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We use Green’s functions to study the frequencies and strengths of magnetic resonance lines in a
system of highly polarized exchange-coupled inequivalent spins of a solid. We find that
comparison of the results with the NMR pattern for two silver isotopes coupled by the

Ruderman-Kittel interaction and with the EPR pattern for Cu

2* jons occupying magnetically

inequivalent positions in the lattice and coupled by the exchange interaction yields good
agreement in ultralow magnetic fields. © 1994 American Institute of Physics.

1. INTRODUCTION

In addition to the ordinary dipole—dipole interaction,
magnetic nuclei of a metal are coupled by the Ruderman—
Kittel (RK) interaction,' which constitutes an indirect inter-
action of nuclear spins with each other via conduction elec-
trons, and which is predominant in heavy metals. Knowledge
of the coupling constant J of the RK interaction is of great
interest as a source of valuable information about the elec-
tron band structure. NMR methods are often used to deter-
mine J. At low spin polarizations, however, all quantities
measured by magnetic resonance methods in magnetically
disordered samples (only this case is considered below) are
proportional to the squares of the local fields, and there is no
way to find the sign of the RK coupling constant. At high
spin polarizations the measured quantities also contain the
first power of J. Knowing the sign of J is not only of general
interest for materials science but makes it possible to deter-
mine whether the nuclear ordering achieved at lower spin
temperatures, is ferromagnetic or antiferromagnetic. In view
of this, the magnetic resonance (MR) of highly polarized
nuclear spins of metals is of special interest. The signs and
values of the coupling constants in the exchange interaction
of the highly polarized electron spins of paramagnetic ions
can also be effectively observed in EPR experiments, and the
nature of ordering, as the temperature decreases, can be pre-
dicted.

Exchange coupling and the RK interaction, which is
similar in notation, commute with the components of the
total magnetization of equivalent spins, so that in this case
they cause the well-known exchange narrowing of MR
lines.? But if the highly polarized spins are not equivalent,
these interactions can lead to significant changes in the fre-
quencies and strengths of MR lines. Interacting inequivalent
spins are similar to two coupled oscillators, whose partial
frequencies must be close enough for the interaction to pro-
duce appreciable effects. Hence the isotopes of metals with
close gyromagnetic ratios (such as '°’Ag and '%°Ag in silver
and 2°°TI and 2°°T1 in thallium) and magnetically inequiva-
lent ions in paramagnetic salts are extremely suitable objects
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for studying exchange interactions via MR methods. With
paramagnetic salts there is the possibility of varying the dif-
ference in the Larmor frequencies by rotating the sample in
relation to the direction of the constant magnetic field.

This problem has been studied by a group of Finnish
researchers>* working with NMR at extremely low spin tem-
peratures and a group of Japanese researchers® working with
EPR in ultrahigh constant magnetic fields (the special experi-
mental conditions are dictated by the need to operate with
highly polarized spins). Briefly, their results are as follows:

(a) As the spin polarizations increased, a single NMR
line split into two.

(b) At low spin polarizations, MR lines tend to merge.
For one thing, as the experimenter brought the Larmor fre-
quencies together, the MR lines merged before the Larmor
frequencies became equal.

(c) A suppression—enhancement of magnetic lines was
observed: the strengths of the MR lines did not correspond to
the relative concentrations of the two spin species.

The theoretical interpretation of the spectrum by Oja,
Annila, and Takano® was based on the Kubo—Tomita method
of moments,’ which is valid when the square of the differ-
ence of the partial frequencies, (wgb)z, is much larger than
the square of the coupling constant, (J/%)2. As a result the
most interesting region, where the lines begin to overlap,
dropped out of the picture. To describe the suppression—
enhancement effect, Hakonen, Nummila, and Vuorinen* and
Oja, Annila, and Takano® used the molecular field method,
which is incapable of taking into account the effect of merg-
ing lines caused by spin fluctuations. Kuroda, Motokawa,
and Date® used the molecular field method to describe both
suppression—enhancement and line splitting, with the spin
polarization assumed to be 100%, although in some experi-
ments it was much lower. Hence although the molecular field
method can be used for any (w’,)%-to-(J/#)? ratio, line
merging dropped out of the picture. The case of an arbitrary
(@2,)%-to-(J/%)? ratio has also been studied in the theoreti-
cal papers of Tomita et al.® and Hamano and Shibata.” To-
mita et al.® used equations for the first and second Green’s
functions, while Hamano and Shibata® used equations for the

