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The acoustic properties of a microwave discharge in the atmosphere in the form of a localized
plasma (LP) are investigated. Sound modulation associated with modulation of the

microwave power is studied. The properties of the phenomenon are explained in terms of a
model of a spherically symmetric LP with a thin interface between the plasma and the cold

gas. © 1994 American Institute of Physics.

1. INTRODUCTION

Plasma phenomena at atmospheric pressure arouse great
interest and are the subject of many investigations, not only
in connection with atmospheric electricity but also in view of
a multitude of industrial applications. For example, steady
discharges of atmospheric pressure are widely employed in
arcs, hf discharges, and microwave plasmatrons.!~ Because
of the absence of electrodes, microwave discharges in the
atmosphere have regularly attracted the attention of those
investigating ball lightning. In this connection we recall the
ideas and experiments of Kapitsa,’ the work of Finkelstein®
Handel’s hypothesis,” and the experiments of Ohtsuki.?

In the present work we investigate experimentally and
theoretically the acoustic properties of spherical microwave
discharges in the quiescent atmosphere which are spatially
localized (their dimension is substantially less than that of
the discharge chamber). We refer to these as localized plas-
mas (LP). Similar discharges are described in Ref. 8.

It is known from experience that steady discharges in the
atmosphere are generally accompanied by acoustic phenom-
ena (rumbling, crackling, etc.). Discharges in the form of
LPs are no exception. Scientific interest in investigating the
acoustic properties of LPs results on the one hand from the
use of sound as an LP diagnostic and on the other from the
possibility of acting on LPs. While the possibility of acoustic
diagnostics of, e.g., LP temperature has long been
recognized,’ the effect of sound on the discharge properties
has in fact not been studied.!® The use of an LP as a sound
source may be of practical interest also, since it contains no
moving mechanical parts.

In Sec. 2 we briefly describe the experimental apparatus,
the basic properties of LPs, the technique for exciting sound,
and the diagnostics used. The third (theoretical) section is
devoted to analyzing sound excitation through modulation of
the microwave power supplied. In Sec. 4 we present the ex-
perimental data on sound excitation in the range from 50—
20000 Hz and compare them with the theory.

2. EXPERIMENTAL APPARATUS

Figure 1 shows a schematic of the device, which essen-
tially reproduces the experiment of Ohtsuki:® the frequency
of the cw magnetron is 2.45 GHz, the maximum power is 5
kW, and the dimensions of the cylindrical copper chamber
are diameter 160 mm and length 380 mm. The waveguide is
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joined to the chamber in the center through a rectangular
opening with dimensions 45X90 mm? oriented so that the
smaller dimension is parallel to the cylindrical axis of the
chamber; the ends of the cylinder are closed with a brass grid
with spacing 5X5 mm?. The midplane of the chamber has
several diagnostic openings in addition to the input from the
waveguide. Figure 1 also shows the location of the acoustic
microphones used for measurements in the frequency range
20-20000 Hz.

The diagnostic complex consisted of a system for mak-
ing calorimetric measurements of the microwave power and
the LP power; a system for optical and pyrometric measure-
ments of the LP temperature; a color video camera and video
recorder, with subsequent digitization of the LP images in the
visible waveband; a thermal energy device to obtain infrared
images of the LP and measurements of the microwave dis-
tribution in the discharge chamber; probes; and a thermo-
couple. The acoustic measurements were performed with a
precise robotron 00024 noise meter calibrated with the input
signal to a digital C9-8 oscilloscope with subsequent pro-
cessing on an IBM PC.

In the experiments, after initiation the steady discharge
can exist in three different forms (see Fig. 2):

I. A spheroidal LP isolated from the walls of the dis-
charge chamber, with a typical size of 80 mm.

II. An LP in contact with the hemispherical upper metal
wall of the discharge chamber, typically 20 mm in dimen-
sion.

III. An LP in contact with an insulating upper quartz
wall, located in the center of the discharge chamber. In this
case two spheroidal LPs with typical dimension 20 mm were
generally present.

