The p,||p_ region

For the region of small (p++p-)? we can use the lep-
tonic tensor obtained in Ref. 6. Keeping only the relevant
terms we write it in the form

p* 4P%q*
?L"P_(I)(Z)[ (P — (2191 T (P1g1,]

q2P2

4

- 2(P1P+)(q1P—))\p“' 2(p1p-)(q1P ]

—4(p+p-)xp(1

(2) [P (plql))\p_2(P+ql)(P1P ))\p

=2(p-q1)(P1P+)\p)
_32(pip+)(P1p-)

0’ (4191
32(q1p+)(q1p-)
- 2 (PP
%%?B[Pz(mq.)—ﬂplm)(p_q.)
=2(pip-)qip+)]; (17
where
P=p,+p_, (aa),=ara,, (ab)y,=arb,+ayb,,
q=pi—q,—P, (1)=(p,—P)*—m?,
(2)=(p1—¢)*—m>.

After some algebraic transformations the expression for | M| 2
entering the cross-section can be put in the form
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4P%q?

| |M|2 2s
TP

128
+W [(q.p)(p+p)—x(piP)

><(q|P+)]2}, (18)

where p=p_—x,p./x,, (q3)*=—g>. In this region we can
use the relations

x I—x
(N==5=2pwps), D==2qws). (19

It is useful to represent all invariants in terms of the
Sudakov variables (energy fractions and perpendicular mo-
menta), namely

1
=55 (B +m*(1-x)?),

1
_ 1 1\2
2(q1p+) x_xl (xps—x1q7)%,

1 2
2(P1P+)=x—1(Pi)2, 2(P1P)=;7Plpi,
1

2
2(‘11P)=;%'(Pl[xl’i—x1ﬁ]), (20)

P" =Xl =Py
A large logarithm appears in the cross-section after the
integration over p*. In order to carry out this integration we
can use the relation
1
&Pd?pt d?pt = =97 d’p*, 1)
which is valid in the region p,||p_ . After the integration we

find the contribution of the first SCK region to the cross-
section.

o d(q)* d(q;)’
do =—Ldx dxy —F— ——
pilp. = 2 (43)? (qi +q3)
2 k(1) T -
———— -X X - ’
27 (q7 +xq3)? l SRR

N2(1=x)2=(Vz,— Vz2)?
2\]2122 '
IVz1 = Vza| >N (1= x),

A22(1—x)2 = (Vz,— x\zp)?
2xVz122 |
IWz1 = x V2| >Ax(1 —x).

1> cos ¢p>—1+

1> cos ¢p>—1,

1> cos ¢p>—1+

1> cos ¢p>—1,
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Iz, — Vol <N (1 =),

1
/
qz [

FIG. 2. The kinematics of an event in the angular perpendicular plane
corresponding to the SCK region p, [p_.

where ¢ is the angle between the two-dimensional vectors
qr and q; .

At this stage it is necessary to use the restrictions on the
two-dimensional momenta q7 and q3. They appear when we
exclude the contribution of the CK region (which in this case
represents the narrow cones with opening angle 6, in the
momentum directions of both incident and scattered elec-
trons).

The kinematics of the events corresponding to the region
p./p- in the perpendicular plane is shown in Fig. 2. The
circles of radius 6, represent the forbidden collinear regions.
Elimination of those regions yields the following restrictions:
Pi @

€2

P+

>0, |rL|— > 6y, (23)
€4

where €, and ¢, are the energies of the created positron and
the scattered electron, respectively. In order to exclude p:
from the above equation we use the conservation of the per-
pendicular momentum in the region p,[|p_:

1—x
qr +q + S p; =0. (24)

It is useful to introduce the dimensionless variables
21.2=(q1 )*(eOin)*, Where 6, is the minimum angle at
which the scattered particles (electron and positron) are re-
corded by the detector. Here we consider only the symmetri-
cal circular detectors. The conditions (23) can be rewritten as
follows

A= 00/0 min »

(25)

[Ver=xal <hx(1-x), 06
[
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Restriction (26) excludes the phase space corresponding
to the narrow cone in the direction of the initial electron,
while Eq. (26) excludes that parallel to the scattered electron.