© 1994 American Institute of Physics 799



density matrix. Both groups, however, used idealized models
of paramagnets; besides, their equations cannot be used to
describe the experimental data of Refs. 3—6.

The goal of the present work is to develop a theory that
will make it possible to describe merging—splitting and
suppression—enhancement within a broad range of
J?*(h%,)? values and compare the results with experimental
data. To this end we use the method of two-time retarded
Green’s functions with allowance for the third Green’s func-
tions.

2. CALCULATING THE SPECTRUM

Suppose that we have a constant magnetic field H and
we place in it exchange-coupled spins of two species with
Larmor frequencies w, and w,. To this end we write the
Hamiltonian of such a system in the form

H=—ho i~ ko~ Jilily, (1)
ij

where w,=7y,H and w,=v,H in the case of nuclear spins
with gyromagnetic ratios y, and 7y,, I, and I, are the spin
operators of species a and b, and the Zeeman energies of the
spins are assumed to be considerably higher than the energy
of the RK interaction. We wish to find the precession fre-
quency spectrum of this spin system. We introduce the Fou-
rier transforms of the main (first) two-time retarded Green’s
functions:'°

G = Nws GP=(IHI N,
Gy =I5 )) 0 G =I5l )) s

where
AlB)=5= [ o= (0,8 )
Xexp{iow(t—t')}d(t—1"), (2)
1 if x>0,
0(x)=t0 if x<0,
and (- --) stands for the average with an equilibrium statisti-

cal operator.
We write the chain of equations for the Fourier trans-
forms of the Green’s functions according to the formula'®

o(AIBYu=5 ([ABD+( AAB,. O

If we limit ourselves to the third Green’s functions, the chain
has the following explicit form:

i a
(w—wa)G‘lm=; (a)+ %—(G;"—Gg“),
a
(0—w,)G=— ;L—(G’Z’b—ng),
i a
(w—wb)G?b=; (b)+ E(Gg"—G‘;b),
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ba __ d aa ba
(0—wp)G1"= E(G -G3Y), (4)
G
(0= 0,)Gy " =1+ R 3“,
fi
R,G R,G3,
(0—w)GE =L+ =22 (0—w,)Go=—"2
h f
R,G:
(0 wp)Ghi=—5"2
h
where
i
(@)=(I5), (b)=(I}), L=—<(a)b),
) 1
a=2, Jij,Rzz‘_‘E Jiiks
j a jk
(5)

Gaa_<<1b] a1|1 >>w’ Gab_((’b] atlIb >>m’
Gy =(Lad i1y )6, G =Tl ) -

The system of equations (4) is an open chain of equations for
the first and second Green’s functions. (In view of their com-
plexity we do not write the third Green’s functions.) To iden-
tify the first-order frequency shifts in the very first equations,
we introduce, following Refs. 11 and 12, the cumulant, or
semi-invariant, Green’s functions (A|B) in addition to the
ordinary Green’s functions, the relation between the two be-
ing

((A|B))=(A|B),

((A1B1|B))=(A1)(A3]|B)+(A>,)