Sound was excited in two ways: by means of the vari-
able electric potential applied to the two insulated copper
electrodes in contact with the LP (Fig. 3); or by modulating
the power of the magnetron supplying the discharge.

3. SOUND EXCITATION IN AN LP

3.1. Let us analyze the process of sound excitation in an
LP when the power of the microwave field maintaining the
discharge is modulated. When an LP radiates the role of the
charged particles (electrons) reduces mainly to absorbing the
microwave energy, although they have a negligible effect on
the movement of the medium. To describe the sound oscilla-

© 1994 American Institute of Physics 912



microwaves —-—---

7 ST T 7777777

FIG. 1. a) General schematic of the apparatus: M) magnetron; FC) ferrite
circulator; A) attenuator; P) protective section; DC) discharge chamber; g)
end grids. b) Disposition of the diagnostics; m) measuring microphones;
VC) video camera; p) movable probe and discharge initiator.

tions of an LP we will therefore use the system of hydrody-
namic equations for the neutral component of the gas:

dv 3 pdT pT
E——Vp, ‘2—;:17‘*—7(1“, v=gq,
1)

where p is the air density, q is the heat produced per unit
volume, and the rest of the notation is standard. We have
omitted the effects of viscosity and thermal conduction in
this system of equations. When the hydrodynamic approxi-
mation is applicable (w<v, where  is the oscillation fre-
quency and v is the collision frequency with the neutral par-
ticles) these phenomena have little effect on the sound
excitation process of interest to us. Note that for w<v the
sound damping mechanism due to friction between the neu-
tral particles and the charged particles is unimportant.!!

We assumed that the heat release has a constant term and
another one which varies harmonically with time:

%P tdiv pv=0
5 Tdiv pv=0,

q(r,t)=qo(r) + g1 (r)exp(—iwt).

Linearizing Eqgs. (1) in terms of a small perturbation pro-

duced by the modulation g, we arrive at the following wave
equation:

v 1 Vi |+ 0 2iw 5

Po Po P1|T T P1T3 291 (2

where c is the speed of sound. The homogeneous form of the
equation corresponding to (2) can be found, e.g., in Ref. 12.

Without pretending to obtain an exact quantitative de-
scription of the phenomenon, let us consider a simplified
model that nevertheless allows us to exhibit some typical
qualitative behavior. We assume that the LP is spherically
symmetric (with radius ;) and that the transition from hot
ionized gas (temperature T;) to cold unionized gas (tempera-
ture T,,) occurs in the layer with thickness a<<r;. We will
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FIG. 2. Different types of LP: a) separated from the discharge chamber
walls (type I); b) in contact with a metal chamber wall (type II); c) in contact
with a quartz wall (type III).

also assume that the heat release is concentrated in the
boundary of the LP in a shell of thickness b<<a. This model
is in qualitative agreement with the air temperature profiles
observed experimentally (T, reaches 4500 K) and the elec-
tric potential profiles of the microwave field (the typical skin
depth of the field is 1 cm). Note that a similar model gives a
good description of the properties of microwave discharges
in the atmosphere.*!>14

The spherically symmetric solution of (2) which satisfies
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FIG. 3. LP in contact with insulated copper electrodes: DC) discharge cham-
ber; el) electrodes; p) movable probe.

the condition of boundedness in the limit r—0 and the ra-
diation condition in the limit r— o assumes the form

p(r)= —Pex(r)J(:dr'pin(r')f(r')/W(r’)

+P1n(r)fwdr'Pex(r’)f(r')/W(r'), @)

where f(r)=(2/3)(iw/c?)q(r); pi, and p,, are the solu-
tions of the homogeneous equation (2) satisfying the above
boundary conditions. It is convenient to choose them in a
form so that in the inner region the first term goes over to
jo(rw/cy,), while in the outer region the second term goes
over to h§(rw/c,,); w is the functional determinant. Here
jo and hy are the spherical Bessel and Hankel functions re-
spectively.

