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A new model of the critical state is presented in which nonlocal effects associated with the
nonlocal relation between the magnetic induction and the vortex density are taken into account in
a unified manner, together with the nonlocal relation between the vortex density and the

vortex displacement in the pinning potential. Boundary effects (Meissner currents and vortex
images) are taken into account exactly. In the general case the model comprises a system

of three equations for three unknown functions of the coordinates—the magnetic induction, the
vortex density, and the displacement of the vortices. The nonlinear process of the

penetration of an oscillating magnetic field into a hard superconductor is investigated by means
of the model. In the local limit the model goes over into the traditional model of the

critical state. The differences between the new model and the local model of the critical state are
discussed, together with the possible regions of applicability of the new model. © 1995

American Institute of Physics.

1. INTRODUCTION

To describe a hard type-II superconductor in external
magnetic fields one usually uses the critical-state model (see,
e.g., Refs. 1-3). In this model it is assumed that Abrikosov
vortices nucleate on the surface of the sample and move into
the interior of the sample until the force created by the vortex
gradient is balanced by the pinning force. The constitutive
equation of the critical state has the form (see, e.g., Ref. 3)

4 .
curlH,,(B)= TJC(B)’ 1)

where H,,(B) is the thermodynamic field (a function of the
induction B) and J is the critical current density, determined
both by the properties of the pinning centers and by the
elastic properties of the vortex lattice (see, e.g., Refs. 4—6).
Equation (1) must be supplemented by boundary conditions.
In the simplest variants of the model it is assumed that, on
the boundary, H,,=H, (H, is the external field). A more
correct procedure is to take into account the surface barriers
H,, and H.; at the entrance and exit of vortices.> For a soft
superconductor with a plane boundary expressions for H.,,
and H,,; were obtained in Ref. 7.

The distribution of the induction in a hard superconduc-
tor is not determined uniquely by Eq. (1) and the boundary
conditions. To solve this equation it is necessary to take the
previous history into account. This is done as follows: When
the external field changes, screening currents with current
density equal to *+J_ are induced in the region near the sur-
face. In the region further from the surface the induction
remains as it was before the change of the field. The position
of the boundary between these regions is determined from
the condition that the induction be continuous. The current
density experiences a discontinuity at this point.

In the above formulation of the critical-state model a
number of effects are not taken into account. For example,
this model is not applicable for the description of supercon-
ducting samples with sizes on the order of A. In this case, as
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well as the uncertainty in the boundary conditions it is nec-
essary to take into account the nonlocal relation between the
magnetic induction B and the density n of Abrikosov vorti-
ces. This must be taken into account in bulk superconductors
as well, in the case when large gradients of the vortex density
(Vn/n~1/\) arise. A local relation between the magnetic
induction and the vortex density is usually assumed:

B=n(I)0, (2)

where @ is the quantum of magnetic flux. In addition, in the
region near the boundary it is necessary to take into account
the interaction of the vortices, their images, and the Meissner
currents.

In addition, for superconducting samples of finite size an
important role can be played by nonlocal effects associated
with “reversible displacement of vortices” (see Refs. 4, 8, 9,
and 11). The concept of the “reversible displacement of a
vortex” near a pinning center was introduced in Ref. 8. In
this case we take account of the fact that a small change of
the field causes a vortex to be displaced from its equilibrium
position. Here, the vortex moves reversibly in the pinning
potential, and the current density is smaller than its critical
value. When the displacement of the vortex becomes equal to
the interaction length d,, the vortex is depinned. According
to Labusch,® d,, is that displacement of a pinned vortex lat-
tice for which the lattice loses its stability.

Nonlocal effects associated both with the nonlocal rela-
tion between B and n and with the reversible motion of
vortices were considered in Ref. 10. In that paper, however,
only the linear response of the system to an oscillating field
of small amplitude, superposed on a large background uni-
form field rather than on the critical profile, was studied.

The critical state was considered with allowance for the
reversible displacement of vortices in Ref. 12, in which,
however, effects due to the nonlocal relation between the
induction and the vortex density were not included.

A critical-state model that treats effects associated with
the nonlocal relation between B and n but not the reversible
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displacement of vortices was described briefly in Ref. 13.

In the present paper we present a unified approach that
takes into account the nonlocal relation between B and n
(i.e., the finiteness of the quantity \) and also the nonlocal
relation between n and the vortex displacement u (i.e., the
reversible displacement of vortices). We stress immediately
that, for simplicity, we are not treating effects associated
with the difference of the thermodynamic field H,, from the
induction B (this is justified in fields H>H ). In addition,
we do not intend to consider nonlocal effects associated with
the collective character of the pinning of the vortices;’ (see
also the review Ref. 6). Including these effects changes the
value of the critical-current density J ., which in our analysis
is a phenomenological parameter.

In Sec. 2 we formulate a general approach that makes it
possible to obtain the equations of the nonlocal model of the
critical state. This approach is applied in Sec. 3 to study the
effects of the nonlocal relation between B and n. We con-
sider the penetration of magnetic field into a superconducting
half-space and into a plate of finite thickness. It is shown that
when the external field varies nonmonotonically there is a
range of fields in which a change in the field does not lead to
hysteresis losses; the vortex-density distribution has discon-
tinuities, and in the case of the superconducting plate there is
always a vortex-free region in the center. All the effects
listed vanish as A—0, which corresponds to going over to the
usual model of the critical state. In Sec. 4 we construct a
model that takes into account not only the finiteness of \ but
also the reversible displacement of vortices. Here, all the
effects remain, but the characteristic quantities are renormal-
ized. The penetration of an oscillating field of small ampli-
tude superposed on the critical profile is investigated. It is
found that in this case, in contrast to the case of a constant
background field, the attenuation of the field has a nonexpo-
nential character. In the Conclusion we discuss the results
and the conditions for applicability of the model.