(A,|B)+(A,A,|B),

etc. (these relations remain valid in the frequency represen-
tation). Using this method, we reduce the second and third
Green’s functions to the first and second cumulant functions
and ignore the third cumulant Green’s function, which van-
ishes in the zeroth approximation. Retaining only the corre-
sponding first functions (with the same upper indices) in the
equations for the second Green’s functions, we arrive at the
following closed system of equations:

a i a
(0= w963+ 7 (a)GI=— (a)+ 7 (K3 =KL,

(w— wO)G“b+ (a)be Kab—K5P),

ﬁ(

a i a
(0= wp)G1"+ = (b)G1"=— (b)~ = (K3"~K3"),

- )
—(0— )G+ z (b)GoP=— (K ab—K5h),
2 52
(0= w)K§ =61 (= w)KY =G,
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* 0y grab 52 ab 0\ p-bb 53 bb
(0=, )K" =—G7 —wp)Ky'=—GY
ah ah

where K denotes cumulant Green’s functions, and

a a
0= 0t (b) 3w, =wy+(a) 3,
=2 THU)D - (),
J

2 THIEND = (N2

If both spin species have /=3 and the same polarization

p=tanh(h@/2kT), where &@=(x,y,+x,7y,)H, with x, and
x, the relative concentrations of the two spin species, we
have

Xop Xpp xp(1=x,p?)
(@)=2L (p=2E, gUTNDS g
J

4

Xa(1-x,p%)

Since exchange interactions are short-range, each spin inter-
acts only with its nearest neighbors, so that in what follows
we put =.J ,.2j=z.12 and a=zJ, where z is the number of
nearest neighbors.

In looking for the spectrum we can reduce the number of
equations in (7) by adding them pa1rw1se and obtaining equa-
tions for the functions G=G4%°+G%*, K5=K5"+K35", etc.
Then for the spectrum we obtain a fourth order equation, i.e.,
in the general case Egs. (7) describe a four-frequency spec-
trum. We simplify Eqs. (7) by replacing w with wg’b so that
we get the difference w2, =w?— wj. Then

s 5
aa _ ba __ b ba
K3 =%z o7, G, K, —m G7*,

2 2

0, oy
ﬁa:)()b Gab s Kgb ﬁ — 0 be (8)
a

ab _ __
K5 =

Indeed, in the equations for the second Green’s functions the
right-hand side is nonzero because J is nonzero. If J =0, then
all K’s vanish. Hence it is natural to introduce the dimen-
sionless parameter £ =J/fw", and assume that Egs. (8) are
valid. Then

(0= GG+ § ()G =" (a)

(0— @G+ :7 (a)G® =0,

] , 9
(- @GP+ % (b)G‘{”=% (b), ¥
(0= @p)G1*+ % (b)Gi*=0,
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2 2
@ wa——*g—fb , @)= wg+ ﬁrfa (10)
! A wgp AWy,

act as the partial frequencies of the two oscillators.” Equa-
tions (8) provide a kind of decoupling method, the validity of
which, like that of all decoupling methods, can be verified by
comparing the results with the experimental data.

Equations (9) yield a biquadratic equation for the spec-
trum. Thus, the method of decoupling provided by Egs. (8)
reduces the number of spectral frequencies to two. Since
these two frequencies agree with the two MR lines observed
experimentally,>~® we restrict our discussion to them. In the
future we plan to examine a more complicated situation in
which a multitude of MR peaks is observed.!? Equations (10)
lead to the following spectrum of exchange-coupled in-
equivalent spins:

@, =H @2+ @Y ={H&)— @)+ (a)Xa)(b)}/2. (11)
If the first term in the braces is considerably greater than the
second we can write the spectrum (assuming that

—@Y0) as

o o_xb(l_xbpz)Z(J)z
wa"’wa e e—

2,2 2
X xpp<z®(J
+—\ 5> 12
4‘021; h o ( ) 12

4o, \h

0 xa(l——x,,pz)z(J 2
400, \R] A

(I)b%wb_ 0
4w
ab

x Xpp2z? (1)2

4w2b
The second terms on the right-hand sides of Egs. (12) de-
scribe the merging of the spin frequencies due to spin fluc-
tuations, and the third terms describe their repulsion. Equa-
tions (12) are consistent with the theoretical result of Oja,
Annila, and Takano,’ with the difference that their fluctuation
terms contain the factor 1—p? instead of 1—x,p* and
1—x,p%