The conditions of the LEP I experiment are

m

0> —~ 1075 and 6,;,~10"% (27)
This is the reason for considerig A<<1. The procedure for
integrating the differential cross-section over regions (25)
and (26) is described in detail in Ref. 10. Here we give the
contribution of the SCK region p,||p_ to the cross-section,
assuming that only the scattered electrons with energy frac-
tion x greater than x, can be recorded:

a? p2dz (1-A 1-x
— % — dx dx,
(0] 1 2 Xe 0

GP+"P_=
(1=x)*+(1—x,)%  4xxx,
T =02 1—x)?
x| (140) In —+© 1 —2—2—;( X'~ 2)"
" " PxpT-2)

+ In

(28)

(z—xz)(pz—Z)(z— l)|]
(z—x)*z—x%p%) ||’

2
€ emin

K= In —;1—2—',

where Q2=£202,., p= 0121/ Omin (Omax is the maximum angle
of the final particle registration), @ =0 (x?p>—2z), z=z,.
The auxiliary parameter A entering Eq. (28) defines the mini-
mum energy of the created hard pair, 2m/e<<A<<1. Note
that we replaced L by % because they do not differ at the
one-logarithm level.

3.2. The p./lq, region

As was already mentioned, in the SCK region p.|q,
only diagrams 3 and 4 of Fig. 1 contribute. The leptonic
tensor in this case can be derived from Eq. (17) by the sub-
stitution p _«<>q,, and the square of the matrix element can
be written as

22203~ (Vz;— x\z,)?

|M||2'+||q| %(I ;(2) l(l —x)2+(1-x,)?
32 1
772 Q) [(pip+)(P-P")
—xZ(p—p+)(p|p’)]ZJ, (29)
where
p'=qi—p+xlx;, q°=(q:+p4)?

(2)=2(p+p-)(1—x3)/xy,

(1")=2(p1p+)(1—x3)/x;.

The integration of the matrix element over (p})* and
(p“)? can be carried out analogously to the previous case,
and the contribution of the p_|lq, region can be represented

in the form

40y 10 = a?“ Ldx dx, d(((zé)); ai(q{))zz
dé 1 (30)
2w (af +xa})?
x? (1=x)%+(1—x)?  4xx,x,
(1—x2)2 (1“Jf2)2 (l_xz)z

The restriction on the phase space coming from the ex-
clusion of the collinear region when the created pair moves
inside the narrow cone in the direction of the scattered elec-
tron leads to the relation

| 1
p—_—q—1>(90. 31)
E_ €7

In Eq. (31) we have to exclude pt by using conservation of
the perpendicular momentum in the case under consider-
ation:

pt+q; +q;(1—x,)/x=0.
In terms of the dimensionless variables z;, z, and the angle
¢, Eq. (31) can be rewritten as

1> cos ¢p>—1+ Nz = xVza <Axx,,
X\VZ12, (32)
1> cos ¢>—1, |Vz,—xVza|>Nxx,.
r
The integration of the differential cross-section (30) over Z (p*—2)(z—1)
the region defined in Eq. (32) leads to the following result In =+ In 27| (33)
2

for the contribution of the p,|lq, SCK region:

a? fpz dz fI—A -y
o =—= Y dxf dx
p.la, »n-QI | 72- X, 0 2

dxx 1X2
(1—x)*

(1—=x)2+(1 —x,)2
(l_«"z)2
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X

3.3. The p_||p, region

In the p_||p, SCK region only the diagrams 7 and &8 of
Fig. | contribute to the cross-section to within the required
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accuracy. The leptonic tensor in this case can be derived
from Eq. (17) by the substitution p,< —p, , and the matrix
element square has the form

M2 =——54s2 ———{ (1=x)2+(1 —x,)?
p_lp, q£2q2 (1)(2[) ( X ( xl)

32 1
+ D) [xi(p1P)(P1p+)+x(P+p)
X(qlpl)]zJ, (34)
where
P=p_—Xxyp,, 452‘_‘(1’1 *P—)Z,

(2)==2(p1g)(1=x3), (D)==2(p\p+)(1=xy).

A} — (Vo —V2,)?
2Vz12, ’
V21— Vzo| > \x,.