2. THE GENERAL APPROACH

In the local critical-state model (1) there is a single phe-
nomenological parameter—the critical current density J..
According to Labusch,® J_ is related to the bulk pinning
force P, at which the vortex lattice becomes unstable. It may
be said that when J becomes equal to J . (or, equivalently, P
becomes equal to P_) in some region of the superconductor
the vortices break away from the pinning centres and are
displaced in an irreversible manner. We shall call this region
critical, and denote it by (). But if in some region the
current density has still not reached its critical value, the
displacement of the vortex lattice is reversible. We shall call
this region subcritical, and denote it by ()...,. The current
density in ()., is smaller than J. and depends on the mag-
nitude of the displacement u of the vortices. The character of
the division of the volume of the superconductor into a criti-
cal and a subcritical region depends on the boundary condi-
tions and on the previous history.

We shall consider a hard type-II superconductor in the
form of an arbitrary cylinder in an external field H parallel
to its generator. We shall assume H ;<H,<<H_,, where H;
and H_, are the first and second critical fields, respectively.
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We shall also consider only those regions of the supercon-
ductor in which the magnetic field satisfies these inequalities.
In this case, the average spacing a between the vortices sat-
isfies the relation é<<a<<\, where £ is the coherence length.

The microscopic field # in the superconductor is deter-
mined by the London equation

h+\2curl curl h=®,>, 8(p—p;)=DN, A3)

i

where p is the two-dimensional radius vector in the plane
perpendicular to the magnetic field, the summation is per-
formed over all the vortex filaments, N=3;6(p—p;) is the
microscopic density of vortices, and ®; is the quantum of
magnetic flux. Any solution of (3) can be represented in the
form of a sum h=h,+h, of the Meissner field and vortex
field (see, e.g., Ref. 14), which satisfy the equations

h,,+\?curl curl k,,=0, 4)
h,+ Ncurl curl h,=®(N, 5)

with the boundary conditions 4,,=H, and k,=0. The solu-
tion of (5) can be represented in the form

hv:f d’p,N(py)hyi(p.p1), 6)

where h,(p,p;) is the field, at the point p, of one vortex
situated at the point p;.

In a macroscopic description of the superconductor it is
necessary to average the microscopic field & over scales d
much greater than the spacing a between the vortices. If
d>\ we obtain the macroscopic equation (1) and the local
relation (2). To construct a nonlocal model we shall perform
the averaging over scales a<<d<€\.

We shall average Egs. (4) and (5) over scales a<<d<<\.
Then the Meissner field remains unchanged (B,,=h,,), and
the average vortex field

B,(p)= f Lpin(p)hy(p.p1), )

satisfies the equation
B,+\%curl curl B,=®n. (8)

In the case of soft type-II superconductors the field
B, (p) is uniform over distances much greater than A from the
boundaries, and Eq. (8) gives the local relation (2) between
the induction and the vortex density. In the case of hard
superconductors the local relation remains valid only far
from the boundary and for not very strong pinning, when the
magnetic induction varies over distances greater than \. It is
this relation that is used in the traditional model of the criti-
cal state, but in the case of characteristic sizes comparable to
\, or in the case of sufficiently strong pinning, it is necessary
to use the more general relation between B,(p) and n(p)
given by Eq. (8).

We now take into account the nonlocal effects associated
with the reversible displacement of vortices in the subcritical
region ()., . In this region, when the external field changes
the vortices are displaced by a distance u(p), and this
changes the vortex density n from the old density 4. Inte-
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grating over time the continuity equation dn/dt=—div(nv),
where v is the velocity of displacement of the vortices, we
obtain

n=nq=div(ngq(u—1ugg)). ©)

In the right-hand side of this expression we have assumed
that n~n_; this corresponds to retaining only terms qua-
dratic in u in the expression for the energy (see below).

The critical-state equation (1) is the equation for the bal-
ance of forces acting on a vortex. In macroscopic form this
equation can be formulated as the condition for an extremum
of the Gibbs free energy G (for such an approach, see, e.g.,
Ref. 2). This formulation is convenient for the construction
of a nonlocal generalization of the critical-state model. We
stress that as a result we obtain all possible metastable states
of the system. The choice of a particular state is determined
not only by the equations that arise but also by the previous
history of the system.

We shall determine the specific form of the Gibbs energy
G as a functional of the vortex density » in the critical region
Q. and of the displacement u in the subcritical region
Qrever- We shall confine the analysis to an isotropic super-
conductor (certain nonlocal anisotropic effects are consid-
ered in Ref. 15). In this case G can be written as the sum of
the following terms: the electromagnetic energy G, , the
work G of the pinning forces in the critical region, and the
energy G,*" of the vortices in the pinning potential in the
subcritical region.

First we shall consider the electromagnetic part of the
Gibbs energy:

1
Gem=g f d’p(h®+\?(curl h)?>—2Hyh). (10)
By means of the relations (4) and (5) we can represent this
expression in the form'*

1
Ge,,,,=8—7—r j d’p(®oNh,—2Hh,), (11)

where the energy is calculated relative to that of the Meissner
state. To obtain the Gibbs energy expressed in terms of the
macroscopic variables n and B, it is necessary to average
(11) (see Appendix 1). We obtain

1
Ge/m=§; f dzp((DOnBv_zH(}Bv)9 (12)

where B, is the average vortex field. The latter expression is
not exact. As shown in Appendix 1, it is calculated with
relative accuracy ~H_;/H<1, which corresponds in fields
H>H _ to neglect of the difference between the induction B
and the field strength H(B). All the calculations below will
be performed to this accuracy.

