Nonlinear zero sound in a normal Fermi liquid
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A nonlinear correction (proportional to the wave amplitude) to the zero-sound velocity is
calculated. The growth rate of the amplitude of the second harmonic is also calculated. The result
is expressed in terms of the derivative of a Landau function with respect to energy and in

terms of its variational derivative with respect to the quasiparticle distribution function. Identities
found in this paper make it possible to express the result in terms of the Landau function

and its derivative with respect to the pressure, both of which are well known from experiments,
in the approximation of the first two spherical harmonics. © 1995 American Institute of

Physics.

1. INTRODUCTION

The nonlinear effects which accompany the propagation
of zero sound in liquid He® have been studied in detail both
theoretically and experimentally! at temperatures below the
superfluid transition temperature T, but not in the region
T>T,, of the normal Fermi liquid. The reason is that the
nonlinearity is anomalously pronounced in the superfluid
phases: the nonlinear corrections to the velocity and attenu-
ation of sound are governed by the dimensionless parameter
(8p/pNEF/T,), where p is the density of the liquid, E is the
Fermi energy, and dp is the amplitude of the density oscilla-
tions in the wave. In the region 7>T,, on the other hand,
there is no factor of E/T,. Nevertheless, nonlinear effects
accompanying the propagation of zero sound in a normal
Fermi liquid can probably be studied experimentally. In this
paper we take a theoretical look at this question.

We begin with the range of applicability of the approach
described below. In the linear approximation in the wave
amplitude, the sound absorption coefficient vy (the reciprocal
of the wave lifetime) is given by the sum? y= Yot ¥r, Where
ty,~(hw)*/Ep is the absorption coefficient at absolute zero,
which depends on the sound frequency w, and we have
#yr~T*/Ep . For sound of finite amplitude, we calculate the
correction Aw~w(8p/p) for the frequency below (for a given
wavelength). It is important to note, however, that a nonlin-
ear correction to the absorption, A+, arises at the same time.
In estimating Ay we note that zero sound consists of oscil-
lations in the shape of the Fermi surface. We denote by Ap
the amplitude of the deviation of the shape of the surface
from spherical. Quasiparticles within a distance on the order
of 8p from the boundary of the Fermi surface have a finite
mean free path, because there is the possibility of collisions
of quasiparticles with each other even in the limit w—0,
T—0. As usual, the typical collision rate differs from E /%
by a small factor, on the order of the ratio of the square of the
volume of momentum space in which collisions are possible
(it is p26pp in the case at hand) to the square of the total
volume (p3) inside the Fermi surface. The nonlinear correc-
tion to the absorption which we are seeking, Ay, is of the
same order of magnitude as the rate of such collisions. As a
result we have Ay~ Ep(8pp/pr)*~Ep(8plp)*.
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As long as the linear absorption is slight, it does not
distort the wave (it does not give rise to higher harmonics,
etc.). Shape distortions stem from the nonlinear effects Aw
and Avy. Below we will take Aw into account, ignoring Ay ;
this approach is legitimate under the condition Aw>AY, i.e.,
for sufficiently small sound amplitudes, which satisfy the
condition

—<<— §))

In this case we have Aw/y<Aw/vy,~(5p/p)(Er/fhw)<1, so
nonlinear distortions do not develop to any great extent over
the lifetime of the wave, but they can reach a level sufficient
for experimental observation. At the limits of applicability as
defined by (1), the relative correction to the frequency (or,
equivalently, the relative correction to the sound velocity c,
ie., Ac/c~107?) is reached at T~Aw~T,~1 mK at wave
quality factors Q~ w/ y~ (Ep/hw)~10°.

2. NONLINEAR BOLTZMANN EQUATION

Under condition (1), we can (as mentioned above) ig-
nore collisions in the Boltzmann equation,

on Jnde oJn de
it =0, )

at = dr dp
but we can incorporate terms quadratic in the deviation
én(p) of the distribution function from its equilibrium value
no(p)=0(pr—p) on the left side of the equation; here
6(x)=0 at x<0 and O(x)=1 at x>0. We first introduce
some new parameters of Fermi-liquid theory, which have
seldom been considered in applications of this theory. We
will also derive several relations among these parameters.

