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The remagnetization processes occurring in ceramic oxide superconductors in strong magnetic 
fields have been studied experimentally and theoretically. A model of the critical state, 
which makes it possible to take into account the granular structure of ceramic high-T, 
superconductors, has been developed to interpret the experimental results. Equations describing the 
hysteresis loops of granular materials in strong magnetic fields have been derived for an 
arbitrary dependence of the critical current density on the magnetic induction. It has been 
established for the high-T, superconductors investigated that the function j,(B) is 
characterized by the existence of two scaling parameters Bo and B , ,  which distinguish regions 
with different rates of decrease of j, . The proposed form of j,(B) yields quantitative 
agreement between the experimental and theoretical hysteresis loops. The behavior of j,(B) thus 
obtained is in good agreement with that previously found in fields up to 5 kOe. O 1995 
American Institute of Physics. 

1. INTRODUCTION 

It is known that high-temperature (high-T,) supercon- 
ductors are hard type-I1 superconductors.1~2 Therefore, the 
magnetic and resistive properties of high-T, superconductors 
are determined to a considerable extent by the distribution of 
the Abrikosov vortices throughout the volume of the mate- 
rial, as well as by the character of their pinning. One of the 
most important characteristics of high-T, superconductors, 
the critical current density j,, is related to the vortex struc- 
ture and its degree of pinning. In single-crystal high-T, su- 
perconductors the value of j, is determined by the pinning 
force acting on the Abrikosov vortices. The investigation of 
j,,  particularly the determination of the dependence of j, on 
the magnetic induction B, is of special importance, for ex- 
ample, from the viewpoint of studying specific mechanisms 
of vortex pinning and the possibility of regulating them with 
the aim of increasing the pinning force. 

It should, however, be noted that the direct study of the 
characteristics of the transport current on the basis of an 
investigation of current-voltages characteristics is often asso- 
ciated with technical difficulties, which are due primarily to 
the formation of Ohmic contacts. For this reason, informa- 
tion on the critical current density is often obtained using 
so-called contactless methods. Among them the most impor- 
tant is the approach based on a study of the remagnetization 
of hard type-I1 superconductors in a slowly varying external 
magnetic field.3 

When objects are selected to investigate the hysteresis 
curves of high-T, superconductors, several circumstances 
must be taken into account. For example, when single-crystal 
high-T, superconductors of cylindrical shape are employed 
in the simplest experimental geometry (with the field H par- 
allel to the axis of the cylinder) and the radius of the cylinder 
is a macroscopic quantity (R-1-10-I cm), the penetration 
field H, can be so strong that the Abrikosov vortices effec- 
tively penetrate only into a thin surface layer. Therefore, only 

a small fraction of the superconducting material is probed. 
The situation is different for ceramic high-T, superconduct- 
ors, in which the superconducting regions are conglomerates 
of granules with a characteristic radius R - ~ o - ~  cm. The 
penetration field is significantly weaker for them, and the 
vortices can penetrate the entire depth of the granules. 

The concept of a critical state is often utilized to describe 
the magnetic properties of type-I1 This 
approach provides a qualitatively correct description of the 
hysteresis loops even for polycrystalline high-T, supercon- 
ductors. However, the complex character of the magnetiza- 
tion processes in such superconductors requires that the 
granular state of the structure be considered in a quantitative 
treatment of experimental results. The granular structure has 
been taken into account in several i n ~ e s t i ~ a t i o n s ~ ~ ~ - ' ~  in the 
region of the so-called low-field electrodynamics of high-T, 
superconductors, but there have not been any theoretical pa- 
pers which describe the hysteresis loops of high-T, super- 
conductors in strong (H-50 kOe) magnetic fields and take 
into account the granular structure of the material. 

This paper presents the results of a modified critical-state 
theory, which makes it possible to describe experimental 
hysteresis loops of polycrystalline high-T, superconductors 
with consideration of their granular structure. The average 
over a statistical ensemble of granules is performed explic- 
itly and equations which are convenient for calculating hys- 
teresis curves are derived. A comparison of the calculated 
results with experimental hysteresis loops reveals good 
agreement. A new form of the dependence of the critical 
current density on the magnetic induction is proposed. The 
uniqueness of this dependence is characterized by the pres- 
ence of two magnetic induction scales, which demarcate re- 
gions with different rates of decrease of the critical current 
density. 
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FIG. 1. Plots of the temperature dependence of the diamagnetic moment for 
various values of the magnetic field: 1 )  H=0.5 Oe; 2)  H = 1 0  Oe; 3) H =  100 
Oe; 4 )  H = 1 kOe; 5) H = 10 kOe. 