We now consider G;’i‘, defined as the work of the pin-
ning forces upon penetration of vortices into the supercon-
ductor in the critical region. We shall confine ourselves to the
simplest case of an isotropic superconductor with P_=const.
Suppose that when the external field changes by 8H, the
density in () changes by én(p). The associated work SA
performed by the pinning forces is
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0A= f d’pP I(p) 6n(p),
crit
where [(p) is the shortest distance to the boundary. The same
can be obtained from variation of

G,'= f d*pP l(p)n(p). (13)
crit
The energy of a vortex in {),.,., depends on the displace-
ment u of the vortex. We shall confine ourselves to the sim-
plest approximation (see Refs. 10 and 11), in which the re-
storing force satisfies F~u for u<d,, where d, is the
interaction length. Finally, we obtain for the Gibbs energy

Grve'= f d*pn g ki3 u’. (14)
p rever ° 2d0
This expression corresponds to keeping only terms quadratic
in u in the energy, and therefore it has been assumed that
n=ngy-.

Variation of (12)—(14) with allowance for (8) and (9)
gives the possibility of obtaining the equations of a nonlocal
model of the critical state. Here, as already mentioned above,
these equations should be supplemented by an algorithm for
taking the previous history into account. These questions are
discussed in the next section for the simplest variant of the
model, without allowance for the reversible displacements of
the vortices in the subcritical region.

3. NONLOCAL MODEL OF THE CRITICAL STATE WITH
NEGLECT OF THE REVERSIBLE MOTION OF VORTICES

In this section we shall neglect the reversible displace-
ment of vortices in the subcritical region, i.e., we shall as-
sume that in Q..

n=ngq. (15)

In this case we can disregard the term G ", and we there-
fore obtain for the Gibbs energy

G d’pP, In(p).

crit (1 6)

Varying G with respect to n (see Appendix 2), we obtain, in
the critical region,

B=H0—(41T/<I>0)Pcl

=§; dep(QOnBU—ZHOBU)+J

In this equation we have P,=|P | when the external field
increases and P, = —|P,| when it decreases. Using the defi-
nition J .= (c|P.|)/(®,), we finally obtain

47
B=H0tTJcl. 17)

This expression coincides with that obtained in the local
model of the critical state. We stress, however, that in the
derivation of (17) the Meissner field was taken into account
exactly, and therefore is valid near the boundary of the su-
perconductor, at distances much smaller than \. (Of course,
this is not so in a surface layer ~a.)
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In the subcritical region ()., the vortex density n does
not change when the field changes. In the local model this
also implies constancy of the magnetic induction B. When
nonlocal effects are taken into account this is not so. The
magnetic induction in the subcritical region obeys the equa-
tion

B+ \%curl curl B=®¢ny (18)

and matching conditions on the boundary with the critical
region. We shall examine these conditions. The first is the
continuity of the magnetic induction. The second can be ob-
tained from Eq. (8). Integrating (8) over a small region near
the boundary and letting the size of this region tend to zero,
we find that the current density J =(c/4 7)curl B should also
be continuous. Moreover, this is true even if the vortex den-
sity n experiences a discontinuity at the boundary. (Only in
the case of a &-function singularity of n is it not true.) These
two conditions also permit us to find the position of the
boundary of the critical and subcritical region. We stress that
in the local model the current density has a discontinuity on
the boundary of the critical and subcritical regions. In the
nonlocal model this discontinuity appears in the limit A—0.

As noted above, the variational approach makes it pos-
sible to obtain all the metastable states of the system, and to
find each particular state it is necessary to take the previous
history of the system into account. We shall consider in more
detail how the previous history must be taken into account in
the nonlocal model of the critical state. Suppose that we
know the distributions of the magnetic induction B,y and
nyq corresponding to some value of the external field Hy.
Let the external field change. Then, in the general case, a
critical region arises near the surface. In this region the vor-
tex density n changes from n.q4, but the current density J is
a known quantity, equal in magnitude to the critical current
density J.. This makes it possible to find the induction in
this region, using Eq. (17). Knowing the induction, we can
find the new vortex density from (8). In the subcritical region
the vortex density is a known quantity n=nq4, and the cur-
rent density, which is smaller than the critical density,
changes. This new current density and, correspondingly, the
new induction can be determined from Eq. (18) and the
matching conditions.

Thus, a nonlocal model of the critical state has been
constructed above. We now consider features of this model
for the simple special case of the penetration of the field into
a superconducting half-space x>0. Suppose that the external
field H, has first increased to H,,,, and has then begun to
vary periodically in the range (H i, ,H ay)- The problem is
effectively one-dimensional, and the basic equations (17) and
(18) can be written in the form

dB 4

Far (19)
, d°B

B—\ F=q>0n. (20)

In the critical region we must substitute J=*J_ into (19),
and the vortex density n(x) here is an unknown function. In
the subcritical region the vortex density is known
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[n(x)=ng4(x)), the distribution of the induction is found
from (20), and the current density must be determined from
(19). In advance we know only that |[J|<J ..

When the field increases from 0 to H,, the vortices
penetrate to a depth b into the superconductor. In the interval
0<x<b a critical region appears, in which the current den-
sity is J= —J .. The magnetic induction in this case is

4T
B(x)szax_Tth~ (21)

The region x>b is subcritical with n,3=0. Taking this into
account, from (20) we obtain

x—b
B(x)=C exp( - T) , (22)
where C is a certain constant. The conditions for continuity
of the induction and current density at the point x=5b give
two equations, and the two unknown constants that are de-
termined from these equations are b and C. We obtain

cH .

b= 471_]0—)\, (23)
4

C=—C—JC)\. (24)

Substituting the function (21) into Eq. (20), we find the vor-
tex density n(x) in the critical region (0<x<b):

1 4
n(x)z()TO (Hmax_,;‘jcx)' (25)

In the subcritical region x>b we have n(x)=ng,4=0. But
the induction in this region is nonzero [see (22)]. Neverthe-
less, it is natural to call b the penetration depth; strictly, it
signifies the depth of penetration of the vortices, and gives
the characteristic scale of the penetration of the field.

