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A superconductor with a sharp peak in the electron density of states and paramagnetic impurities 
is considered. The values of the critical temperature T ,  and the isotope effect are analyzed 
as functions of the position of the Fermi level relative to the center of the peak and the impurity 
concentration. Experimental data on the isotope effect for T ,  in LSC0:Fe systems are 
analyzed on the basis of the theory developed. O 1995 American Institute of Physics. 

1. INTRODUCTION 

The question of the isotope shift of the critical supercon- 
ducting transition temperature Tc has been discussed regu- 
larly in reference to various materials in the literature. The 
fact is that by definition the isotope effect 

is a differential characteristic. Therefore, its value is more 
sensitive to features in the spectra of quasiparticles and the 
spectrum of the attractive interelectronic interaction than are 
other parameters of superconductors. As a result, the value of 
a provides highly significant information. 

A recent study of the influence of oxygen isotopic sub- 
stitution on the superconducting transition temperature T ,  in 
La,-,SrYCuO4 (LSCO) systems revealed that the partial iso- 
tope effect for oxygen is strongly dependent on the concen- 
tration y of Sr atoms. Also, a varies by a factor of approxi- 
mately 5-10 in the concentration range O.l<y<0.15. For 
y =0.12 a is maximal and equal to 0.8-1 (Refs. 1-3). 

Several models have been proposed to explain these ex- 
periments. They include, first, a model based on the concep- 
tion of a soft anharmonic mode [which is associated either 
with low-frequency rotational modes accompanying a struc- 
tural transition4 or with the appearance of strong local anhar- 
monicity in vibrations of the apical oxygen atoms (see, for 
example Ref. 5)]. Second, models with a sharp peak in the 
electron density of states have been considered. Here it is 
assumed that doping with Sr alters the number of carriers 
and simultaneously shifts the Fermi leveL6 For other studies, 
see the reviews in Refs. 7 and 8. 

Subsequently, in Ref. 3 the oxygen isotope effect was 
also studied in LSC0:Me with an optimum cc~mposition with 
respect to Sr (y =0.15) and with Fe, Co, Ni, and Zn impu- 
rities, which replace Cu atoms. The concentration x of the 
impurities did not exceed several percent. It was discovered 
that in all cases the values of the critical temperature T ,  
decrease significantly, and the corresponding values of cr in- 
crease as the defect concentration x increases. These experi- 
mental data for LSC0:Me systems, as well as the analogous 
data for YBC0:Me systems~ were attributed in Ref. 10 to 
the appearance of effective paramagnetic defects in both sys- 
tems. 

The LSC0:Me systems (y = 0.15) with different impuri- 
ties exhibit some significant specific differences along with 
the general features of the behavior of Tc and a. In particu- 
lar, in the case of M=Zn, Ni, the behavior of T ,  and a as 
functions of the concentration x is described according to the 
Abrikosov--Gor9kov theoryu (see also Refs. 12 and 13) in 
the single-parameter approximation. The data for Me=Fe, 
Co do not fit the simple scheme. We note that in the case of 
doping with iron atoms the changes in a are very pro- 
nounced: the value of (Y varies from 0.1 to 1.3 for x = 0.11 

The factors causing the differences in the behavior of 
T ,  and a in LSCO systems with Fe and Co and with Ni and 
Zn as impurities have not previously been discussed in the 
literature. In this paper we propose a model, which makes it 
possible to qualitatively account for the anomalously large 
isotope effect in the case of Fe (Co) impurities and the com- 
paratively weak effect in the case of Zn (Ni) impurities. We 
start out from the phonon mechanism and the ideas in Refs. 
6 and 10. More specifically, the existence of a sharp peak in 
the electron density of states is postulated. (The question of 
the role of van Hove singularities in one- and two- 
dimensional superconductors and their relationships to the 
properties of cuprate superconductors were discussed in de- 
tail in the review in Ref. 14; see also the recent work in Ref. 
15). At the same time, impurities in the copper sites and their 
local environment are treated as effective paramagnetic de- 
fects. (Here we based ourselves on the results in Refs. 16- 
18, in which the temperature dependence of the susceptibility 
was measured.) It is also assumed that trivalent Fe impurity 
atoms, unlike divalent Zn impurity atoms, alter the number 
of carriers and shift the position of the Fermi level relative to 
the center of the peak (the valence of Fe was determined in 
experiments involving measurement of the isomer shift in 
the Mossbauer spe~trum'~). 