2. EXPERIMENT 

Y(123) ceramics prepared according to the "standard" 
technology,13 as well as thallium ceramics modified by 
barium fluoride,14 were investigated. 

The measurements were performed on an automated vi- 
brating magnetometer.I5 A compensation method for deter- 
mining the magnetic moment was employed at H>100 Oe, 
and the measurements of j, in weak fields were performed 
with direct amplification to eliminate the influence of the 
magnetic field of the compensation coil on the magnetic state 
of the sample. 

Figure 1 presents plots of M(T) at H=const for one of 
the Y(123) samples. The form of the curves is typical of all 
the ceramics investigated. The temperature of the transition 
to the superconducting state, which was determined from the 
appearance of a diamagnetic moment, coincides with the re- 
sults of the determination of T, from plots of the temperature 
dependence of the resistance of the sample. Although the 
external field has only a weak influence on the value of T,, 
the character of the plot of M(T) changes when even a com- 
paratively weak field is applied, attesting to penetration of 
the field into intergranular regions. The plots of M(T) and 
M(H) measured in weak fields revealed that the effective 
value of Hcl ,  which is evidently determined by the proper- 
ties of the "weak" intergranular regions, lies in the range 
from 1 to 10 Oe. 

Figure 2 presents the hysteresis loops for a thallium ce- 
ramic. The form of each loop is typical of granular high-T, 
superconductors, although the hysteresis loops for the 
samples of this series are more "open" than are the loops for 
Y (123) ceramics. 

3. REMAGNETIZATION OF A GRANULAR STIFF 
SUPERCONDUCTOR 

A complete description of the remagnetization processes 
in a granular stiff type-I1 superconductor can be obtained by 
using the model introduced in Ref. 9, which has been favor- 
ably endorsed for describing the low-field electrodynamics 
of ceramic high-T, superconductors.9~11~12 In our experiments 
the hysteresis loops were investigated mainly in fairly strong 
magnetic fields (H<50 kOe). At such values of H the weak 
links are completely broken, and the individual granules be- 

FIG. 2. Remagnetization hysteresis curve of a thallium ceramic (the mass of 
the sample was 85.5 mg). Dashed line-experiment. Solid line-theoretical 
curve. 

have independently. The granular structure of the material is 
reflected in the need to average the remagnetization pro- 
cesses over a statistical ensemble of granules. The theoretical 
part of this paper is devoted to the solution of this problem. 

The quantitative calculations of the magnetization curves 
were performed in the context of the doctrine known as the 
"critical state model." The dependence of the induction B on 
the radius r for an individual granule is specified by the 
equation16 

It is convenient to represent the critical current in the form1' 

where j,(O) is the critical current density when the induction 
vanishes and f(B) is a nondecreasing function such that f (B 
=0)=1 .  

We characterize the statistical ensemble of granules by 
the function cp(R), which is the distribution density of the 
superconducting granules with respect to the radius R. We 
use P to denote the fraction of the material which is concen- 
trated in the superconducting granules. Then for a macro- 
scopic ceramic sample of cylindrical shape with a radius Ro, 
the normalization condition has the form 

The definition of the magnetization readily yields a general 
equation for performing the calculations 

where p, is the magnetic permeability of the intergranular 
material. The specific form of the distribution of the mag- 
netic induction B(r)  is determined by the magnetic field 
strength H ,  the radius of a granule R, and the history of the 
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process. Therefore, expression ( 4 )  should be converted into a 
form which is convenient in practical work separately for the 
three cases. 

3.1. The ab process 

In this, the simplest, case the magnetic field H  varies 
from zero to H ,  , the sample being in the demagnetized state 
when H=O. At a fixed value of H  the entire ensemble of 
granules naturally separates into two "subensembles." One 
of them includes the granules in which the vortices have 
penetrated through the entire depth of the granules. The other 
subensemble is clearly characterized by the fact that there is 
only partial penetration of the vortices through the granules. 
The quantitative characteristic which separates the two sub- 
ensembles is R H ,  which can be determined from the follow- 
ing equations 

( 5 )  

Physically, RH is the radius of a granule for which the pen- 
etration field is equal to pnH.  