We now calculate the critical value p,, of the spin polar-
ization, i.e., the value of p above which the MR lines split in
any field, however weak. To this end we write the difference
of spin frequencies as

((1—p?+2x,0,p%)z [T\ 2)?
B 4(w?,)? h

| e’ (1)] 2
(waﬁb)2 fi ’

If @,—&,> wf,’,,, the MR lines are always split, with the
result that the p, 1is fixed by the condition that
D,— @p= wgb. Ignoring terms of order J*(% wf,’,,)-“, we get

=+ (1+2x,x,(z—1))" 12, (13)
DPm

where the plus and minus correspond to positive and nega-
tive spin polarizations. The condition for the lines to merge is

@,—@p~T, (14)

where T is the halfwidth at half-height of the resonance lines
(we have in mind the case where the widths are the same).
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3. CALCULATING ABSORPTION SIGNALS

The energy absorbed by the spins from a variable field
polarized parallel to the x axis (and hence the observed MR
signal) is proportional to the imaginary part of the complex
magnetic susceptibility. First we calculate the total suscepti-

bility Xyx=X.x— iXee by the formula™
o= = 2m((ML|M (1)), - (15)
Allowing for the fact that M =y I+ y,I,, we can write
Eq. (15) as
Xxx=Xaa+2Xab+Xbb’ (16)
where
Xaa=—INTiV.Gi*,  Xpp=—NTiy;G}’,
: (17)
Xab=—NTiv,7,G$’.

By the system of equations (10) the first Green’s functions
are

. -0
aa_ id,(a)
O = =g (a=—ap)
.0
bb_ _ lwa<b>
RO BIPErAE (e
Gab_Gba_ — lZJ<a><b>
1 1

(0= 0,) (0= dp)

We now calculate xy,. To this end we replace w with
w—iT, introducing the damping I'. Using the identity

1 1 ( 1 1 )
(0= @) (0= @)  @,—@, O~ D ©—@p)

we can write %, as a sum of terms resonant at the frequen-
cies @, and @, :

Xap(®,) be(cba)
,,Y’X: Za(~a)(1 2 " )
Yo ™ Xaal Xea( @) Klal)
ab(@5)  Xaa(@p)
+xlb(a)b)(1 Xao @) X “”’) (19)
Xbb(wh) Xbb(wb)
where
” 70N<a>r(w_d)2)
Xaa(d)a)z 2Z ’
YoN(b)T (0~ wO)
Xbp(@q) = 27 (20)
"o )=_7a7bN<a><b>F
Xab wa 2Z ’

with Z=(@,— @,)[(w— ®,)*+T?], and similarly for the
terms resonant at the frequency @, .

Equations (20) show that if the frequency of the external
field equals the partial frequencies of the b-spins (w= (1)2),
the susceptibility x.,(®,) vanishes. This phenomenon is
well-known in the theory of oscillations'* by the name of
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dynamic damping of one of the coupled oscillators. Replac-
ing w in the numerators of Egs. (20) with the corresponding
resonance frequency, we get

, VN (@T (0,— @p)(1-17,)?
Xxx™— 27
+7§N<b>F(d)a—d)g)(1+nb)2 o
2Z ’
where
=7axbpa-
=" 5%
~0_ -0 ~0_ ~0\2 172y -1
@,— @y |(@,— wp) -
[ - e @a)b)| |
(22)
2
YaXa
M= (23)
b na;ix_
For d)gd)g, Eq. (22) can be written as
Yoxpp2J
Na=————[1+(1+0)"]7 L.