3.2. Our aim is to calculate the power of the sound emit-
ted by the LP. For this it suffices to know

P1(r);me™ -Pex(r)f:dr'pin(r’)f(r')/W(r’)- )

The integral on the right-hand side of (4) can be evaluated
analytically in two limiting cases: high-frequency oscilla-
tions with wavelength much less than the thickness b of the
shell in which heat is released, and low-frequency oscilla-
tions whose wavelength is much greater than the size of the
transition region, a>b.

We use the quasiclassical approximation to describe
short-wavelength oscillations. The homogeneous equation
(2) assumes the usual form suitable for introducing the qua-
siclassical approximation if we go over to the new variable
n={"drpo/r’:

d2
37]’; +k%p=0, 5)

where k(7)=kr?/py and k= w/c is the sound wave number.
From (5) we find

1 C3 1/2 ’
pex(r)=_’i—(£) exp(iwf dr/c),

rw \ Cj,

1 [\ r
€x .
Pin(r)= o (Z‘I) sm( wj dr/c).

Here the functional determinant is found to be equal to

3

CCX

w=—i ——>
wrec*’
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and expression (4) assumes the form

? ©
P1=_i3_2_pexf dr rzpex(r)ql(r)- (6)
Cex 0

In order to evaluate the integral in (6) analytically, we
must specify the spatial dependence of c¢(r) and q,(r). We
choose the simplest forms consistent with the above assump-
tions:

_ ob _ /5 T(r)
ql(r)_47r2r(2]((r—r0)2+b2)’ N3

where

1 r—ro
I(r)=5 | T+ Te) + (Tex—Tin) To=r+a
0

here Q is the amplitude of the modulation in the magnetron
power and m is the mass of a gas molecule.

The principal contribution to the integral comes from the
region of the transition between the LP and the cold gas,
within which the heat release is localized. Taking into ac-
count the conditions ry>a>b, we can rewrite the lower
limit of the integration in (6) as — and shift the integration
contour from the real axis into the upper half-plane of the
complex variable r, where the solution p., decays exponen-
tially. The value of the integral in (6) is determined by the
properties of the integrand: the pole gq,(r) at the point
r=roy+ib and the cut leaving the branch point (r=ry+ia)
of the functions 7(r) and c(r) (see Fig. 4) Since we assume
a>b, the pole is located close to the real axis and its contri-
bution dominates:

) i254QC, sin ® rdr
pi(r)=- expliow | ——A/, (7)
127rrr0;)ci,,cex c

where

I

© 1 1-r B
177 arctg 1+7J1-82)
2wb 2wb
= \/— ImJ, A= \/— Re J,
Cin Cin
1 d¢
J= g 172>
1+7=i(1=7) == )
VB¢ :
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FIG. 5. Calculation of Re J and Im J as functions of S for different values
of 7 1) 0.1; 2) 0.3; 3) 0.6.

1=T,,/T;,, B=b/a. Figure 5 shows the calculated behavior
of the imaginary and real parts of J as a function of 8 for
different values of 7.

The flux density of the acoustic energy, as is well
known, is equal to

P
2pc’

®)

.'CCX .rw
pu()==iZexpli —|, (r>ro), pa(r)=

ex C

SIN Zip(Zex SIN Zgx+COS Zgy) + 77!

rw
A sin
ro Cex

COS Zey(Zjy COS zi,—sin zy,)

Taking into account (6) and (8) we find the total power radi-
ated by the LP:

= W Sln ¢I>e . (9)

Here p, is the pressure of the surrounding air and c;; is the
sound speed at the center of the LP. In this expression it is
worth noting that the exponential factor cuts off the emission
when the typical wavelength of the oscillations is less than
the thickness of the shell in which heat is released.

The LP boundary emits both outgoing and incoming
sound waves. The latter also become outgoing after reflect-
ing from the center. The interference between them and the
waves emitted outward directly is taken into account in (9)
through the oscillating factor.