When the foregoing is taken into account and the nota- 
tion introduced above is used, the general expression for the 
magnetization in the process under consideration can be rep- 
resented in the form 

(6) 
The value of B +  ( H )  is numerically equal to the magnetic 
induction at the center of the granules with R S R , ,  if the 
magnetic induction on the surface of granules at r = R  is 
equal to pnH.  The equation determining B + ( H )  has the form 

@ { B + ( H ) )  + KR = @ ( p , ~ ) .  (7) 

3.2. The cd process 

The portion of the hysteresis loop from H  = H ,  to H=O 
(as the field H  decreases) forms during this process. The 
appearance of a new value of H ,  produces an additional 
characteristic radius R ,  

KRm=@(pnHm).  (8) 

The significance of this radius is that in the granules with 
R < R ,  there is a pinned flux throughout the entire volume of 
the granules, while in the granules with R > R m  the Abriko- 
sov vortices do not penetrate to the center of the granules. 
The appearance of dimensional scales specifying a division 

FIG. 3. Distribution of the magnetic induction and characteristic radii for 
the cd process. 

of the statistical ensemble of granules into subensembles is 
shown in Fig. 3. If H = H ,  holds, B ( r )  is described by curve 
1 (the dashed portion is absent, as is curve 2). When H < H ,  
holds, the distribution of B ( r )  is depicted by a broken curve 
composed of individual portions. The equations of these 
curves are clearly given by the following relations: 

@ ( B )  - @ ( p n H m ) =  - K x ,  (9) 

where x =  R  - r is the penetration depth. The new length 
scale appearing R i H  is defined in the following manner 

Therefore, the statistical ensemble of granules naturally 
divides into three subensembles. The first subensemble con- 
tains the granules with OGRSR,, .  The granules in this sub- 
ensemble have completed the transition process at a given 
value of H .  The second subensemble contains granules with 
R i H S R S R m ,  which, as is seen from the diagram, are still 
undergoing the transition process. Finally, the granules of the 
third subensemble have radii R  >Rm and contain regions into 
which the Abrikosov vortices have not penetrated. Taking 
this into account, we have 
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FIG. 4. Distribution of the magnetic induction and characteristic radii for 
the a ' b process. 

The characteristic fields are determined from the solu- 
tions of the equations 

It is obvious that the variation of H is accompanied by varia- 
tion of the boundaries between the ensembles and by varia- 
tion of the characteristic fields B - ( H )  and B:,. Accord- 
ingly, it should be expected that when the ensemble of 
granules are dispersed sufficiently with respect to the radius, 
the granular structure of the high-T, superconductor is ca- 
pable of modeling the effect of an additional dependence of 
the critical current on the magnetic induction. 

3.3. The a r b  process 

The a'b  process refers to the formation of the portion of 
the hysteresis loop where the external magnetic field H in- 
creases from H = O  to H = H ,  . The history for this process is 
defined by the "frozen" distribution of the induction formed 
when H decreased from H =  - H ,  to H=O. 

The systematic mathematical transition from Eq. (4 )  to 
convenient expressions is very cumbersome for the process 
under consideration. The final result can be graphically dem- 
onstrated with the aid of the diagram of the distribution of 
B ( r )  presented in Fig. 4.  The distribution of B ( r )  for gran- 
ules with R > R ,  is shown in the figure by the thick broken 
curve. The individual portions of this curve are described by 
the equations 

It is seen that in this case an additional scaling radius R:, 
appears along with the previously introduced scaling param- 
eters R ,  and RH : 

+ 1  
R , ,=y  (Rrn+R,). (15) 

Clearly, the presence of three characteristic radii 
+ R m 2 R m H a R , H  calls for the separation of the entire statis- 

tical ensemble of granules into four subensembles. After the 
corresponding transitions, the magnetization in the a ' b  pro- 
cess can be represented in the form 

where 4?rMab(H) is described by expression (6), and the 
terms in the sum have the form 

where the characteristic values of the magnetic induction sat- 
isfy the equations 

4. INTERPRETATION OF THE EXPERIMENTAL DATA 

The specific calculations were performed using a statis- 
tical ensemble determined by the distribution function 

The normalization constant is specified by the expression 

P 
2 

N ;  - (5) 1  

r(8) j I)' 

