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We use Green's functions to study the frequencies and strengths of magnetic resonance lines in a 
system of highly polarized exchange-coupled inequivalent spins of a solid. We find that 
comparison of the results with the NMR pattern for two silver isotopes coupled by the 
Rudennan-Kittel interaction and with the EPR pattern for cu2+ ions occupying magnetically 
inequivalent positions in the lattice and coupled by the exchange interaction yields good 
agreement in ultralow magnetic fields. O 1994 American Institute of Physics. 

1. INTRODUCTION 

In addition to the ordinary dipole-dipole interaction, 
magnetic nuclei of a metal are coupled by the Ruderman- 
Kittel (RK) interaction,' which constitutes an indirect inter- 
action of nuclear spins with each other via conduction elec- 
trons, and which is predominant in heavy metals. Knowledge 
of the coupling constant J of the RK interaction is of great 
interest as a source of valuable information about the elec- 
tron band structure. NMR methods are often used to deter- 
mine J. At low spin polarizations, however, all quantities 
measured by magnetic resonance methods in magnetically 
disordered samples (only this case is considered below) are 
proportional to the squares of the local fields, and there is no 
way to find the sign of the RK coupling constant. At high 
spin polarizations the measured quantities also contain the 
first power of J .  Knowing the sign of J is not only of general 
interest for materials science but makes it possible to deter- 
mine whether the nuclear ordering achieved at lower spin 
temperatures, is ferromagnetic or antiferromagnetic. In view 
of this, the magnetic resonance (MR) of highly polarized 
nuclear spins of metals is of special interest. The signs and 
values of the coupling constants in the exchange interaction 
of the highly polarized electron spins of paramagnetic ions 
can also be effectively observed in EPR experiments, and the 
nature of ordering, as the temperature decreases, can be pre- 
dicted. 

Exchange coupling and the RK interaction, which is 
similar in notation, commute with the components of the 
total magnetization of equivalent spins, so that in this case 
they cause the well-known exchange narrowing of MR 
lines2 But if the highly polarized spins are not equivalent, 
these interactions can lead to significant changes in the fre- 
quencies and strengths of MR lines. Interacting inequivalent 
spins are similar to two coupled oscillators, whose partial 
frequencies must be close enough for the interaction to pro- 
duce appreciable effects. Hence the isotopes of metals with 
close gyromagnetic ratios (such as " " A ~  and l o 9 ~ g  in silver 
and 2 0 3 ~ 1  and 2 0 5 ~ 1  in thallium) and magnetically inequiva- 
lent ions in paramagnetic salts are extremely suitable objects 

for studying exchange interactions via MR methods. With 
paramagnetic salts there is the possibility of varying the dif- 
ference in the Lannor frequencies by rotating the sample in 
relation to the direction of the constant magnetic field. 

This problem has been studied by a group of Finnish 
 researcher^^,^ working with NMR at extremely low spin tem- 
peratures and a group of Japanese researchers6 working with 
EPR in ultrahigh constant magnetic fields (the special experi- 
mental conditions are dictated by the need to operate with 
highly polarized spins). Briefly, their results are as follows: 

(a) As the spin polarizations increased, a single NMR 
line split into two. 

(b) At low spin polarizations, MR lines tend to merge. 
For one thing, as the experimenter brought the Larmor fre- 
quencies together, the MR lines merged before the Larmor 
frequencies became equal. 

(c) A suppression-enhancement of magnetic lines was 
observed: the strengths of the MR lines did not correspond to 
the relative concentrations of the two spin species. 

The theoretical interpretation of the spectrum by Oja, 
Annila, and Takanos was based on the Kubo-Tomita method 
of moments: which is valid when the square of the differ- 
ence of the partial frequencies, (u:,)~, is much larger than 
the square of the coupling constant, ( ~ 1 5 ) ~ .  As a result the 
most interesting region, where the lines begin to overlap, 
dropped out of the picture. To describe the suppression- 
enhancement effect, Hakonen, Nummila, and vuorinen4 and 
Oja, Annila, and Takano5 used the molecular field method, 
which is incapable of taking into account the effect of merg- 
ing lines caused by spin fluctuations. Kuroda, Motokawa, 
and   ate^ used the molecular field method to describe both 
suppression-enhancement and line splitting, with the spin 
polarization assumed to be loo%, although in some experi- 
ments it was much lower. Hence although the molecular field 
method can be used for any ( ~ : , ) ~ - t o - ( ~ l h ) ~  ratio, line 
merging dropped out of the picture. The case of an arbitrary 
( ~ ~ , ) ~ - t o - ( ~ l h ) ~  ratio has also been studied in the theoreti- 
cal papers of Tomita et  ale8 and Hamano and ~ h i b a t a . ~  To- 
mita et  al.' used equations for the first and second Green's 
functions, while Hamano and shibata9 used equations for the 
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density matrix. Both groups, however, used idealized models a 
of paramagnets; besides, their equations cannot be used to ( w - o ~ ) G ; ~ =  --(G;"-G;~), h (4) 
describe the experimental data of Refs. 3-6. 