3.3. Now let us consider the opposite limiting case of
low-frequency oscillations whose wavelength is much
greater than both the thickness of the heat-emitting shell and
the size of the transition layer at the boundary of the LP. To
analyze these oscillations we can set

T, r<r
T(r)= n 0

Q
2 5 7 ’()
( )’ TCX >1 0-

fh(’)—

In order to solve Eq. (2), we can proceed as we did
before and use expression (4), in which we now set

Cin .
— SIn
row

(r<ry)

ro
b
Cin

rw
+¢@cos(c )) , (r>rg),

zex\]-:

SN Zj(Zey COS Zex—SiN Zey) — T 1

’

Sin z.,(z;, cOS zj,—sin zy,)

Zex\T

] (A-iB)c), row row
W=—i————, Zp=——, Zg= .
wc (r) ’ " Cin ’ o Cex

By means of these expressions we find the pressure os-
cillations in the external region (r>rg):

. i cinQ sin zj, rw
== T I -
p(r)==e—~ T exp(z ) (11)
and the total radiated power of the LP:
2
C
30mpocexrp

where
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) (10)

2 2
Zg sin” z;,

Cy= ; : — ; .
2 zzx sin? z;,+[sin z;,+ T l[zin COS zj,— sin zi,,)]2

Comparison of (12) and (9) shows that when the fre-
quency of the oscillations decreases the strong exponential
behavior of w as a function of w drops out. In its place a
smooth dependence appears due to the presence of
eigenmodes? of the LP with a sharp boundary. Specifically,
the dispersion relation (3) of these oscillations can be written
in the form .#—i.#=0. Then in the expression for p;, [see
Eq. (10)] the infinite wave will no longer be present, and it
becomes identical with the expression for the eigenmodes
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FIG. 6. Modulation of the magnetron power: a) typical oscilloscope trace of
the signal from the microwave detector with a sinusoidal modulation of
frequency 5 kHz; b) modulation depth of the power as a function of the
modulation frequency.

[see Eq. (3)]. Because the damping rate of eigenmodes is
quite large, the associated resonances in the dependence of
W on w are found to be smeared out.

4. EXPERIMENTS ON SOUND EXCITATION

4.1. Let us discuss experiments on sound excitation due
to modulation of the microwave power. A rumbling sound
associated with pulsations in the power supply of the mag-
netron (the source of the microwave power) was continually
recorded in our experiments. It can be assumed that in most
other experiments with steady discharges in the atmosphere
the observable acoustic phenomena resulted from pulsations
in the power circuit. We have employed driven controlled
modulation of the microwave power to generate intense
noise. Figure 6 shows an oscilloscope trace of the signal
from the microwave detector, which recorded the microwave
power level in the discharge chamber. The same figure shows
the modulation depth of the microwave power as a function
of the modulation frequency. Experiments were carried out
in the range of modulation frequencies for which the modu-
lation depth depended weakly on frequency. Note that the
signal from the microwave detector had a complicated shape
and it varied with the modulation frequency.
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FIG. 7. Sound intensity detected by microphone M1 as a function of the
modulation frequency for the three types of LP: a) type I; b) type II; c) type
L.

The power modulation frequency determined the fre-
quency at the sound frequency w and the modulation depth
Q determined the intensity. In the experiments we recorded
the sound intensity as a function of the modulation fre-
quency. We used several microphones positioned in various
places (Fig. 1). The modulation frequency was varied con-
tinuously through six seconds, during which the properties of
the LP did not change in general.

In Fig. 7 the frequency dependence of the sound inten-
sity is shown for the three forms of LP, as recorded by mi-
crophone M1 (see Fig. 1), located at a distance of 30 cm
laterally from the LP. The sound intensity p; was measured
in dB, using the following calibration relation for the device
employed in the experiments:

p1(dB)=201g(p,/2-107>(Pa)), (13)

where p, is the effective value of the pressure oscillation
amplitude in the sound wave. The intensity of the parasitic
noise (from the operation of the fan unit in the magnetron
power supply, etc.) was less than 85 dB and was consider-
ably less than the intensity of the LP noise that was pro-
duced.