The function T(S) has the following integral representation 
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It is seen that in the limit A ~ R  the distribution function 
decays according to a Gaussian law for both R>R and 
R < R.  If the statistical ensemble of granules is characterized 
by a large spread, i.e., for R-A, the decrease in q(R) at 
small values of R is specified by the pre-exponential factor. 
Besides the distribution function of the statistical ensemble 
of granules, the dependence of the critical current density on 
the magnetic induction must be modeled. It should be noted 
that the frequently used Bean (j,=const) and Kim- 
Anderson ( j , ~  l lB)  models do not provide good agreement 
between the experimental and theoretical hysteresis loops in 
our case. The dependence described by the expressions 

also proved to be unsatisfactory. A common difficulty was 
that if the experimental hysteresis loop was described well at 
low values of the external magnetic field (H<10 kOe), there 
were large discrepancies at high values of H .  On the other 
hand, if the flanks of the hysteresis curves were described 
well, significant discrepancies appeared at weak magnetic 
fields. 

These difficulties could be overcome by selecting j,(B) 
in the following form: 

where x = BIB . The main special feature of this dependence 
is as follows. The parameters having the dimensions of in- 
duction are Bo and B,. They determine the characteristic 
scales of the induction, which distinguish regions with quali- 
tatively different variations of j,(B). For example, for 
B , G Bo we have 

Thus, as B varies from zero to B =B1, the current density 
decreases rapidly by a factor of Q. Then the rate of the drop 
in j,(B) decreases considerably, if y<l. The use of this 
two-scale parametrization for j,(B) made it possible to ob- 
tain calculated hysteresis loops which are in good agreement 
with the experimental loops. Here the function @(B) is de- 
fined by the expression 

In Fig. 2 the solid lines show a hysteresis loop calculated 
using the present approach. The calculations were performed 
with parameters 

The statistical ensemble of granules was characterized by the 
parameters 

It is seen that the spread, which characterizes the dispersion 
of the values of the radii of the granules, is fairly high. If it is 
assumed that R ~ 1 0  pm and the spread has the value se- 
lected, the dimensions of the granules will fall in the range 
inferred from other experimental data.3 Here the critical cur- 
rent density at a zero value of the induction has the value 

which coincides with the characteristic value of j, known for 
single-crystal high-T, superconductors. 

Using the values of the parameters in (26), we can ana- 
lyze the behavior of j,(B) in our specific case. In the range 
of induction values from 0 to 5 kOe there is a sixfold de- 
crease in j,, and then there is a slow drop in the critical 
current density as the induction increases. This result corre- 
lates well with the conclusion in Ref. 18. In that paper the 
relation jc(B)= j,(O).exp(-BIB,) was used to treat data on 
the critical current in YB~,CU,O,-~ Good agreement was 
obtained when the hysteresis loops in fields up to 5 kOe were 
studied, assuming B ,= 1 kOe. In this context we recall that in 
our work the corresponding scaling parameter is equal to 0.8 
kOe. In addition, it was established in the paper just cited 
that j , ( 0 ) = 2 ~ 1 0 ~  A/cm2. We found j,(0)=3x1o7 A/cm2 at 
B=O for our own sample. We note one more point of con- 
currence. Ravikumar and chaddahls observed that j, de- 
creased by approximately a factor of three at B1=l  kOe. A 
similar decrease in j, occurred in the superconductors which 
we investigated at B=Bl .  On the other hand, it should be 
noted that exponential decay of the critical current density 
cannot occur when BSB, .  To obtain the correct value of j, 
for BPB, ,  the law governing the variation of j, must be 
different. This circumstance was taken into account in our 
proposed dependence of the critical current density on the 
magnetic induction. 

5. CONCLUSIONS 

Our modification of the model of the critical state made 
it possible to include the granular structure of ceramic 
high-T, superconductors. The statistical dispersion of the di- 
mensions of the individual granules was modeled by intro- 
ducing an ensemble of noninteracting granules. The justifi- 
cation for this is that the hysteresis loops were investigated 
in relatively strong magnetic fields. The equations presented 
in this paper for the magnetization are applicable to an arbi- 
trary form of j,(B). This permits their use to regenerate the 
critical current density at large values of B, at which j,(B) 
can have a complex character. The final expressions describ- 
ing the individual portions of the hysteresis loop contain 
characteristics of the superconducting material of the gran- 
ules, the magnetic permeability of the intergranular matter, 
and the volume fraction of the superconducting granules in 
the sample. Taken together, they permit application of the 
approach developed to the study of the magnetic properties 
of single-crystal high-T, superconductors with the use of ce- 
ramic superconductors in the experiment. This proposition 
was demonstrated above in the determination of j,(B). 
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