We expand the quasiparticle energy e(p) in terms of
én(p), retaining quadratic terms:

e(p)=eo(p)+ff(p,p’)ﬁn(p’)dr’

1 .
+5J¢(p,p’,p")én(p’)5n(p”)d7’dv”, 3)
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where dr=2d>p/(27h)}, f is the ordinary Landau function,
and ¢ is the third functional derivative of the total energy of
the liquid with respect to n(p), taken at n(p)=nqy(p). Here
and below, we omit the spin dependence. In addition to the
ordinary effective mass m*, which is defined in terms of the
first derivative of the energy e(p) with respect to the momen-
tum,

Pr 989

m*~op|, @

V=

=pg

we also introduce a characteristic mass M, defined in terms
of the second derivative:

Feo(p) 1
722_ =7 (5)
P=Pfp

The function f=f(p,p’, cos @) actually depends on the
absolute values of the momenta p and p’ and on the angle «
between them. In addition to the usual parameters F,
1=0,1,..., which determine an expansion of the function in
Legendre polynomials P,(cos a),

T—Zﬁ;f(pFJ’F’COS a)=F(a)=2, FP(cos a), (6)

=0

we introduce some new dimensionless parameters F],
1=0,1,..., which are defined by a corresponding expansion
for the derivatives (which are symmetric with respect to p
and p') of the function f with respect to the absolute values
of the momenta:

af( )= i ( )
’ ,CO8 )= i N ,COS a
ap PFsPF ap PFsPF
2ﬁ3
= —; Fl(a),
m*py
Fl(a)=2 F,lP,(cos a). @)

=0

It is sufficient to consider the function ¢ on the Fermi
surface, i.e., at |p|=|p’|=|p”|=pF . This function is then com-
pletely symmetric under interchange of the arguments of the
function ¢ a,B,7), i.e., the three angles «,B,y, between the
vectors p and p’, p and p”, p’ and p”, respectively. It is
convenient to expand this function in functions correspond-
ing to the addition of three angular momenta, i.e.,

N
ﬂ%’%—maﬂ ”)

L L L
=®(a,,y)= 2 Py, 2 (

Liyly mymymy \M1 Mz M3
XY 1 (8,0)Y 1 (6',0")Y 1 (8,0"). ®)

Here

L I L
m; mj; mj
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are the 3 j symbols; 6 and ¢ are the angles which specify the
orientation of the vector p; &', &', ¢, and ¢" are the corre-
sponding angles for p’ and p’; we have
cos a=cos fcos @' +sin @sin &' cos(¢—¢") and correspond-
ing relations for 8 and v ; Y,,,(6,¢) are the spherical harmon-
ics; and N=p3/37*h> is the number of particles per unit
volume of the equilibrium liquid. The parameters <1>,l Ll
given by (8) are dimensionless. By virtue of the symmetry
properties of the 3j symbols, these parameters are zero for a
symmetric function ¢ if the sum /,+1,+1; is odd. The first
two terms of series (8) are

®(a,B,7)~Pooo+ Po11V3(cos a+cos B+cos y). )

We now wish to derive some relations among these new
parameters. The familiar equality which follows from the
Galilean principle of relativity takes the form

de
f pn(p)d~r=mf a—pn(p)df, (10)

where m is the mass of the He® atom. Varying (10) twice
with respect to én, and taking the result for n=n,, we find

r?no(p”)
f ¢ "
ap ¢9p ap

It is then a simple matter to find the following result by
setting p=p'=pp:

oF (@)

d cos a

(1—cos a)

cos = [F (a)+

3
=-2 J ®(a,B,y)cos 6'dQ)",

_sin 8d0dep

4ar (n

Here the integration axis is directed along pr + pr. Retain-
ing from F(a) and F'(e) the first two harmonics in an ex-
pansion in Legendre polynomials, and retaining series (9)
from @, we also find relations of the following type from

(11):

F(ljw_Fl_ng)Oll’ FiNFl' (12)

Again using the Galilean principle, we can calculate 1/M. To
do this we need to vary expression (10) with respect to dn,
differentiate with respect to p, and take the result at n=n,,
p=pr. We find

LA Fi 13)

M 3 37 (
The parameters Fy and F; depend on py, and their deriva-
tives with respect to p are related to F}, F} and ®gy, Py,
by

‘9F0 oF, prFg
2F §+3® g0 = EPy ——DPr— FO‘E:;_H;],

(14)

o"Fl 3PF

1 ar oz
F + V_/p = —_—— _F .
2 ! 3 o o"pp 3+F1 1

(15)
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These relations can easily be derived by writing the change
in f(pr) in the case of an infinitesimal change Spy in pp:

J
of(pr) = f¢5n"df'+25PF f(PF)

on(p)=0(pr—p)— 0(pr—p), OPFr=Pr—PF.