We also note that a situation in which both antiferromag- 
netic and superconducting properties are displayed in a cer- 
tain temperature range is realized in systems with heavy fer- 
mions. It is assumed that the appearance of heavy fermions 
can be caused by antiferromagnetic spin fluctuations in the 
Fermi liquid (see, for example, the review in Ref. 20 and 
Ref. 2 1). However, antiferromagnetism and superconductiv- 
ity also coexist in the case of cuprate superconductors. 
Therefore, it may be theorized, in principle, that in LSCO 
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systems the van Hove singularity in the density of states of 
the carriers is caused by spin fluctuations (see the discussion 
in Refs. 22-24). In such a situation the masking of the fine 
structure of the density of states by impurities (it is usually 
very significant; see, for example 25) may be of minor im- 
portance. 

2. GENERAL RELATIONS 

Let us consider the BCS equation for to T ,  

%IEF+wDdzN(z) tanh ( z / 2 T c )  = 1. 
2  EF-wD Z 

Here Vph is the parameter of the attractive interelectronic 
interaction. (We use a system of units with h = k,= 1.) Also, 
N ( z )  denotes the electron density of states, which has a fine 
structure with an energy scale r S o~ . 

To be specific, we assume that there is a sharp peak in 
the density of states i R ( S )  with its center at the point 
E = E R .  Then 

where No/2 is the value of the density far from the center of 
the peak (which does not depend on the energy of the "ped- 
estal"), S= EF- ER is the position of the Fermi level relative 
to the center of the peak, and z  = E - ER is the energy mea- 
sured relative to the Fermi level. 

We represent ( 1 )  in the form 

$ I ; ~ ~ N ( Z +  s )  + i q z  - a )  
tanh ( z / 2 T c )  

= I .  (3)  
z  

We rewrite (3 )  in another form. We take into account the 
standard expression for the hyperbolic tangent: 

m 
v x  4x 1 

tanh - = -x 
2  v k = 1  ( 2 k - 1 ) ~ + ~ ~  

Then instead of (3)  we have 

where 

We note that the integrand in (4)  has the imaginary poles 
ok= + i z .  We qualitatively take into account the influence of 
paramagnetic impurities. First, the appearance of such impu- 
rities with a concentration c, results in the appearance of a 
finite lifetime for the carriers at E m E F .  The resultant renor- 

malization of the energy of the carriers reduces to the appear- 
ance of an imaginary addition. Here, w ~ - + o ~ + T , ~ ' ( w ~ ) ,  
whereI2 

Here S is the effective classical spin of the impurity, and J is 
the exchange integral, which has the dimensions of energy. It 
is usually several times smaller than the characteristic elec- 
tron energy EF . 

In accordance with the foregoing, when c, # 0 Eq. (4)  
takes on the following form 

In the absence of a fine structure, in which case 
N ( E )  = N o ,  relation (5)  becomes the expression previously 
obtained in Ref. 12. 

We neglect the dependence of T,-' on w k .  Then by 
means of some simple transformations, instead of (5) we 
have an equation for T ,  in the form 

In 5- c-  *(A) 2 -*(?I + r d z n R ( ' )  tanh ( z /2TC)  z 

Here denotes the critical temperature at c,=O and 
iR=O.  It is defined by the expression 

To make the equations more compact we set 

where Y is the digamma function. 
We note that separate terms in (6) describe the influence 

of paramagnetic impurities and the sharp peak, as well as 
their combined action, on T , .  The situation in which 
- 1- - 

r, - 7, l ( o k )  holds is discussed in the appendix. 
The isotope shift a is defined as 

d In T ,  M d o D  dT, 
a=--=----. 

d In M T ,  dM d o D  

In the situation under consideration we find 

1 + tanh (oD/2T , )nR(wD)  + @ ( p , ( o D / ~ T , ) ) n R ( C d D )  

379 JETP 81 (2), August 1995 A. P. Zhernov and T. N. Kulagina 379 



where 

We note that when p+O, the expressions for T, (6) and 
a (7) actually coincide with the expressions previously ob- 
tained in Refs. 6 and 26. In another limiting case, in which 
n,+O, they coincide with the results in Ref. 10 (see also 
Refs. 12 and 13). Using (6), we obtain an equation for the 
extrema values of T, with respect to 6 at arbitrary values of 
C, . We have 

where 

In order to obtain accurate results for Tc and a ,  a numerical 
solution should be found for the system of Eliashberg inte- 
gral equations in the form 

N - 

+ .rrt,fi(G,)~~n(9,), (10) 

(see Ref. 27, as well as Refs. 28-33). Here A, and 9, are, 
by definition, the order and renormalization parameters of 
the electron mass; 

where F(R)  is the spectral function of the electron-phonon 
interaction, ,u, is the Coulomb pseudopotential, and 
r, = 1/ (7~~, ) .  The notation N(B,) represent!; the following 
quantity 

We note that the possibility of using Eqs. (10) was discussed 
very recently in the ~ i t e r a t u r e . ~ ~ - ~ ~  The essential point of the 
discussion was that the averaging over the impurity configu- 
rations has actually been performed in these equations for the 
microscopic characteristics A, and 9,. From a rigorous 
standpoint, such averaging should have been performed us- 
ing some analytical expression for the macroscopic "self- 
averaged" parameter Tc . In the present work we are actually 
doing just that, since the entire treatment is based on the use 
of the equation for T, in form (6). 