We note an important property of the solution obtained:
At the point b the density vanishes discontinuously. For the
size of the discontinuity we have

47 J N\
An(b)= T (Do .

Physically, the density discontinuity appears at the point b
because a vortex can only advance into the interior of the
superconductor if the finite pinning force P, is overcome.
The vortex advances under the action of the electromagnetic
force created by the Meissner field and the field of the other
vortices. It is found that if the vortex density is smaller than
(4m/c)(JN/Dy), and, consequently, the spacing between
the vortices is sufficiently large, the electromagnetic force
acting on our outer vortex is smaller than P_. For the same
reason, for H,,<(4m/c)J N it is completely impossible for
vortices to enter into the superconductor. In this case the
Meissner-current density

J_iHmax _[x
m~4m N P (X

is smaller than J, throughout the superconductor. Only for
H,.>(47/c)J N\ do we have J,,>J ., near the surface. In

(26)
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this case the force exerted by the Meissner currents on the
first vortex nucleated at the surface exceeds P, and the vor-
tex moves into the interior of the superconductor.

We stress that, because in the derivation of the equations
of the model we neglected fields ~H_;, everything that has
been said above is valid, strictly speaking, only if
(47/c)J A>H_,.

When, having reached H,,,, the external field H, be-
gins to decrease, in fields satisfying H,,,,—AH<H,<H .,
the vortex density remains constant throughout the supercon-
ductor. The pinning force acting on a vortex near the bound-
ary changes from P_ to —P_.. The magnetic induction then
also changes, since the Meissner component 4, changes.
Since the vortex field remains unchanged for
Ho .~ AH<H,<H,_,, it is easy to find the interval AH in
which the current density at the surface changes from —J _ to
J .

c*

8
AH=—J_\.
c

27
It may be said that in this interval of fields no critical region
arises, and the vortex density remains everywhere as formed
during the increase of the field:

( 4
H0+ _ch
4 8w X=Xy
B(x)={ Hmax——c—JL.x—‘—E—JC)\ exp| —
7TJ \ x—b 877'] \ X=X
T
— H0+—Jc.x) for 0<x<x,,
@,
=¢{ 1 4
n(x) —O(Hmax— 71-ch) for xo<x<b, (30)
0, for x>b,
where
C(Hmax_HO)
xo_———gﬁjc - (31)

On the boundary x =x, between the critical and subcriti-
cal regions the density experiences a discontinuity

8w J A\
An(xy)= - o,

(32)

We note that the appearance of a density discontinuity on the
boundary between the critical and subcritical regions is a
general consequence of the proposed model. In fact, Eqgs.
(17) and (18), together with the conditions that the induction
and current density be continuous on the boundary of the
critical and subcritical regions, make it possible to determine
all the unknown quantities [in particular, the vortex density
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1 4

— (Ho_ _chx) for 0<x<b,
noa(x)=1 Po ¢ (28)

0 for x>b.

To determine the induction it is necessary to solve Eq. (20)
with the vortex density n(x)=ng4(x) given by the expres-
sion (28), with the boundary condition B(0)=H,. The solu-
tion is presented in Fig. 1b.

In the range H,,,,—AH <Hy<H_,, the hysteresis losses
in the superconductor are equal to zero. The quantity AH is
proportional to J .\ and depends on the geometry of the sys-
tem. Below, AH is also calculated for a plate. When we go
over to the local model, AH—O0.

When the field decreases further a critical region
(0<x<x,) arises. As before, the boundary x, of the critical
and subcritical regions is not known in advance, and is de-
termined from the matching conditions in the process of the
solution. The difference from the solution considered previ-
ously is that, in the subcritical region x>x, the vortex den-
sity ng4(x) is not equal to zero, but is given by the expres-
sion (28). We have (see Fig. 1b)

for 0<x<x,,
for xy<x<b,

29

for x>b,

n(p)] everywhere. Here, no matching conditions for the vor-
tex density are used in the construction of the solution, and
this, generally speaking, should lead (and usually does lead)
to a density discontinuity. The magnitude of the discontinuity
depends on the geometry of the system, and is also calcu-
lated below for a plate. When we go over to the local model
(A—0) the density discontinuities disappear.

From a physical point of view, the reason for the appear-
ance of the density discontinuities is as follows. In the ex-
ample considered, the vortex density ng4(x) in the subcriti-
cal region x>x, was formed during the penetration of
vortices from the boundary into the interior of the supercon-
ductor. As the field decreases however, in the critical region
0<x<x, the vortices move in the opposite direction, toward
the boundary of the superconductor. Here, in the one case the
force acting on the vortex is equal to P, and in the other it
is equal to — P_. For the electromagnetic force acting on a
vortex at the point x, to change by 2P, it is necessary that
the induction B(x,) change by AH (27). This implies the
existence of the density discontinuity (32). The simplest way
to see this is to note that in the case J.=const, in the critical
region, the simple relation B(x)=n(x)®; holds. (This is
connected with the linearity of the critical profile, and is not
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FIG. 1. Evolution (a—f) of the spatial distributions of the magnetic induction :l\—\// f 3/\ /:\If

B and vortex density n in the half-space x>0 for periodic variation of the

external magnetic field.

FIG. 2. The same as in Fig. 1, but for a plate —d/2<x<d/2.

true in the subcritical region.) At the moment of formation of
the density n4 (28) the corresponding critical profile of the
field is determined by Eq. (21) with J= —J . As the external
field decreases the vortex density at the point x=x, does not ~ smaller than d/2, i.e., for any external field there exists a
change at first; nevertheless, the induction at this point de-  vortex-free region at the center of the plate. (Of course, this
creases, and the current density changes from —J, to J,. conclusion is valid if the size of the vortex-free region is
Here, the relation B(xo)=n(xo)®, is not valid. When the greater than the spacing a between the vortices. In suffi-
induction decreases by AH, the current density becomes  ciently strong fields this is not so, and the vortex-free region
equal to J.. To the left of the point x, a new critical state disappears.) Only in the limiting case \/d—0 does a break
will be formed, for which the relation B(x)=n(x)®, is  appear in b(Hy,,), and the penetration depth is described by
again valid. From this it follows immediately that the new the usual formula
vortex density (to the left of the point x) differs from the old
(to the right of the point xy) by An=AH/®,.
When the field increases from H;, to H,,, the calcula-
tions are completely analogous. The only expression to 15 2
change is that for n,4(x), which in this case is given by Eq.
(30). The profiles of the induction and density for this case
are presented in Figs. 1d—f.