Yol ((@g— @}))

The quantity o=x,x,p’z*(J/h)?*/(@2— @})? is known in
the theory of oscillations'* as the coherence of two coupled
oscillators.  Equation  (21)  describes  suppression—
enhancement in MR signals from two spin species with co-
efficients 7, and 7,, respectively. Equations (21) and (22)
show that for positive p and J, i.e., with a tendency toward
ferromagnetic alignment, the high-frequency line is sup-
pressed and the low-frequency enhanced; for J, i.e., with a
tendency toward antiferromagnetic alignment, the high-
frequency line is enhanced and the low-frequency sup-
pressed. For negative p, suppression—enhancement is
reversed. For tight coherence (0>1) the following approxi-
mate equalities hold:

, [ vexd?—sgn(ap) ypx,?\?
(1=7m,)"~ 172 >
YoXp
12 1/2\ 2 (24)
VX, “Hsgn(ap) y.x,
(1+17b)2~( bty TOETOP :
YoXp

We see that for ap>0, the a-mode is optical and the b-mode
acoustic; for ap<0 the converse is true.

4. COMPARISON WITH EXPERIMENTAL DATA

The theoretical results for the merging—splitting and
suppression—enhancement effects obtained above were com-
pared with the experimental data of Oja, Annila, and Takano®
and Hakonen, Nummila, and Vuorinen,* who observed both
effects in silver atoms at positive and negative spin tempera-
tures, respectively. High resolution of the NMR lines of two
silver isotopes, 1°’Ag and '°°Ag, in an external magnetic
field of 0.8 mT (Ref. 4) made it possible to use the simplified
formulas (12) to find J. Comparison of the frequency differ-
ence given by (12) with the experimental data yields two
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values: J/h=—28.5 Hz and J/h=24 Hz. (Note that by cal-
culating the coherence o of two spin species with these val-
ues of J, we get 0=0.33 and 0=0.24, respectively, which
supports the use of the approximate formulas (12).) Both
values of J were used to calculate the relative NMR line
strengths. Good quantitative agreement with the experimen-
tal data can be obtained using J/h=—28.5 Hz, which is close
to the absolute value |J/h|=26.5 Hz measured by Poi-
trenaund and Winter.'®> The value J/h=—28.5 Hz also gives
a good description of the frequency and strength pattern of
the NMR lines observed by Oja, Annila, and Takano.> More-
over, the same value was used to find the spectrum in a 0.2
mT field (Ref. 4), where the general formula (11) should be
used. At p=—0.286 the frequencies obtained were v,=418
Hz and v;,=379 Hz, and at p=—0.683 the frequencies were
v,=488 Hz and v,=370 Hz. The explanation for the fact
that in the 0.2 mT field only one line was observed is that the
susceptibility ratio x,/x, amounts to only 2%. Thus, the
NMR spectrum in the 0.2 mT field is not a single exchange-
merged line in which the two spin species act as one species,
as assumed by Hakonen, Nummila, and Vuorinen.®. (Note
that the critical polarization for silver obtained by Eq. (13),
Pm=—0.39, is essentially the same as that listed in Ref. 5.) A
slight degradation in the agreement of v, with the experi-
mental data is apparently due to the fact that the decrease in
the separation of partial frequencies makes the spectral for-
mula (11) less attractive. Note that the spectral formulas we
obtained proved unsuitable for describing the NMR spectrum
of thallium.'® The exceptionally high value of J in thallium
(37.5 kHz according to Karimov and Shchegolev!”) would
seem to put this case beyond the scope of our approach.
Merging—splitting and suppression—enhancement have
also been observed in a system of exchange-coupled electron
spins.® The samples were four salts with paramagnetic
Cu** ions, which can occupy two magnetically inequivalent
positions in the lattice. Kuroda, Motokawa, and Date® con-
ducted their experiment as follows. Special coils were used
to generate magnetic field pulses up to 0.5 MOe. Spin tran-
sitions in such fields were induced by a 337-um HCN laser.
The distance between the Zeeman frequencies was measured
by rotating the sample relative to the direction of the “con-
stant” magnetic field. An EPR spectrum consisting of two
lines was observed, with the two lines merging at certain
angles. Molecular field theory was used to process the ex-
perimental results. For (NH,),CuCl,-2H,0 (chlorine salt),
the only salt examined here, J=0.12 K was obtained (ac-
cording to independent experimental data,'® this value is 0.24
K; we note that by J the authors of Ref.6 mean a quantity
half the one in the present paper or in Refs. 3—5). To com-
pare our formulas with the experimental data of Ref. 6, we
must replace J with 2J, p with |p|, y,h with g,8, and
vph with g3, where B is the Bohr magneton. We must also
take into account the following difference between EPR in
paramagnetic salts and NMR in metals. With silver nuclei
each of the 12 nearest neighbors of the chosen spin may turn
out to be the !°Ag isotope with a probability x, or the
107 Ag isotope with a probability x, . But in the case of chlo-
rine salt, which has a bcc structure, the ions occupying (a)
the centers of cubes, and (b) the vertices of cubes are mag-
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netically inequivalent. An ion occupying the center of a cube
is surrounded by eight “vertex” ions, and an ion occupying a
vertex of a cube is surrounded by eight “central” ions. Thus,
in the given case x,=x,=1 and z=8.