Again using approximate relations (12), we find

JF F, O0F 2—F
q’ooo~_0& __°+_112_2’ (16)
dpr 3 3 dpr 3 3+F,
oF, pr
VZ¢OII~E3+—F‘I—F1' (17)

When the functions F(a), F'(a), and ®(a,B,y) are approxi-
mated by the first two terms of the expansions in (6), (7), and
(8), respectively, the parameters F), F|, ®y0, and Py, are
thus expressed exclusively in terms of F, F,, and their de-
rivatives with respect to pg.

As we mentioned earlier, zero sound consists of oscilla-
tions in the shape of the Fermi surface. Consequently, the
perturbed distribution function in (2) is

n(p,r,t)=6[p,(n,r,1)—p], (18)

where n=p/p, and

snr.p)= PAED—Pr (19
PFr
is a small parameter.
Using (3) and (19), we can rewrite kinetic equation (2)
to quadratic accuracy in v in the axisymmetric 1D case; i.e.,
v depends on 6, x, and ¢, where 6 is the angle between p and
the x axis:

dv v 01/(0)
at+——;vp cos O+vp cos 0| F(a) daqQ’

+vpL(0,x,t)=0, (20)
!

v
L(0,x,t)=3 cos 0J P(a,B,y) rr v"'dQ)' dQ)”

+m* 9 v
M P

!

+2 GJF s aQ’
cos (a)v o

+ 0fF1 A
cos (a) wl T
L laar
ox v
. af P ' v
sin’ (a) dx d cos @
JF (a) dv ' laq
T dcosfax” ’
v=v(0), v'=v(0"), v'=v(6").
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3. NONLINEAR OSCILLATIONS

We consider small axisymmetric oscillations of the nor-
mal Fermi surface, which are described by Eq. (20). In the
collisionless case, in Landau’s paper,® it is convenient to
solve the problem with given initial conditions. We therefore
solve Eq. (20) under the initial condition

V(09x’t)|t=0=g(0’x) (21)

by the standard method of successive approximations in the

amplitude (v=v,+r,+...). For the first approximation, v,

we use initial condition (21); for the successive approxima-

tions (v;,...), we use homogeneous initial conditions.
Taking Fourier transforms,

+ o
Flvl=vi(0,t)= f v(0,x,t)e” *dx,

and Laplace transforms,

+ 00
Hv]=v,( 0,x)=f v(0,x,t)e'"dt,
0

of Eq. (20), and imposing initial condition (21), we find, for
the first approximation,

—le1+)( 0)+ikvy cos 0V(l+)( 6)—g.(6)

+ikvp cos 0 f F(a){*(6')dQ’ =0, (22)

where

FFvi]1=1{"(0).
Approximating the Landau function by the first two harmon-
ics,

F=Fy+F, cos a,

we find
g«(0)
(+) - ___ o7
vi(0) iw—ikvg cos 0
FoC\+F, C,cos 6
—cos 6 >
(s—cos 0)y(s)
where
gk(ﬂ)dﬂ 2 1
Cl_f iw—ikvg cos 6 I=Fys'w 3
gx(6@)cos 6d)
+ ——————————————
f iw—ikvg cos 0 Fisw,
_f gx(0)cos 6d) F
27 ) iw—ikvp cos 6 ow)
gx(0)dQ
+ ———————
J iw—ikvg cos 0 Fosw,
2 w
y(s)=(1—Fgw)(1+F,/3)—Fs*w, s=-—,
kUp
_ s1 s+1
w=—lrgni
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FIG. 1. Pressure dependence of s,.

