Transformation of second sound into surface waves in superfluid helium
I. M. Khalatnikov, G. V. Kolmakov, and V. L. Pokrovsky

L. D. Landau Institute for Theoretical Physics, 142432 Chernogolovka, Moscow Region, Russia

(Submitted 5 December 1994)
Zh. Eksp. Teor. Fiz. 107, 15631572 (May 1995)

The Hamiltonian theory of superfluid liquid with a free boundary is developed. Nonlinear
amplitudes of parametric Cherenkov radiation of a surface wave by second sound and the inner
decay of second sound waves are found. Threshold amplitudes of second sound waves for
these two processes are determined. © 1995 American Institute of Physics.

1. INTRODUCTION

In this paper we consider nonlinear processes in the hy-
drodynamics of a superfluid with a free boundary. Such a
system has conventional bulk wave modes (first and second
sound) as well as surface waves propagating along the
boundary and attenuating in the bulk.

The most proper method to describe nonlinear processes
is the Hamiltonian formalism. The two-component hydrody-
namics equations have been shown to have the Hamiltonian
form with the energy of the liquid playing the role of the
Hamiltonian.'

We introduce the following system of coordinates. Axis
z is directed vertically, perpendicular to the surface of the
liquid and to the rigid boundary bounding the system from
below (the latter has zero z-coordinate). The unperturbed
depth of the liquid will be denoted by 4. The equation of the
free boundary is

Zs(r’t)=h+ {(r7t)’

where r is a 2D-vector with coordinates (x,y) (to distinguish
it from a 3D radius vector R) and ¢ is the deviation of the
z-coordinate of the surface from its equilibrium value z=h.

In this coordinate system the Hamiltonian has the fol-
lowing form:

h+¢
H= j d2rJ’ dz
0

+ | d*ra1+ (V)2 (1)

Here and henceforth p is the density of the liquid, p; and
p, are its superfluid and normal components respectively, v,
is the superfluid velocity, v,, is the normal velocity, « is the
surface tension, ¢ is the internal energy per unit volume,
which depends on the entropy per unit mass s and momen-
tum per unit volume P, measured in a frame of reference
moving with velocity v, :

-‘;—" v+ % vi+e(p,s,P)

P= pn(vn - vs) .

It was shown' that an infinite superfluid can be described
with three pairs of canonically conjugate variables (p,a),
(S,B), and (i,7), where « is the superfluid velocity potential,
S is the entropy density, B is a phase variable conjugate to S,
and ¢ and vy are Clebsch variables, responsible for the vor-
ticity.
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The application of the canonical formalism with local
variables to a liquid with a free boundary meets with diffi-
culty. Indeed, the coordinates play the role of the indices in
the Lagrangian description of the liquid. Since the free
boundary is time-dependent, some variables appear and oth-
ers disappear.” To avoid this difficulty nonlocal variables
should be introduced. For the simple case of a one-
component ideal compressible liquid with a free boundary,
appropriate variables were introduced in.2 These are the am-
plitudes of the bulk and surface waves. In this paper we will
determine corresponding nonlocal variables for a two-
component liquid.

Let us discuss the role of gravitation. Since the com-
pressibility is small, one can neglect the influence of the
gravitational force upon the propagation of bulk sound
waves. The variation of the liquid density Ap/p in the gravi-
tational field on the scale of the wavelength is small,
g\/c2<1, where c, is the velocity of first sound. In fact, in a
real experiment a much stronger condition is fulfilled,
gh/c?<1, where h is the depth of the liquid. This means that
the unperturbed density does not depend on the z-coordinate.

2. EQUATIONS OF MOTION. HARMONIC APPROXIMATION

For the reader’s convenience, we reproduce here the
well-known equations of hydrodynamics for a superfluid lig-
uid without dissipation (see, e.g. Ref. 3).

P +div j=0 )

gr T AVITD

aps

227+ div(psv,)=0, 3)

at

s +V| pt L2 0 4

o KT V=

dji Iy

Jt é‘xk ( )
Here j is the mass flux,

j=psvs+pnvn’ (6)
and II;; is the momentum flux tensor

Hik:p5ik+psvsivsk+pnvm'vnk' (7)

The chemical potential per unit mass is denoted .

© 1995 American Institute of Physics 873



oe

r=5p (®)

For a nondissipative liquid, the boundary conditions at a
rigid bottom are
Unz|z=0=vsz|z=0=0- (9)
The conditions at the free surface are
{'z[vsz_gvvsv]z=h+{=[vnz—{anll]z=h+{7 (10)
where {,=d{/dx,, v=1,2, and

p|z=h+§+v

avi )*0 11
Vi+(V)?) (1)

Equation (10) means that the component of the velocity
perpendicular to the surface at the free boundary coincides
with the same component of the velocity of the liquid near
the surface. We assume that the velocities v, and v, have
equal components perpendicular to the boundary. Equation
(11) is equivalent to the assumption of zero external pressure
above the surface.