3. MODEL AND DISCUSSION OF RESULTS 

As was noted, the present work assumes that the density 
of states N(z) has a fine structure in the form of a symmetric 
peak. We chose the corresponding parameter iR(z) ,  first, in 
the same form as in Ref. 26: 

where 7 is a parameter which amounts to several units and 
f - 1 characterizes the intensity of the peak. In addition, we 
also represented iR(z)  in the form of a Lorentzian peak: 

This was done to show that the results are not qualitatively 
dependent on the specific form of the fine structure. The fact 
is that the width I? S o, of the peak is not of fundamental 
significance. If T<w, holds, T, is weakly dependent on w 
(see, for example, Ref. 25). In such a situation the influence 
of the sharp peak on the isotope effect is masked. 

In the present work we assume that the peak shape de- 
fined by (11) and (12) remains unchanged when the atomic 
composition is varied and when impurities are added. At the 
same time, it is assumed that the number of carriers varies in 
response to doping by heterovalent impurities. As a result, 
the Fermi level "moves" relative to the center of the peak 
EF . Figure 1 shows plots of N(z) for 7= 4 and f = 1 in the 
case of the representation (1 l), as well as for T/wD = 0.25 
and f= 113 in the case (12). Using the relations obtained 
above, we determined how Tc and a depend on the position 
of the Fermi level relative to the sharp peak in the density of 
states for different concentrations of paramagnetic impuri- 
ties. It was assumed in the calculations that A = 0.4 and 
w,=240 K. The main results are presented in Fig. 2. 

Let us first consider the situation for the case c,=O. 
Curves I in Fig. 2 are plots of Tc(6) and a(6) .  As is seen at 
once, the values of Tc are largest when EF=ER.  Also, the 
value of Tc depends on N(EF), but it is not determined by it 
alone. The closeness of EF to ER in the integral sense is 
more important. As for a ,  it has a minimum at ER=EF.  The 
value of a reaches its maximum for IE~-E~I /w,=  1. The 
dependence of a on 6 is described approximately by the 
equation 
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-3 -2 - 1  0 1 2 3 -3 -2 -1 0 1 2 3 FIG. 2. Behavior of T , I ~  and ala,  as a 
function of the values of 8 and c, /c: (c: is 

(ER - EF )lo,, (ER - EF )/OD the critical concentration at which T ,  van- 

dao 
ishes) when f = 1, T= 4 (a, b) and f = 113, 

a/% r l o D = 1 / 4  (c, d l )  c,lc:=O; 2) 

- b A' c, Ic,* = 0.245; 3) c,  1c: = 0.490; 4) 
c ,  Ic,* = 0.735. 

3 

2 

1 

- 
"R Thus, the isotope effect is sensitive to the fine structure of the 
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- the behavior of T, and a. Figures 2c and 2d illustrate the 
0.6 - variation of the picture as a function of the intensity of the 

- 2 sharp peak in n R ( z ) .  Let us analyze the plots presented in 
Fig. 2. It is seen at once that the situation is not described in 

0.4 - the single-parameter approximation when 14  so^ . First, we 
turn our attention here to the drastic asymmetry of the values 
of T, and a in cases in which the superconductor is doped by 
impurities which can shift the position of the Fermi level (in 
the model adopted these impurity atoms simultaneously 
serve as paramagnetic defects). Moreover, if the Fermi level 

-3 -2 - 1  0 1 2 3 moves on the energy scale from the center of the peak to its 
C ER - EF )/wD periphery as a result of doping, T, drops sharply, and cr 

increases just as sharply. Conversely, in the limit 6--i0 the 
variation of T, and a is comparatively weak (compare T, 

FIG. 1. Energy dependence of the fine structure of the density of states and a in Figs 2a and 2b at points A and B and at points 
&(z) (11) and (12) for f =  1, h=4 (curve 1)  andf= 113, ~ / w D =  114 (curve A' and B'). We note that the last tern in expression (6) for 
2). T,  plays a minor role when 16) 3 w~ 12.  The corresponding 

value of the isotope effect a is given approximately by the 
formula 

I electronic spectrum, i.e., to the derivative JNIJE. 
- 
- 

Let us discuss the general case in which we have 

I c,  # 0 and nR # 0. In this case the curves appearing in Figs. 
2a and 2b make it possible to understand the main features of 



Hence it also follows that the presence of a sharp peak in the 
spectrum can significantly enhance the effect caused by the 
paramagnetic impurities. 