Because the experiment setup of Ref. 6 differs from that
of Refs. 3 and 4, in our formulas we must pass from reso-
nance frequencies @, , to resonant fields. The latter are so-
lutions of the equation

A 22 HZ

hy=gmﬂH+|p{th( 8 f +p%242—(1-p?)zJ?

(1—p?)2z274\ 12

S s (25)
Ag°B°H

the notation of Ref. 6:

gm=13(g1+82), Ag=g,—g1, and v is the laser frequency.

where we have retained

That a spectrum consisting of two lines was observed in the
experiment suggests that the last term in the parenthesized
expression, which yields to a fourth-degree equation for H,
is insignificant. If this term is discarded, the resonant fields

become
e 8m hv [ lplz _[Ag? Ag?|plzy
8182 B hv 4 2 hv
p*z? _ 8182 (1-p?)zJ? 12 26)
(hv)* g% (hv)? ’

where Ag=Ag/g .

The presence of two resonant fields can be described in
another way by introducing the effective value g% by the
formula

Ht hv

Comparison of Eq. (26) with Eq. (5) of Ref. 6 shows that Eq.
(26), first, allows for |p| #1 in the terms present in Ref. 5
and second, contains a term that is proportional to (1—p)?
and describes the exchange-merging of MR lines, with the
role of this effect growing as the spin polarization decreases.
Merging is not reflected in the theoretical results of Ref. 6,
since it cannot be obtained by the molecular field method.
We believe, however, that high-temperature merging was ob-
served by Kuroda, Motokawa, and Date® not only in combi-
nation with line repulsion but also in pure form. (See Fig. 8
of Ref. 6, which illustrates the tendency of the experimental
points g° to merge at room temperature (p=~0), in compari-
son with the narrow theoretical lines constructed according
to the formulas

gi=gjsin*(45°— 6) + g1 cos?(45°— 0),
g§=gﬁcosz(45° —0)+g>sin’(45°— 6).

The values of J that we found by comparing the differ-
ence between the resonant fields given by Eq. (26) and Fig. 6
of Ref. 6 turned out to be approximately 0.19 K (J/h=~4.03
GHz) and —0.2 K (J/h=~—4.17 GHz). These were then sub-
stituted into the formula for the intensity ratio:
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TABLE 1.
0 (X ,I’.FX :{F)lhwr (X i’,FX ;CIF) expt
T=42K|p|=1 15° 0.12 0.20
45° 0.35 0.33
T=77K, |p|=0.27 15° 0.54 0.51
22.5° 0.7 0.61
45° 0.86 0.83
" 2 2
XLF_(gZ (1—7.p) @7
SIE_(ez) AR
xur \&1/ (1+ 7yp)

where x[r and xj denote the low- and high-field suscepti-
bilities. The corresponding values of 7 are given by Egs. (22)
and (23) with

(~0_ 30) _AgBH+ _2(1—p2)zJ2

W, — W) LF~ % ﬁAgBH+ >

(@'—a )HF_Ag,BH_ _2(1-pHa)? 8
@a™ @p)TETTTY hAgBH™

Table I lists the theoretical values of the line intensity ratio
calculated with Eq. (27), with allowance for Egs. (28), to-
gether with the experimental data of Kuroda, Motokawa, and
Date® for chlorine salt.