Now taking inverse Fourier transforms,
) +oo e 3k
F [vl=v(0,x,1)= vi(6,0)e™ o,

and inverse Laplace transforms,

+o+tia

0,x)e
—o+jia Vw( ) 2

—iwt

F v, ]=v(0,x,1)=

’

a>0,
we obtain the inverse transform:
v1(0,x,0)=%"'F 1[»{"].

The nondecaying singularities V(l+) in the complex ® plane
are as follows: a cut from —kvp to kvyp and the band
w=kv cos 6, both of which correspond to one-particle ex-
citations; and the two bands w=cyk, —cyk, which arise from
y(s9)=0, where so=cy/vp, —co/vr, which correspond to
longitudinal zero sound propagating rightward and leftward,
respectively. Equating y(s) to zero, we find a known relation
for the velocity of longitudinal zero sound,

A S0 +1 1+F 1 /3

wo=—1+—=1In = 3 .
2 So_l F0+F1S0+F0F1/3

(23)

Retaining only the contribution from the band w=cok
(sg=co/vF), we find

dQ
J8(68,x—cot)A(6) o5 D
daq
cos @

=A(0)K(x—cot), (24)

v,(0,x,t)=A(0)
JA%(6)

888 JETP 80 (5), May 1995

40
1—Fyw
cos 0+ 00 cos? 6
A(8)= Fosowg
so—cos 6

As expected, we have obtained a wave of constant profile
traveling to the right.

For the function second approximation v,, we again
have Eq. (22), with v, replaced by v,, and g,(6) by

—BFvrL(6,x,1)],

where we have substituted the exact first approximation into
L(0,x,t) [the nonlinear part of Eq. (20)]. When we find the
inverse transform of the second approximation, a secular
term ~t arises, because of the simultaneous use of the band
w=cok (which corresponds to zero sound) in the first and
second approximations:

IK(x—cpt)

—A(0)K(x—cot) Tx

ct. (25)

As a result there is a correction to expression (24). Making
use of the property

F LA o()]]= fo'flu)fz(r—y)dy

of Laplace transforms, we easily find the following result for
cy:

dQ
o 1040 5
e =

cos 6

where L,(6)K(dK/dx)=L(6,x,t), and we have substituted
(24) into L(0,x,t). After some simple integrations, we find
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¢y [Bw(s’—1)—1][(s’— 1)Fow(Fow—2)—1]
;_ Fosw[(s*—1)(2Fyw—3)w+1]

£
[A3(6) dQ mﬁ+ 3[F'(a)A(6)A%(6')dQdQ +1,
+ :

JA%(0) 40
cos 60

11=3fd)(a,,B,y)A(O)A(O’)A(H’)deQ’dQ”. (26)

Here and below, we omit the subscript O from s and w. The
secular term in (25) leads to a correction &c
=c¢(F¢/3)(6N/N), where 6N is the deviation of the con-
centration from the equilibrium value N, to the first-
approximation velocity c, in (24). As a result, a traveling
wave of constant profile, (24), corresponding to longitudinal
zero sound, transforms into a simple traveling wave with a
varying profile (different velocities correspond to different
points on the profile), which is analogous to Riemann solu-
tions in hydrodynamics. :

If K(x)xcos kx, and if we use (25), we see that oscilla-
tions ON/N=~A; cos k(x—cot)+A, sin 2k(x—cyt) corre-
spond to a zero-sound mode propagating to the right, where
A, and A, are the amplitudes of the first and second harmon-
ics, respectively. The growth rate of amplitude A, is

dA2 _ 2C1F0kU
dt ~ (1+Fo)ppupN’

where U= (1+Fy)prvpNA2/12 is the energy density in the
zero-sound mode.*

(27)
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Approximating the functions ®(a,3,7) and F'(a) by the
first two terms of expansions (7) and (8), and using relations
(12), (16), and (17), we can carry out a numerical calculation
of the pressure dependence of the quantity s,=c,;/vy given
by (26). The results of some calculations carried out on the
basis of some experimental data of Ref. 5 are shown in Fig.
1. Also shown by the dotted line in this figure is the pressure
dependence of s, for hydrodynamic sound, calculated from

_3s L+e! c’
SI—F; cp ﬁ
s(9+11Fg+m*/M+3F j+3® )
B 2Fy(1+F,) ’

where ¢’ is the velocity of sound, P is the pressure, and p is
the density.
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