A series of field and vortex-density distributions for pen-
etration of the field into a plate —d/2<x<d/2 is given in
Fig. 2. The principal features here are the following.

The penetration depth b?' during the initial increase of
the external field is given implicitly by the expression

b1 x coth| 2222 = Hnas 33
coth| —~ =Tl (33)

271 d

We stress that in the nonlocal model the vortex-density and
field distributions during the initial increase of the external
field are always similar to those given in Fig. 2a. In this, the
nonlocal model differs from the local model of the critical
state, in which the field distributions are qualitatively differ-
ent in fields H,,,<H, and H,,>H,, where
H,=(2m/c)J .d is the penetration field. In Fig. 3 we plot the
penetration depth b? !"as a function of the external field H max

for different values of the quantity A/d. It can be seen that FIG. 3. Dependence of the penetration depth 5/ on the external field H, for
for finite values of \/d the penetration depth is always different values of the parameter d/\. The dashes denote the local limit (34).
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bl [ cHpo /4], for Hyy<H,, 4

2 for Hopa>H,.

The magnitude of the barrier for the plate is modified in
comparison with (27):

8w d

AHP'=— J \ coth| —|. (35)
c A

The magnitudes of the density discontinuities on the bound-

ary between the critical and subcritical regions are calculated

in an analogous way:

oo 8mIN(xf
AnP'(xB)= = o, coth| <=/, (36)

where x5’ is determined implicitly by the expression

f_g_l) — C(Hmax_HO)

i —xP 4\ coth
0 N 47,

> (37)

Distinctive features of the surface impedance of a plate
of thickness d~\ in the given model are discussed in Ref.
13 (see also the Conclusion).

4. NONLOCAL MODEL OF THE CRITICAL STATE WITH
ALLOWANCE FOR REVERSIBLE DISPLACEMENT
OF VORTICES

In Sec. 3 we disregarded the reversible displacement of
vortices in the subcritical region. However, as will be seen
below, in strong magnetic fields the effects associated with
this displacement are often comparable to the nonlocal ef-
fects associated with the finiteness of . In this section we
present a critical-state model that takes these two factors si-
multaneously into account.

The Gibbs free energy in this case has the form

d*plP_ n(p)

crit

1
G=— dzp(¢0nBU—2HoBv)+J’
87 Ja

+ f d’pn Le v’ (38)
Q old 2d0 .

rever

Variation of G gives

1
5G=560,i,+8—7; f d2p(2c1>0(3,,+h,,,—H0)5n

rever

P,

+d0

unoldﬁu) ’ (39)

where 8G;, is the variation of G over the critical region,
which coincides with that considered in Sec. 3. It follows
from (9) that 6n=—div(n,4du). Using this relation, we ob-
tain

®
8G = 8G oy + — f (Ho—B)ngydudl
4 S

)
47 Jqo

Je

. 4
d*pnyoul [ey,curl Bl+ — —u|,
c dg

rever

(40)
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where S signifies integration over the boundary, dl is a
length differential perpendicular to the boundary and point-
ing into the critical region, and e, is the unit vector in the
direction of B.

Equating the integrand in the volume integral in (40) to
zero, and multiplying by e,, we obtain

41
curl B= TJC

u

eo,d_o . (41)

From the condition that the current density be continu-
ous on the boundary of the critical and subcritical regions, it
follows that here we have u=d, (and, correspondingly, Su
=0), and therefore the surface integral in (40) is equal to
Zero.

Thus, we can now formulate the system of equations of
a nonlocal model of the critical state with allowance for re-
versible displacement of vortices. It consists of three equa-
tions for the three unknown functions B(p), n(p), and u(p):

B+\? curl curl B=®ne,, (42)
40 u

curl B=TJC eo,:i; s (43)

n=ngg—div(ngg(u—1ugqg)). (44)

In the critical region the displacement is equal to the maxi-
mum possible value, u = *d,. In this case, only the first two
equations of this system are used, and the system goes over
into the one described in Sec. 3. In the subcritical region we
have |u|<d,, and self-consistent solution of all three equa-
tions is necessary.

As in Sec. 3, to find a particular solution it is necessary
to take the previous history into account. Now, when the
external field changes the density varies not only in the criti-
cal but also in the subcritical region. In the latter region,
knowledge of the previous history implies knowledge not
only of the old density n,4 but also of the old displacement
u,4, which in the critical region is equal to *d,.

Using this model we shall consider a specific problem—
the penetration of the field into the half-space x>0. The
formulation of the problem is identical to that considered in
Sec. 3. Eliminating the vortex density n from Egs. (42)—(44),
and writing them in one-dimensional form, we obtain

dB 4 u

o leay 45)
2 d’B d
B—NX\ W:‘Do Roa— d_x— (ngg(u—ugq)) |- (46)

During the increase of the field from 0 to H,,, there is
no subcritical region, and, therefore, in this case, the solution
coincides with the corresponding solution from Sec. 3. When
the field is subsequently reduced from H ,,, , a range of fields
Hmax—AHd<H0<Hmax also arises in which only the sub-
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critical region exists. The magnetic induction here is deter-
mined by Eq. (46), in which we must set u,y=d. (Note that
if we were considering the penetration of an oscillating field
superposed on a background uniform field, u, 4 would be

equal to zero.) Solving this equation and joining it with the
exponentially decaying solution in the region x>b (see Ap-
pendix 2), we obtain (for simplicity it is assumed that
dy=const<\)

4 N4%(0) —2(N440)—N%(x))
Hmax_ - ch+ (HO_Hmax) ;ff( CXP( eﬂ( eff( for x<b,
¢ Nesi(X) dy
PO N{0) [ —2040)-N) (x—b) “
o - £ - X—
[T JN+(Hy—H ) e)\ exp( edo ) exp( - ) for x>b,
[
where The expression for the barrier AH? is modified in com-
. ) Ho —dmiclx parison with (27). As in Sec. 3, we obtain
Nesr= YN +do —f———— (48)

4m/cd,

The expressions obtained solve the problem of the pen-
etration of a field disturbance into a superconductor super-
posed on a nonuniform critical profile. A similar problem
was solved in Ref. 10, except that there the penetration of a
disturbance superposed on a uniform field was considered. In
contrast to Ref. 10, in which the disturbance decays expo-
nentially, in our case the attenuation has a nonexponential
character. This is due to the nonuniform vortex-density dis-
tribution. It may be said that in the case of a uniform density
distribution our results coincide with those of Ref. 10.