The total mass flux j may be written as

i=pVstpa(vy—v)=pVa+psVp,

where potentials @ and B depend on the coordinates and
time. The velocities v, and v, can be expressed in terms of a
and B:

v,=Va, (12)

s
v,=Va+ 2 vg. (13)

n
We introduce the dimensionless variables p and o char-
acterizing the deviations of the density and entropy from

their unperturbed values, which are denoted by the subscript
“0”:

12
5s=s0(@) . (15)
Pno

First we consider a simplified version of the theory with
the coefficient of thermal expansion x,=(d1n p/dInT) as-
sumed to be zero. This coefficient is indeed small (1072 in
order of magnitude) over the full range of temperature from
T=0 to the \-point. At T=1.15 K, the coefficient «, changes
sign. Nevertheless for one parametric process (decay of sec-
ond sound into two surface waves), this coefficient is crucial
and should be taken into account. In this paper we restrict
our consideration to other processes for which thermal ex-
pansion is not significant. Neglecting thermal expansion, the
velocities of first and second sound are given by well-known
formulas:

ap
2= —
“ (0:0); (16)
dT\ pso
2_ .2 s
02_50( Bs) pnO' (17)
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First and second sound show up as waves propagating
along the surface with wave vector p, and a standing wave in
the vertical direction. A general form of potential for such
waves is:

=y cos ¢,z exp i(pr— wt), (18)
p= P €o0s ¢,z exp i(pr—wt), (19)
Y=y cos g,z exp i(pr— wt), (20)
0=y cos q,Z exp i(pr— wt), (21)
where
d=a+syB, (22)
sl 52 s @
and g, , obey the following conditions:
ki=qi+p%, (24)
k=wlc; (i=1,2), (25)
cot g h=— A—(:_:Zﬂ, (26)
sin g,h=0, 27
and

a 2
A(p)=g+—p~.
Po

The relations between amplitudes can be found from the
linearized equations of motion:

. q . . iw -

{=7sin qlh¢=m cos g ho, (29
iw .

o=—7 Y. (30)
)

Equations (24)—(27) define the dispersion w(k) and the
discrete spectrum of g. Assuming the coefficient of thermal
expansion to be zero, first sound can be treated as an adia-
batic oscillation of density (pressure), while second sound
comprises isobaric oscillations of temperature (entropy). For-
mally it means that o= =0 for first sound, while p=¢=0
for second sound. Oscillations of the density can occur for
purely real or purely imaginary g. The first case holds for
first sound, and the second corresponds to surface waves.

Putting g =i« for the surface wave, one can find a rec-
ognizable relationship:

A(p)k
coth kh= (mpz) , (31

ki=p?—«% (32)

Usually the velocity of the surface waves is much lower
than the velocity of first sound. From this, we find approxi-
mately «=|p|. The spectrum of surface waves in a two-
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component liquid coincides with that in a one-component
liquid. In the case of deep water, h—o, the spectrum is
greatly simplified:

k=p, w’=pA(p). (33)
3. THE HAMILTONIAN. ORTHOGONALITY RELATIONS

It is easy to see that the linearized equations of motion
can be described by the Hamiltonian

h
H= f Lr fo dz(po(V $%)(V )+ po(V ) (V)

+poct B+ pocia* o) + pg J &rgrhe, (G9)
where
R a
A=g- PR A,
A, is the two-dimensional Laplacian:
*
By=ogt el
and the Poisson brackets are
{¢*(R,1),pop(R’,1)} = 6(R—R), (35
{g*(R,1),pp0(R’,1)}=8(R-R’), (36)
{#f(r,0),pol(r',0)}= 6(r—1"). (37

Here ¢p= ), , and other brackets equal to zero. We repre-
sent the dynamical variables by two vectors @, and P,:

o(R,1)
®,=| p(R1) |, (38)
{(r,0)
R,
o f3).

In terms of ®, and ®,, the Hamiltonian (34) can be repre-
sented as a sum of scalar products:

H=(®,,®))+(P,,D,), (40)
where the two bilinear forms (®,®,) and (P, ,P,) are
defined by

Ik

¢
¢ 9z

(®,®,)=| d’rp, + d2p0r§'*f\§
1
Z=h

+fd3R(—po(A¢'*)¢+PoC§ﬁ'*ﬁ), (41)

a'*
S
z=h

+ j d3R(—pO(Alﬁ'*)l/I'f'pOC%&'*&).

(42)

It is easy to check that the forms (41) and (42) satisfy all
the conditions of a scalar product. The elementary mono-
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chromatic solutions (18)—(21) are orthogonal with respect to
these products if they belong to different modes or to differ-
ent k. (Note that the surface integral in Eq. (42) vanishes in
the harmonic approximation, but should be accounted for in
nonlinear processes.)