1>cos p>—1+

1> cos ¢p>—1,

The integration of the differential cross-section (35) over
the region defined in Eq. (37) leads to

a? fpz dz J’I—A 1-x
g = Z dxf dx
p_lp, TTQ? - . 0 2

(1—x)2+(l—-,\:1)2 4xx X,
(1-x;)? (1-x3)°
(38)
z (x?p*—2)° pP(z—x?)|
X @ In v+® In x%x4p4 In z—x2p2 | .

The total contribution of the semi-collinear kinematics to
the cross-section is the sum of Egs. (28), (33), and (38):

Os—col=9p, p_ T Tp,llg, T Op_ip, (39)

4. THE TOTAL CONTRIBUTION DUE TO THE REAL AND
VIRTUAL PAIR PRODUCTION

In order to obtain the finite expression for the cross-
section we have to add to Eq. (39) the contribution of the
collinear kinematics region [Eq. (15)] and those due to the
production of virtual and soft pairs. Taking into account the
leading and next-to-leading terms we can write the full hard
pair contribution as

Cl4 p2 dZ I-A 2 .
o'hnrd::;Q—% fl prl f-\‘c dx{L°R(x)+ “/[Of(x)

= (x2pt—7z)?
+£(x)]+ %J dxy| | © In ————
0

+ In

(z=x")(p*—2)(2— 1>x2|)
Z_szz | ¢
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|\/z:_ \/z_2|<Axl s

The integration of the matrix element over (pﬁ;)2 and
(pi_')2 leads to the differential cross-section

a* d(qy)?* d(q7)?

do, o= -— Ldx dxy —— ——-
P-ler ™ 4 P (@) ()
35
Xd¢ 1 (l—x)2+(l—x|)2 4x.xle ( )
27 (q; +4q;)° (1-x,)? (1=xp)*

The restriction due to the exclusion of the collinear re-
gion when the created pair moves inside a narrow cone in the
direction of the initial electron has the form

|p%| Lo
5, 0o PLtai+g=0, (36)
or
(37)

—(® In (xp®=2)*+ In (z—x)) @(x,x,)

—(® In (x}x*p*)+ In x%)so(xz,x)”,

40)
en B G |
- n m?’ -

where
e=0¢(x,x)+ ¢(x;,x),

(1=x)2+(x+x,)%  4xxy(1—x—x,)

,x = 9’

¢(x2,%) (1—x,)* (1—xy)*

R _11 x2+—1 = (4+Tx 45D +(1+x) 1
(x) 3 1=% ox ( x+4x°)+(1+x) In x.

Integrating over x, in the right side of Eq. (40), we obtain the
final expression for the cross-section for hard pair production
associated with small-angle electron-positron scattering:

a4 P2 dz 1-A 2
Uham=—szl fl z f dx{L*(1+®)R(x)

+ L[OF ((x)+Fy(x)]},

Fi(x)=d(x)+C(x), Fy(x)=d(x)+Cy(x),

1 8 20
d(x)=m (— In (1 —x)——-),

3 9
113 142 2 5 4 4 “n
Cl(x)=——9—-+——9—x—-§-x—§—3-(l+x)
in ] +2 1 +x? (x%p?—2)? 3Li
n(1=x) 3 1 —x (xp*=2)* ° 2
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+| 8x? 87 |
X(1—x) PR n x
2(5x*—6 x2p?—2z)?
+_(__2| 2X+B(X) In (_p_4)_,
1= p
122 133 4 ) 2 4
Cz(x)=—T+Tx+§x +§*§(I+X)
1 +21+x2
XIn(1—x) 372

(z-xz)(pz—z)(z~1)|

% =007 |

In +3Liy(1—x)

13 8
—8x2—32x—20+——+—| In x
1-x x

+3(1+x) In%x

(=P~ D) (2= 1)

+ g0 1| CTEN D)
21+
B=2R(x)— 37=

Formula (41) describes the small-angle high-energy
cross-section of the process (1), provided that the created
hard pair moves in the direction of the initial electron
3-momentum, and we have now to double oy to take into
account the production of a hard pair moving in the direction
of the initial positron beam.

In order to pick out the dependence on the parameter A

in oy we use
Lo
dx0®|,
fx

p? 1-A p? 1-A
j dzf dx @(x2p2—2)=f dz[f dx—
1 Xc 1 X ¢
(42)

0=1-0(x2p>—72).