¢

AHd=8—"J A%(0) (49)
c cite N

We note that the latter formula contains an effective penetra-
tion depth A%4(0), which can be much greater than the Lon-
don depth A.

When the external field is lowered below H,,,—AH? a
critical region arises. Joining the solutions in the critical and
subcritical regions, we obtain

4T
Hy+ T'ch for 0<x<xg,
41 8 Neg(xo) _2()\dff(x0)_)\dﬂ(x))
- — e  J x—— T4 i ¢ ¢ for xo<x<b,
B(x) \ H_ .. - Jx - J A ggl(xg) )\gﬂ(x) exp 4 0<x (50)

47 8 Nd(x0) —2(N%dx0)—\) x—b
— J A= — T N(x0) et 0 exp( el X0 exp _=h for x>b,

(L c c A dy

where x is the boundary of the critical and subcritical re-
gions, which can be determined from the relation

8w d
Hmax_HO':TJc(xO-{_)\eﬂ(xO))- (51)
Here, the density discontinuity on the boundary of the criti-
cal and subcritical regions is given by the expression

8mJN A\

A= g o)

(52)

In Figs. 4a—c we give profiles of the induction B(x) and
density n(x) as the field is decreased from H,, to H .,
with allowance for reversible displacements of vortices in the
subcritical region. It can be seen that, in contrast to the re-
sults of Sec. 3, the vortex density changes in the subcritical
region as well, and this leads to a decrease of the density
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discontinuity at the point x,. We stress the following inter-
esting feature. Allowance for the reversible displacements
leads to a renormalization of the quantities AH and An.
Moreover, if in the expression (27) for the barrier this renor-
malization consists in the replacement of X by A, the den-
sity discontinuity (32) is multiplied by M/ 4. It may be said
that when reversible displacements are taken into account
AH increases and An decreases.

We now discuss the question of how the system will
behave as the field is increased from H;, to H,,. All the
results of this section remain valid in this case too. In all the
formulas, only the expression for the effective penetration
depth is modified, because of the decrease of the vortex den-
sity near the boundary. In place of xfjﬁ we must substitute

) H_ .+ (47/c)] x

i 2 min

eff Jx +d0 (47T/C)JC (53)
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FIG. 4. The same as in Fig. 1, but with allowance for the reversible dis-
placements of vortices in the subcritical region. Profiles for the first half-
period of the variation of the external field are given.

To conclude this section, we shall discuss the question of
how this model and the local model of the critical state are
related. When the formal limit A—0 is taken in the formulas
of this section, we obtain the local model of the critical state
with allowance for the reversible displacement of vortices.
The barrier AH then remains, but the density discontinuities
An vanish. If, in addition, we let dy—0, keeping u<d,, we
obtain the usual local model of the critical state.

5. CONCLUSION

The model of the critical state is a rather crude approxi-
mation. In particular, it is found not to be valid for the de-
scription of a whole group of phenomena in systems with
characteristic sizes commensurate with the London field-
penetration depth . In this case, it is necessary to take non-
local effects into account.

Nonlocal behavior in the critical-state model is usually
taken into account in different versions of the theory of col-
lective pinning’ (see also the review Ref. 6). The main aim
of this theory is to calculate (starting from microscopic phe-
nomenological characteristics of the superconductor such as
the coherence length, London depth, pinning potential, etc.)
the macroscopic observable characteristics—the critical-
current density, the depinning temperature, the melting tem-
perature of the vortex lattice, etc. The finiteness of the Lon-
don depth X\ is taken into account, e.g., in the calculation of
the elastic response of the vortex lattice.'>!® All these ques-
tions lie outside the scope of this paper. Here we assume that
we know the bulk critical-current density J ., which is a con-
stant and does not depend on the magnitude of the magnetic
field, the vortex density, the distance from the boundary of
the superconductor, etc. This assumption is rather crude, and
in a more systematic model it would be necessary to calcu-
late J. and the distributions of vortex density and induction
self-consistently with allowance for nonlocal and boundary
effects. However, this is a considerably more complicated
problem than that considered here.
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In recent years a detailed analysis of the penetration of
electromagnetic waves into a type-II superconductor has
been carried out with allowance for nonlocal and boundary
effects (Meissner currents and vortex images), bulk pinning,
and creep.!%!"!® However, the linear response was consid-
ered. The penetration of an oscillating field superposed on a
uniform constant field was studied.

In Refs. 4, 8, 9, and 11, field penetration into a super-
conductor was investigated in the framework of the local
Bean model with allowance for reversible displacements of
vortices near pinning centres.

In this paper we have investigated the nonlinear response
and the formation of the critical state with allowance for
nonlocal effects. We have presented a unified approach that
takes into account both the nonlocal relation between B and
n (i.e., the finiteness of the quantity \) and also the nonlocal
relation between n and the vortex displacement u (i.e., the
reversible displacement of vortices).

A model in which the equilibrium displacement of vor-
tices near pinning centres is neglected and it is assumed that
the vortex density n(x) changes only when vortices break
away from pinning centers has been considered in Sec. 3.
This model was described briefly in Ref. 13. We shall con-
sider certain distinctive features of this model.