A few words regarding the specific behavior of Tc (and 
a) as S t 0  are in order. In the situation in which the singu- 
larity in the spectrum is described by a Lorentzian peak, the 
extremum point for T, is described approximately, according 
to (8)-(9), by the relations 

where /? = oD . 
Thus, if the peak is not excessively sharp, i.e., if P= 1 

holds, we have Z>O. Then T, passes through a maximum at 
8-0. However, if the peak is very sharp, then Z<O holds, 
and T, passes through a minimum at 8-0. We note that the 
presence of paramagnetic defects decreases Z and promotes 
the appearance of singularities in Tc(S). 

The results obtained can be used to qualitatively explain 
the experimental results obtained in Ref. 3. We recall that in 
an LSCO system whose composition is optimized with re- 
spect to strontium the Fermi level lies close to the center of 
the peak in the density of states. When a portion of the cop- 
per atoms are replaced by isovalent zinc impurity atoms the 
position of this level should not vary. In such a situation the 
experimental data for Tc and LY should be described approxi- 
mately using the single-parameter version of the theory when 
only the concentration of the paramagnetic defects varies. At 
the same time, if copper atoms are replaced by trivalent iron 
impurity atoms, the Fermi level shifts to the left on the en- 
ergy scale. Then the electron density of the system is close to 
the density of the undoped compound LSCC) (y = 0.12). As 
follows from our results, in this case the experiment is not 
described in the single-parameter model. Tlie effect of the 
paramagnetic impurities is greatly enhanced due to the fine 
structure of the density of states. Precisely these differences 
in the behavior of T, and a! for LSC0:Zn and LSC0:Fe 
systems are illustrated in Figs. 2a and 2b and in Figs. 2c, and 
2d, respectively. In the case of Zn, as the concentration of 
paramagnetic defects increases, these parameters vary in the 
direction A+B. At the same time, for an inm impurity the 
variation of T, and a as c, increases follows the line joining 
points A and A'. 

We note that the curves presented in Fig. 2 for LSC0:Fe 
systems are, in fact, not symmetric relative to the point 
E R = E F .  The fact is that in compounds which are Sr- 
overdoped, the magnetic properties vary significantly, and 
the spin correlations are suppressed to a considerable extent 
(see, for example, Refs. 17 and 18). In such a situation, 

therefore, in LSC0:Me systems with y >0.15 the variation of 
Tc and LY as functions of the concentration, which is deter- 
mined by the fine structure of the density of states and si- 
multaneously by the effect of the paramagnetic impurities, 
should be greatly weakened. This assertion was recently con- 
firmed by experimental data. 

4. CONCLUSIONS 

A model for explaining the anomalous isotope effect for 
T, observed in LSC0:Fe (Ref. 3) has been proposed in this 
paper. The model was based on the phonon mechanism of 
superconductivity and the idea that the density of states of 
the carriers has a fine structure. The existence of this fine 
structure was attributed to a specific property of the Fermi 
liquid: the quasi-two-dimensional character of the spectrum 
of the carriers. It was assumed that the van Hove singulari- 
ties in the density of states of the carriers are enhanced by 
spin fluctuations. Then it was postulated that the presence of 
Fe and Zn impurity atoms in the copper sublattice results in 
local decompensation of the spatially compensated magnetic 
moment of the matrix and the appearance of effective para- 
magnetic point defects. Finally, it was assumed that trivalent 
Fe impurity atoms alter the number of carriers and shift the 
Fermi level and that a situation characteristic of undoped 
LSCO is realized. As for Zn impurity atoms, they act as 
isoelectronic defects. It has been shown that in such a model 
the fine structure of the spectrum of carriers significantly 
enhances the effect of the paramagnetic impurities on the 
isotope shift of Tc . 

We thank V. I. Ozhogin, N. A. Babushkina, and A. V. 
Inyushkin for their interest in this work. This research was 
performed as part of Project No. 93090 of the Russian High- 
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APPENDIX A 

We consider the equation for Tc in the form 

where the reciprocal of the relaxation time of the carriers is 
defined as 

After some transformations, Eq. (Al) can be brought into a 
form similar to (6). We then have 

Here we have written 
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The corresponding expression for the isotope effect has the 
form 

When relations (A2) and (A3) are used instead of (6) and (9) 
for Tc and a, the main results obtained above remain un- 
changed. 
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