What general features associated with sound generation
by the LP can be discerned in the experiment? First, the
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spectral properties depend sensitively on the form of the LP.
Thus, while the sound intensity begins to fall fairly rapidly
for frequencies above 2 kHz for type I LPs, for types II and
III this occurs at frequencies above 10 kHz. Second, for all
types of LP in the range below 1 kHz, despite the presence of
small-scale variations the sound intensity typically increases
with frequency. Third, the complicated “‘jagged” structure of
the frequency dependence of the sound frequency is ob-
served for all types of LP, but especially for type I

In Fig. 8 the calculated and experimental behavior of the
sound intensity is plotted versus frequency.z) Cases 1 and 2
in Figs. 8a and 8b were obtained using Egs. (7) and (11)
respectively. The first of these equations is valid in the high-
frequency region and the second in the region of low fre-
quency. Of the two equations (7) and (11), the smaller values
of p, are given by that which is valid in a given region. We
can therefore approximate the frequency dependence of the
whole frequency range of interest reasonably well by using
the extrapolation

p1=(pul ™ +p1a™H 7,

where the values of p,; are calculated using (7) and those of
P12 are calculated using (11). The latter expression was used
to calculate the trace in Fig. 8c.

Figures 8a and b differ in the size of the LP. For a large
LP of dimension ry=4 cm (corresponding to a type-I LP) a
dropoff in the frequency dependence is observable in the
range of frequencies ~10* Hz. With smaller LPs of radius
ro=1 cm (corresponding to LPs of types II and III) Fig. 7
shows no dropoff. Presumably it has shifted to the region of
larger frequencies.

Figure 8c shows that the agreement between theory and
experiment is completely satisfactory over the entire fre-
quency range studied. Thus, although the theoretical analysis
makes no pretense at a quantitative description of the experi-
ment, comparison of Figs. 7 and 8 shows that the model
describes not only the qualitative features of the phenom-
enon mentioned above, but also the main quantitative fea-
tures: the intensity and the value of the frequency at which
the curve “drops off.”

As shown by the calculations, the observed frequency
dependence of the sound emitted at high frequencies can be
related to interference effects when the modulation fre-
quency is high (the smooth-boundary model) and to the pres-
ence of damped eigenmodes of the LP at low frequency (the
sharp-boundary model). Although both factors have been
taken into account in the theoretical model, in view of its
ideal nature one can scarcely expect exact agreement with
experiment. Specifically, in the model the LP was taken to be
spherically symmetric. In this case interference effects are
particularly strong; they cause the emitted intensity to vanish
at several discrete values of the frequency [cf. Egs. (9) and
(12)]. However, real LPs, even in the states which are sepa-
rated from the walls (type I) are all quite asymmetric. This
should cause the waves emitted by different portions of the
LP boundary to be desynchronized. As a result, the experi-
mental frequency dependence should become smoother.

In analyzing the acoustic eigenmodes of an LP (see Ap-
pendix) it is assumed that the plasma exists in free space.
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FIG. 8. Calculation of the sound intensity detected by microphone M1 using
the following equations: 1) (7); 2) (11) with the following parameters: a)
ro=4 cm, R=6 cm, a=2 cm, =09, 0=2 kW, =0.2; b) ry=1 cm,
R=10 cm, a=0.4 cm, 8=0.9, Q=1 kW, 7=0.3; ¢) comparison of experi-
ment E and calculation C with the following parameters: 7o=2 cm, R=5
cm, a=0.6 cm, =09, 0=2.5 kW, =0.35.

The boundedness of the volume in which the LP is observed
should be reflected substantially in the frequency spectrum
of the resulting sound. By virtue of the small size of the LP
one can expect that it will reflect the sound-wave spectrum
of the discharge chamber. The effect of geometry was par-
ticularly noticeable in the low-frequency part of the spec-
trum. Thus, introducing additional massive insulating end
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FIG. 9. Intensity with which sound is produced by an LP of type III, mea-
sured by microphone M3: a) with open ends; b) with closed ends. The
arrows indicate the first three sound resonances along the axis of the dis-
charge chamber.

walls caused the low-frequency maxima in the spectrum to
undergo a shift (Fig. 9).