First, at the matching points the vortex density distribu-
tion exhibits a discontinuity. The appearance of the disconti-
nuities signifies that the characteristic scale of the variation
of the density near the matching points (and near the bound-
ary) is a, and not \ as might have been expected. We note
that an analogous fact was discovered previously for soft
superconductors in Ref. 14, in which it was shown that the
spacings between vortices do not change right up to the
boundary of the superconductor.

Second, when the external field varies in the interval
H . —AH<H<H_,, the density of vortices in the plate
does not change anywhere. If the amplitude of the oscillating
field is smaller than AH, the hysteresis losses in the plate are
equal to zero.

Third, for any value of H,,, there always exists a region
in the center of the plate where the vortex density satisfies
n=0. This is due to mutual repulsion of the Abrikosov vor-
tices at the center of the plate. (Of course, the vortex density
could be nonzero at the center of the plate if, e.g., magnetic
field was frozen in the plate during the transition to the su-
perconducting state.) This result diverges qualitatively from
the predictions of the traditional critical-state model, in
which a region with n=0 exists only in a field smaller than
the penetration field H,=(2m/c)J d.

Note that the magnitude of the vortex-density disconti-
nuity, the barrier AH, and the size of the region with n=0
are proportional to \, and vanish when we take the local
limit A—0.

In Sec. 4 we present a nonlocal model of the critical state
with allowance for the reversible displacement of vortices.
Here, as in Sec. 3, in the case of periodic variation of the
field on the surface a range of fields appeared in which the
hysteresis losses vanish and the vortex density is discontinu-
ous in the superconductor. However, the magnitudes of this
interval of fields and of the density discontinuities change,
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and begin to depend on the previous history of the system. In
the formulas the London depth N is now replaced by an
effective penetration depth A, which can be much greater
than A.

The model presented is valid in fields H {<H <H_,.
Here, we have not taken into account effects associated with
the difference of the thermodynamic field H,, from the in-
duction B; this is justified in fields H>H_, . The averaging
method given in Appendix 1 makes it possible, in principle,
to treat these effects. Then, with the same accuracy, it is
necessary to perform a more correct analysis of the surface
effects.

We now discuss some possible ranges of applicability of
the model presented.

It is obligatory in the description of superconductors
with characteristic sizes comparable to the penetration depth.
In particular, in Ref. 13 distinctive features of the surface
impedance of a plate of a hard superconductor of thickness
d~\ are discussed using the example of a textured ceramic
high-temperature superconductor with characteristic granule
thicknesses ~10 um. It is well known that the surface resis-
tance % of a superconducting plate has a maximum when
the depth of penetration of an oscillating magnetic field is on
the order of the sample thickness d (see, e.g., Ref. 20). Ac-
cording to the local model of the critical state, the height of
this maximum, normalized to the surface reactance
Xn=2mwd/c? of the sample in the normal state, does not
depend on any physical parameters:

max=Pmax/ Xn=3/47. (54

The result (54) does not depend on the manner in which the
penetration depth of the oscillating field varies—the imped-
ance can be investigated as a function of the constant field,
the temperature, the amplitude of the oscillating field, etc. In
certain cases, however, R, is found to be appreciably
smaller than 3/4r. In Ref. 13 the temperature dependence of
the dimensionless surface resistance R’ =%/, is given for
various values of the amplitude of the oscillating field. All
the plots contain the maxima under discussion, the height of
which at low temperatures agrees with the predictions of the
local model of the critical state. However, as the temperature
approaches the critical value the height of the maximum de-
creases. As shown in Ref. 13, this behavior of the impedance
is related to the increase of the penetration depth N\, which
can be comparable to the characteristic geometric dimen-
sions of the system. The surface resistance of a plate in an
oscillating external field H(¢t)=H,+ h, cos wt, calculated
by means of the proposed nonlocal model, has a maximum
whose height R, .. decreases as the parameter \/d increases.
We note that the fused samples of high-temperature super-
conductor in this experiment had a laminar structure in
which the characteristic thickness of the crystallites was
about 10 um, which is comparable to A. The role of the
parameter d in this experiment was played by the thickness
of the crystallites, and not by the total thickness of the su-
perconducting sample. Another possible application may be
to low-temperature microcomposite superconductors with
superconducting strands of radius ~\ (Refs. 12, 21).
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In bulk superconductors with scales much larger than the
penetration depth, it is necessary to use the proposed model
if the critical-current density is sufficiently large. In addition,
a nonlocal model is necessary in the study of surface effects,
when it is necessary to take the Meissner currents into ac-
count explicitly.

The model presented is also necessary in the investiga-
tion of the penetration of an oscillating field of small ampli-
tude into the bulk of a hard superconductor superposed on a
large stationary field. In this case, differences from the local
model appear even in the case of superconductors of large
size. In the article, it is shown that when the external field
varies in an interval H,,—AH<H<H_,, the vortex den-
sity in the superconductor does not change anywhere (only
the Meissner component of the field changes). If the ampli-
tude of the oscillating field is smaller than AH, the hysteresis
losses are equal to zero. The quantity AH is directly propor-
tional to the bulk critical-current density J. and the London
depth A. In the Bean model, AH=0. In experiment we
should expect a considerable decrease of the hysteresis losses
(in comparison with the values that are predicted by the local
model of the critical state) if the amplitude of the oscillating
field is comparable to AH.

The authors thank I. F. Voloshin, L. M. Fisher, and V. A.
Yampol’shii, in coauthorship with whom the work in Ref. 13
was carried out. We should also like to thank the referee for
careful study of the paper and useful comments that facili-
tated improvement of the article.