5. CONCLUSION

To summarize, we have derived a simplified system of
equations for the first Green’s functions of exchange-coupled
inequivalent spins in a strong constant magnetic field. We
have found the spectrum of such a spin system to be valid up
to values of J? of the order of the square of the difference of
the spin partial frequencies. We have derived expressions for
the imaginary part of the complex magnetic susceptibility.
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Comparison of the results with the qualitative and quantita-
tive experimental data of Refs. 3—6 in the merging—splitting
and suppression—enhancement of MR lines of highly polar-
ized spins shows good agreement.

UThe authors would like to thank K.O. Khutsishvili for suggesting the
method of reducing Egs. (7) to Egs. (9).

M. A. Ruderman and C. Kittel, Phys. Rev. 96, 99 (1954).

2 A. Abragam, The Principles of Nuclear Magnetism, Clarendon Press, Ox-
ford (1961).

3A. S. Oja, A. J. Annila, and Y. Takano, Phys. Rev. Lett. 65, 1921 (1990).

4P. J. Hakonen, K. K. Nummila, and R. T. Vuorinen, Phys. Rev. B 45, 2196
(1992).

SA. S. Oja, A. J. Annila, and Y. Takano, Phys. Rev. B 38, 8602 (1988).

6 Shin-ichi Kuroda, M. Motokawa, and M. Date, J. Phys. Soc. Jpn. 61, 1036
(1992).

"R. Kubo and K. Tomita, J. Phys. Soc. Jpn. 9, 888 (1954).

8K. Tomita, M. Tanaka, T. Kawasaki, and K. Hiramatsu, Prog. Theor. Phys.
29, 817 (1963).

Y. Hamano and F. Shibata, J. Phys. C 17, 4843, 4855 (1984).

105, V. Tyablikov, Methods in the Quantum Theory of Magnetism, Nauka,
Moscow (1965), p. 216 [Plenum Press, New York (1967)].

'K, Tomita and M. Tanaka, Prog. Theor. Phys. 29, 528, 651 (1963).

2Yu. G. Rudol, in Statistical Physics and Quantum Field Theory [in Rus-
sian], N. N. Bogolyubov (ed.), Nauka, Moscow (1973), p. 97.

BG. Eska, in: Proc. Conf. on Quantum Fluids and Solids, Gainesville, 1989,
G. G. Ihas and Y. Takano (eds.), AIP Conference Proceedings No. 194,
American Institute of Physics, New York (1990).

M. I. Rabinovich and D. I. Trubetskov, Introduction to the Theory of
Oscillations and Waves [in Russian], Nauka, Moscow (1984), p. 38.

5], Poitrenaund and J. M. Winter, J. Phys. Chem. Solids 25, 123 (1964).

16G, Eska and E. Schuberth, Jpn. J. Appl. Phys. 26, Suppl. No. 3, 435
(1987).

7Yu. S. Karimov and I. F. Shchegolev, Zh. Eksp. Teor. Fiz. 41, 1082 (1961)
[Sov. Phys. JETP 14, 772 (1962)].

¥ A. R. Miedema, R. F. Wielinga, and W. J. Huiskamp, Physica 31, 1585
(1965).

Translated by Eugene Yankovsky
This article was translated in Russia. It is reproduced here they way it was

submitted by the translator, except for stylistic changes by the Translation
Editor.

L. L. Buishevili 804