In conclusion we note several interesting observations
made in the course of this work. Whereas LPs of the form I
and III are quite quiescent, those of type II can radiate ir-
regular crackles associated with oscillations of the LP as a
whole in space. Figure 10 displays the oscilloscope trace in
time of the sound intensity (at frequency 1.1 kHz) and the
intensity of the microwave field in the discharge chamber,
measured by a silicon microwave detector. Changing the po-
sition and shape of the LP changes the profile of the micro-
wave field in the discharge chamber, which is accompanied
by simultaneous changes in the sound intensity.

If we feed the amplified signal from an ordinary micro-
phone into the modulator used for the magnetron power, or-
dinary human speech is reproduced without significant dis-
tortions. When the microphone is moved close to the
discharge chamber, acoustic feedback occurs, resulting in the
generation of sound at different eigenfrequencies when the
position and orientation are changed. As a rule, frequencies
in the kHz band were excited. An interesting property of
these experiments with LPs of type I is that the alteration in
the shape of the LP is visible to the naked eye. Under certain
circumstances the LP shape becomes more spherical; in oth-
ers it is highly distorted.

Let us estimate the possibility of acoustic effects on an
LP in our experiments when the pressure oscillation ampli-
tude p can reach a value of order 100 Pa and the associated
oscillation velocity satisfies v =p/pc~0.3 m/s. Estimating
the acoustic pressure by P=pv/c yields the value 0.1 Pa,
which is comparable with the effect on the LP of the buoyant
force due to Archimedes’ principle. Furthermore, the magni-
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FIG. 10. Oscilloscope trace of the sound p, at frequency 1.1 kHz measured
by microphone M2 and the voltage U of the microwave detector for an LP
of type II.

tude of the velocity 0 is of the same order as the measured
convective velocities of the gas inside the LP. These experi-
ments show that the prospects for using sound to stabilize
plasma structures in space in the atmosphere are realistic.

4.2. Let us briefly discuss experiments in which sound
was excited by applying a variable bias to the electrodes. In
these experiments we used a type-I LP. Figure 11 shows how
the current between the ring electrodes varies (Fig. 3) as a
function of the constant voltage applied to them. Along with
the constant voltage we also fed in a variable one with am-
plitude of up to 100 V and frequency from 20 to 20000 Hz.
We also applied permanent magnets with field strength of
about 200 G to the LP. A weak acoustic emission was ob-
served, at the level of the parasitic noise (85 dB), with a
maximum near 1 kHz when the maximum amplitude of the
variable field was 100 V. Supplying a variable bias or bring-
ing a magnet near did not lead to any fundamental change in
the noise intensity.

These experiments confirm the conclusions of the theory
of Timofeev'® regarding the weak coupling between electri-
cal oscillations and oscillations of the gas pressure under LP
conditions. In Ref. 15 it was shown that variable electric
fields produced by external sources give most of their energy
to highly damped ion acoustic waves. On the other hand, a
small fraction of the energy goes into sound, comparable
with the degree of ionization of the gas.

5. CONCLUSION

Thus, in the present work we have studied the phenom-
enon of sound generation in an LP when the power of the
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FIG. 11. Current I between external (zero-potential) and intermediate (vari-
able potential) copper ring-shaped electrodes (see Fig. 3) and a probe with
floating potential V in the plasma (LP) as a function of the voltage drop
between the electrodes.