Let us normalize the function @, and @, by the condi-
tions:

(¢lk1’¢lk1)=wk1’ (43)
(D2k,, Pok,) = W, (44)
where

&y, (R, 1)

@y (R)=| PR | (45)
gpl(r,t)
‘pkz(R’t)

(I)Zkz(R’t) = o-kz(R’t) ’ (46)

and k; and k, are wave vectors corresponding to first and
second sound respectively.

These conditions fix normalized amplitudes of first and
second sounds and the surface wave:

5 2poA p’—4q; .
| .| 2=~—w——(hk%+ 2qllsm2q1h : (47)
2poAK3h
-2_
2poAp
_.2=
| Bl o (49)

Here A is the area of the free surface and w is the frequency
of the surface wave. The vector functions ®;, ®, can be
represented as series:

D Y(RN)=2 ay, P RO+ cp@ip(R1),  (50)
31 P

Dy(R,1)= 2 by o (R,1), (51)
ky
where ay, by and c,, are the canonical amplitudes of first and
second sound and surface waves respectively. In such a rep-
resentation, the Hamiltonian H acquires a standard diagonal
form,

H=, a,’flaklwkl-i-z bﬂ‘zbkzwk2+z cpcpwy.  (52)
k; k; P

The equation of motion derived from this Hamiltonian
and the canonical Poisson brackets:

{ak, »ax}=—ibk K> (53)
{b, b} =~ 6k (54)
{cp.cpt=—ibpp, (55)

have the standard form:
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akl= —twklakl N

Bkzz —iwkzbk2, ép=—iwpcp. (56)

4. NONLINEAR RESONANT PROCESSES

Nonlinear effects such as parametric generation and de-
cay of sound waves correspond to anharmonic terms in the
Hamiltonian. The coefficients of this expansion are propor-
tional to the amplitudes of these processes.

We consider only resonant processes that conserve en-
ergy and momentum simultaneously:

WK= Wk + Wkr, (57)

p=p +p". (58)

In a restricted geometry, only the components of mo-
mentum parallel to the surface are conserved. For infinite
depth, interaction amplitudes have been found by direct se-
ries expansion of the Hamiltonian in the amplitudes. How-
ever, for a system with a free boundary, we prefer to recon-
struct the Hamiltonian step by step from the hydrodynamic
equations and boundary conditions.

To demonstrate our program, we find first the amplitude
of Cherenkov radiation of the surface wave by second sound.
In order to find it, we must write down the equations of
motion and boundary conditions up to the next order in the
amplitudes:

Ay+o+ % (po)+(1=v)V(pV¢)+V(aV¢)=0,

(59)
g+c2a+(VepVy)=0, (60)
N Py
(,—Zz=h+{;,7 zzh—(V¢V§)|z=h=0, (61)
where

Po ( J (pn))
v=—/7_——1In|—]] .
Pso \dlnp "\ p//.
We have omitted terms of the same order that do not con-
tribute to this process. The functions ¢ and o contain the

contribution of the incident and reflected waves and correc-
tions of the next order:

y=b Y +byy+cc.+y?, (62)
o=b,0,+byo,+cc.+o?, (63)
p=cip3+cct+¢?, (64)
p=cipytcc.tp?. (65)
For the sake of brevity, we write b, = b"1’
Y1 = ¢y, etc., and #?, 0@, etc. are the second-order cor-

rections. Substituting (62)—(65) into the equations of motion,
a number of products of the amplitudes b".' and cp appear.
We omit all such terms that contribute to the amplitude of the
Cherenkov process except b,c;, (We mean that the incident
wave has wave vector k;):
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d -
b101+b2c3(a_t (p302)+(1—-0v)V(p3V )

+V(o2V¢3>)=—(—iwlo§”+A¢(2>>, (66)
b 1+ bocs(ViVa) = —(—iw P+ A p?),
(67)
3>y 3y
b2c3[—£2—§3—V(//2V§3 z=h—_ ., (68)

Using the conditions of orthogonality and normalization,
we find the amplitude of the Cherenkov radiation process:

FCher — 2Po
k) kapg )

f d3R(k%:/u<Vz/f2V¢3>

J
+C%Ul(¢9_t (p302)+(1—v)V(p3Vip,)

Py,
e {3

+V(0’2V¢3)) ) —twlf dzrtﬁl

_Vl/fzvfs] ] (69)
z=h

The conservation laws for this elementary process are

w=wytw;, Pp;=p2tps, (70)

where w; and p, are the frequency and wave vector of the
surface wave. We assume p;~p | ,, S0 ;< ». This implies
that @, and w, and hence k; and k, are almost equal to one
another, i.e., the wave vectors of second sound waves lie on
some sphere in k-space; the difference between their (x,y)
components defines p,. Furthermore, we neglect the differ-
ence between w; and @, and denote them simply by  (simi-
larly for moduli the vector k;=k,=k).