Hence
2
f P dz[ In
1

p2 1-A dx
f dzf (C] =
1 Xe 1—x

1—x, J’l dx é
A x l=x |

(43)
NS YO B e
[P a0 20 (s
—% In?A
flacnt=0 )
X -X
(44)

The contribution to the cross-section of the small-angle
Bhabha scattering connected with the real soft (with energy
less than A-€) and virtual pair production is defined” by the
formula:

4at p? (Iz 5 2 1
Tsolt+virt— 7 \ Z L 5 In A+2
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TABLE I. The ratio S=0,/0, in percent, as a function of x. , for NN
(p=1.74, 6,,,,=1.61 rad) and WW (p=2.10, 6,,;,=15.0 rad) counters, Vs

min

=2e=M,=91.187GeV.

Xe 0.2 0.3 0.4 0.5 0.6 0.7 0.8

¢

Sy, % —0018 —0.022 -0.026 —0.029 —0.033 —0.038 -0.046
Sww,% —0013 —-0.019 —0.024 —0.029 —0.035 —0.042 —0.052

o 17+412A201A4
+.% ?gn —9—11 3{2.

(45)

Using Egs. (43) and (44) it is easy to check that the auxiliary
parameter A is cancelled in the sum 0y, =204 Tsoft+virt »
and we can write the total contribution o, as

2a* 2dz 12
Ot_Fl- .

2J'1 dx o\, 17 8 40
3, 1-x 373979

In (1 +8121 +Jl dxci)
XIn (1-x,) gn( xc) L Tox

4
1+— In(1—x,.)

x(%g—g ]n(l—x)) +Llcdx[L2(1

+®)1§(x)+$(®cl(x)+c2(x))]}

_ 2 (46)
R(x)=R(x)— EE
The right side of Eq. (46) is the master expression for the
small-angle Bhabha scattering cross-section connected with
the pair production. It is finite and can be used for numerical
estimates. Note that the leading term is described by the
electron structure function D(x), which represents the prob-
ability of finding a positron inside an electron with the four-
momentum square up to Q2, provided that the electron loses
an energy fraction (1—x).>

In Table I we present the ratio of the RC contribution
due to the pair production g, (46) to the normalization
cross-section oy,

47ra?
T0=12 (47)

min

In Table II we illustrate the comparison between the non-

TABLE II. Values of R yy and Ry as functions of x., where R represents
the ratio of the nonleading contribution in (46) to the total, for NN and WW
counters.

X, 0.2 0.3 0.4 0.5 0.6 0.7 0.8

Ryy 0.036 —0.122 -0.194 -0.238 -0.268 —0.335 —0.465

Ryw 0.179 -0021 -0.088 —0.120 —0.179 -0271 —0.415
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leading contribution (containing '=In Q3/m?) and the to-
tal (containing % and /').

5. CONCLUSIONS

Thus, the result derived in this paper combined with the
results derived earlier in Refs. 1, 2 give a full and systematic
analytical description of the small-angle electron-positron
scattering cross-section at LEP I energies accompanied by
one- and two-photon radiation and by pair production. The
description takes into account the leading and next-to-
leading logarithmic approximations and allows the cross-
section to be found with the accuracy of better than 0.1%,
provided that the scattered electron and positron are recorded
by symmetrical circular detectors. With the above derivation
it is possible to carry out calculations also for asymmetrical
detectors.

Numerical calculations of the virtual and real pair-
production RC contributions show that they cancel out at the
level of 1073 percent for the given angular apertures and
range x . Table II shows that the next-to-leading contribution
can be comparable with the leading one. Their ratio is sen-
sitive to x, and the range of angles. A similar situation arises
for the leading and next-to-leading contributions to the
small-angle Bhabha cross-section in the case of the double
bremsstrahlung process e +e*—e” +et +y+y.t

Note that in a realistic case one has to be aware that
detectors cannot distinguish a single-particle event from one
in which two or more particles hit the same point of the
detector simultaneously. In that case the results can easily
change: starting from the present differential cross-sections
one has to integrate, imposing the needed experimental re-
strictions.

We want to emphasize also that the method of calcula-
tions and many of the results can be used for calculations of
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radiative corrections to small-x deep inelastic scattering at
HERA. These questions require additional investigations.
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