microwave maintaining the discharge is modulated. We have
determined the frequency dependence of the sound intensity
emitted by the LP. As the modulation frequency increases the
intensity first grows rather slowly and then drops off sharply.
Small-scale variations are superimposed on this dependence.
This behavior of the frequency dependence can be explained
using the model of a spherically symmetric LP with a thin
transition layer between the plasma and the cold gas. We
have analyzed two limiting cases in which oscillations are
excited with a wavelength much less than or much greater
than the thickness of the transition layer. The long-
wavelength oscillations correspond to the growing part of the
frequency dependence, and the short-wavelength oscillations
correspond to the decaying part. The value of the frequency
at which the dropoff in the frequency depends begins and the
characteristic scale of this decay agree with the experimental
values. There is order-of-magnitude agreement between the
experimental and calculated sound intensity emitted by an
LP. The small-scale variations on the frequency dependence
are explained by interference effects and the excitation of
damped eigenmodes of the LP (the damping is due to leak-
age of acoustic energy out of the LP).

We wish to thank Zh. F. Lyaitner, E A. Manykin, and P.
Handel for useful comments.

APPENDIX

The eigenmodes of an LP (if they exist) should be de-
scribed by the homogeneous form of Eq. (2). In the case of a
spherically symmetric LP its solution takes the form

p1(D)=e"'R(r)Y ,,(cos B)e™?,
where @ and ¢ are the angles in spherical coordinates and

Y,.. are the associated Legendre polynomials.
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Carrying out separation of variables and transforming
from r to the new variable %= ["dr(p(r)/r?*), we find for the
radial function R(r) the equation

o*r* n(n+1)r?

R, + R=0.
nn C2p2 p2 0

(A1)

This equation is an extension of (5) to the general case of
nonaxisymmetric oscillations.

Equation (A1) can conveniently be viewed as a Schro-
dinger equation describing the motion of a particle in the
potential

o*r* n(n+1)r?

cZp? PL .
This equation may have eigenmodes if the transparency re-
gion where U< 0 holds is bounded.

For spherically symmetric solutions the transparency re-
gion occupies the entire semiaxis 0<r <o (here —»<7=<0).
In an LP with a temperature that decays monotonically in
radius (increasing density) a region of opacity develops near
the center, but the transparency region remains unbounded in
r. Note that the use of the variable 7 means that we view the
escape of oscillations from the LP (r—) as a fall to the
center.

Thus, we arrive at the conclusion that in an LP with a
temperature that decreases monotonically in radius there are
no eigenmodes with Im @=0. On the other hand, in view of
their nonuniformity LPs can have damped eigenmodes. The
damping is due to leakage of the acoustic energy. The damp-
ing rate is smallest in an LP with a sharp boundary, for which
the reflection coefficient is largest.

Consider an LP with a temperature jump at the boundary
(see Sec. 3.3). Spherically symmetric solutions of the wave
equation take the form

L |rw
Jolz—|» =T

n

R(r)= (A2)

ro

Chg”( ) r>ro.

cex
The requirements that the quantities R and (r*dR/dr)/p be
continuous at the LP boundary enable us to determine the
constant C in (A2) and the eigenfrequency. For the latter we
find the dispersion relation

1
ctg zin=z~(1—-7-)+i\/—7-'. (A3)
in

Its approximation solutions in the limit 7<1 take the form
3 Br(1=i\3)
for the ground state (n=0) and
1
w~2—r0 (n+ 5)71'—i\/—7-'

for the higher radial modes (n>1).

Note that when the temperature drop at the LP boundary
is large (7<<1) the damping rate is small (Im w<Re w) and
these oscillations are close to the usual eigenmodes.

w==

Cin
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UBy eigenmodes we mean those oscillations whose spatial structure is de-
scribed by solutions of the homogeneous form of Eq. (2) which satisfy the
condition of finiteness at the origin and the radiation condition at infinity.
On account of the leakage of acoustic energy from an LP these oscillations
are found to be damped. The eigenmodes are studied in the Appendix.

2The sound attenuation that results when the measuring microphone is
moved away from the LP can be taken into account by introducing an
effective distance r=R in Egs. (7) and (11). In order to determine R for
microphone M1 we have assumed that the sound leaving through a lateral
hole of the chamber is detected without attenuation, and its intensity is
reduced in proportion to the ratio of the LP surface to the area of the two
lateral openings of the discharge chamber.
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