After substituting (18) and (19) into (69), we find the
expression for the nonlinear amplitude I" of the Cherenkov
process. In deep water, the leading term of this expression is

1/2
Cher _ @ & _plp2 (71)
kikaps ™ 2h(peA) " | @, K|

In (71) we neglect all terms of order c3/c?, because this
quantity is small over the temperature range between 0.8K
and the \-point. Analogous calculations for a thin film yield
an expression for I that differs from (71) by the presence of
an additional factor (ph)"? on the right-hand side.

Note that in both cases, the main contribution to the
nonlinear amplitude comes from the surface integral in (69).

As in our previous discussion, one can determine the
nonlinear amplitude of other parametric decay processes of a
second sound wave into two second sound waves (so called
“inner” decay). The terms in the equations of motion that
contribute to this process are proportional to ¢/, ¢” and 0.
The equations of motion, to the required precision, read
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) 12
P\ . Ppo ) (psO)
(Pno) 2p50 So 3’ ( T Pno 4
1 oT
+—12ps0tpoy 5= 50| V(aV¥)=0, (72)
Pno ds

n

Pso 12 ; (9T psO 2 1 Pso 2 2 oT
=] yatso atyi5) sl 35
Pno 03 Pno Pno s

#T Pso
+So“7)(0')x ” ( (1+v)(Vi)}

+(¢[.L¢)\)ﬂ,)=0' (73)

Here yy=ay/dx,, y=(dlnp,/dInT),, v is the same as in
(59), and we sum over repeated Greek indices. The functions
¢ and o can be represented as a sum of one incoming and
two outgoing waves

Y=b Y +byy+ by +cct+ P, (74)
0'=b10'1+b20'2+b30'3+c.c.+0'(2). (75)

To describe inner decay, only the products b,b; should
be included among the anharmonic terms in (72)—(73). After
simple but lengthy calculations, we have

3
inn - — (ﬂ) v ‘2
MkP T\ ool 2(peV) T w]waws)

{[kl(thZ_ 1)

+(ky+ks)(u+ 2)]k,k2k3+(klk2)k§+(k1k3)k§

+kl[(2+v)k1+(k2+k3)(2+ :—0 u)

no
X[P2p2—9293] |- (76)
Here
_sj_alncg _ Po So d1np, Po So
z cﬁlnTp’ Pso € z?lnTp psocy
and
T as
c=looT

is the heat capacity per unit mass. We have used the conser-
vation laws (57) and (58), and the z-components of the wave
vectors are related by

lg1l=1g2%q3].

This obviously stems from the specular reflection of the
wave by the boundary.

The threshold amplitudes for the Cherenkov process and
for the inner decay of second sound become

[6,(w3) 6(w,)] 12
l‘Cher

|bCher| = > (77)
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o[3)

’
r inn

|b innl = (78)
where &,, 6, are the attenuation of constants for second
sound and the surface wave respectively. These are related to
the viscosity 7 and thermal conductivity x (see Ref. 3):

w Pso 4 Pno K 5T)
o )= o2 ( =1, 79
22 2pocy Pno \3 T e T ds (79)
27y
5s(ws)— ;— pf (80)

Substituting (79) and (80) into (77) and (78), we have

(4 Pno K ﬂ)—uz(a)s

bCher - 3 1/2( h)l/2 (81)
3 pooTnds ™) Ps )

b inn

Equation (81) shows that in the deep water, the threshold
amplitude for Cherenkov radiation exceeds that for inner de-
cay if

(w/wg)?<8(ph) 2. (82)

Otherwise, the Cherenkov process dominates.

In the opposite thin-film limit, the ratio of the threshold
amplitudes differs from (81) by the absence of the factor
(psh)m. Therefore, Cherenkov radiation always dominates
in a thin film.

5. CONCLUSION

We have described the parametric transformation of a
second sound wave into two second sound waves (inner de-
cay) and Cherenkov radiation of a surface wave. Our conclu-
sion is that in the temperature range 0.8K<T<T, , the Cher-
enkov process dominates in a thin film of liquid helium, or
more generally, in a layer with thickness & satisfying

l o

h<

64p, w,

where w is the frequency of the incident second sound and
w,,p, are the frequency and wave vector of the surface
wave. Otherwise, inner decay dominates. The amplitudes of
these processes are given by equations (71) and (76). All
processes described here are accessible to experimental ob-
servation. For instance, under the experimental conditions
described in Ref. 4, these phenomena can in principle be
observed far from resonance frequencies.
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