APPENDIX 1

In this Appendix we discuss the transition from the mi-
croscopic description (by means of the vortex coordinates) to
the macroscopic description (by means of the density n and
the induction B of the field). For this it is necessary to aver-
age the Gibbs energy (11) and the microscopic field (6) over
scales much larger than the London depth A and much
smaller than the spacing a between the vortices. We intro-
duce the s-particle distribution functions F (p;,05,...,.0),
which are the probability of finding the first vortex in the
volume element dp,, the second in the volume element dp,,
etc. We shall normalize these distribution functions to the
total number N of vortices. We note that in this case F,(p)
coincides with the vortex density n(p) on those parts where
F(p) is varying slowly: V(F,)/F,<1/a. The functions F|
and F_ are related as follows:

1
Fs—l(pl’-"ps—l):m fvdpst(plv'-"ps—l’ps)-
(Al1.1)

Multiplying the Gibbs energy (11), which depends on the
vortex coordinates, by the N-particle distribution function
Fn(pys....px), and using (A1.1), we obtain
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G|[F,,F,]= “""O dzpdzp F PP h P, P
[ 1> 2] 8 1 2( (] l) l( > l)
2 j d2p1 (p)” (p P)
8w 1 15

H
_H(;szﬂdzplﬂ(pl)hl(p,pl). (A1.2)

We represent the two-particle distribution function in the
form

Fy(p,p1)=F1(p)F1(p1) +F1(p)g(p:p1)- (A1.3)

The form of the conditional-probability density g(p,p;)
is determined below.

We shall consider first the regions where
V(F,)/F,<1/a. Here, F;=n, and the functional (A1.2) has
the form

1
Gem==5— f d’p(®ynB,—2H,B,)+AG, (Al1.4)

8w

where

AG=&Jd2 (p)h1(p,p)
8 pnip)hi(p,p

®
+ & Jdzl’dzpln(p)g(p,pl)hl(p,pl). (ALS)

We have g(p,p;)—0 in the limit |p—p,| >, since the par-
ticle correlations vanish at infinity. On the other hand, it is
obvious that by virtue of the mutual repulsion of the vortices
we have g— —n(p) as |p,—p,|—0. In addition, it can be
shown that g is nonzero in a region of the order of the spac-
ing a between the vortices. We adopt the following step ap-
proximation, which satisfies all the conditions enumerated
above and the normalization condition [ g(p,p,)d’p=—1:

1
—n(p)  for |P—P1|<\/T(p),
g= . (Al.6)
0 for |p_pl|>\/T(p)-

Using this approximation, from (A1.5) we obtain
In(H 5 /®gn)

(A1.7)
In

1

AG= g d 2 I)d’ OnH cl
We stress that this expression has been obtained with loga-
rithmic accuracy, i.e., in the argument of the logarithm coef-
ficients of the order of unity have not been retained. To this
accuracy the answer does not depend on the form of the
function g. It can be seen that in fields Hy>H_; the term
AG in the latter expression can be neglected.

The regions where V(F)/F;=<1/a holds are surface re-
gions and regions of density discontinuity. It can be show
that in fields H,>H ., the contribution to (A1.2) from these
regions is of the same order as AG.

In the case of a uniform vortex-density distribution
n=const, allowance for (A1.7) in the Gibbs energy (Al.4)
gives the well known formula for the equilibrium induction
of a regular lattice:
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o ( ez ) (A1.8)

B_Heq— m In <I>0n
The approximate approach proposed here is valid for an ar-
bitrary distribution of vortices, and gives the possibility of
taking systematic account, in the model of the critical state,
of effects associated with the difference of the thermody-
namic field H,, from the induction B. However, consider-
ation of these questions goes beyond the scope of this article.

APPENDIX 2

In this Appendix we derive the critical-state equation
(17), in which the contributions from the Meissner fields are
taken into account explicitly. We shall perform the analysis
for a superconducting cylinder of arbitrary (not necessarily
circular) cross section in a magnetic field parallel to the gen-
erator of the cylinder.

To obtain the critical-state equation we vary G with re-
spect to n:

1
iy Jndzp(q’oBv&l+¢0”5Bv_2H05Bv)

+ J d’pP 16n(p). (A2.1)

crit

Taking into account that 8B, = [ d’ph,én, we obtain

@08+ @ [ pih(py.on(p))+ 8P

“ZHondzPlhl(Pl ,p)=0. (A2.2)
The second integral in this expression is equal to
—2H,®y(1—h,(p)/H,) (see Appendix 4 in Ref. 19). To
calculate the first integral we make use of the symmetry
h,(p;,p)=h,(p,p,) of the Green’s function of the London
equation (3). The result is that the first integral is equal to
®,B,, and the vortex field is

M) LA
H, P,
Finally, for the total field B=h, + B, we obtain Eq.

(17). Note that in the derivation we used the condition
P_=const.

Bv(p)=H0(1— Pl (A2.3)

APPENDIX 3

In this Appendix we give the solution of the system (45),
(46) with uyy=d, and n,4 determined by (28). Eliminating
u from the system under consideration, and representing
B(x) in the form

47
B(x)szax—TJCX+B(x)’ (A31)

we obtain an equation for B(x):

da’pg g d’B H,,cdyd*B
—\2 —_g P, CF . Tmaxt%0
B\ dx? do dx dox dx? 47, dx?

(A3.2)
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with the boundary condition B(0)=Hy—H 5y -
This equation, after the substitution

2\ dy cHy, dox 2\
= e— + — — — e — .
=7 N dmIn N dy (A3.3)
takes the form
&’ dp
22 P P 2p_
y 2 +y I y“B=0. (A3.4)

Its general solution is B(y)=CIy(y)+C,Ky(y). Note that
in this equation y>1 always holds (here we have used
dy~a<\). Therefore, the following asymptotic representa-
tion of the general solution is always valid:

1
Bx)=C1\ 3 exp(y)+C2 3 expl(=y). (A35)

Matching this solution with the exponentially decaying solu-
tion B(x>b)=C; exp(—(x—b)/\) and neglecting fields
~4mxJ dy/c, we obtain (47). Note that, to this accuracy, we
can disregard the change induced in the penetration depth b
by the reversible displacement of vortices, and assume that b
is given by (23).
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