The goal of the present work is to develop a theory that R2G3a 
will make it possible to describe merging-splitting and (w- W , ) G ; ~ = I ~ +  - h ' 

suppression-enhancement within a broad range of 
~ ~ ( h  w : ~ ) ~  values and compare the results with experimental R2G3b  

(w- oa )Cib=12+ - 
R2G;, 

data. To this end we use the method of two-time retarded h 
, (w-Oa)c"z=- 

h ' 
Green's functions with allowance for the third Green's func- 
tions. R2G4b 

( o -  O ~ ) G ; ~ = -  
h ' 

2. CALCULATING THE SPECTRUM where 

Suppose that we have a constant magnetic field H and i 
(a)=(Izi) ,  (b)=(Gi) ,  I -- (a)(b) ,  

we place in it exchange-coupled spins of two species with 2- 57 

Larmor frequencies wa and ob. To this end we write the 
Hamiltonian of such a system in the form 1 ci=x Jij , R ~ = ; E  Ji Jik,  

I a j k  
%= -hwal ; -hwbl; -x  Ji jIaiIbi ,  (1) 

i,i ~;~=((~;~l:..ll;))~, ( 5 )  

where w, = y,H and wb= y $ f  in the case of nuclear spins 
with gyromagnetic ratios ya and yb ,  I, and Ib are the spin 
operators of species a and b, and the Zeeman energies of the 
spins are assumed to be considerably higher than the energy 
of the RK interaction. We wish to find the precession fre- 
quency spectrum of this spin system. We introduce the Fou- 
rier transforms of the main (first) two-time retarded Green's 
functions:1° 

G ; ~ = ( ( I J ~ I ~ ; ) ) ~  ~ q ~ = ( ( ~ z i I ~ ; ) ) u  , 

where 

and (. . .) stands for the average with an equilibrium statisti- 
cal operator. 

We write the chain of equations for the Fourier trans- 
forms of the Green's functions according to the formulalo 

The system of equations (4) is an open chain of equations for 
the first and second Green's functions. (In view of their com- 
plexity we do not write the third Green's functions.) To iden- 
tify the first-order frequency shifts in the very first equations, 
we introduce, following Refs. 11 and 12, the cumulant, or 
semi-invariant, Green's functions (AIB) in addition to the 
ordinary Green's functions, the relation between the two be- 
ing 

etc. (these relations remain valid in the frequency represen- 
tation). Using this method, we reduce the second and third 
Green's functions to the first and second cumulant functions 
and ignore the third cumulant Green's function, which van- 
ishes in the zeroth approximation. Retaining only the corre- 
sponding first functions (with the same upper indices) in the 
equations for the second Green's functions, we arrive at the 
following closed system of equations: 

a I a 
(w- w:)Cp+ - (a)C:'=- ( a ) +  I I ( ~ ; a - ~ ; a ) ,  

h 57 

(3) 
a a 

(w- u:)G;~+ ( ~ ) G : ~ = - ( K ; ~ - K ~ ~ ) ,  
If we limit ourselves to the third Green's functions, the chain h 
has the following explicit form: 

i a 
(w- wa)Cqa=- ( a ) +  z ( ~ ; - ~ p a ) ,  

57 

a 
(u -  w,)G;~= - - ( G ; ~ - G ~ ~  

h 2 ) 7  
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where K denotes cumulant Green's functions, and 

If both spin species have I= and the same polarization 

p = tanh(h0/2kT), where 0= (x, y, +xb yb)H, with X, and 
xb the relative concentrations of the two spin species, we 
have 

Since exchange interactions are short-range, each spin inter- 
acts only with its nearest neighbors, so that in what follows 
we put CJ?, = Z J ~  and i =zJ,  where z is the number of 
nearest neighbors. 

In looking for the spectrum we can reduce the number of 
equations in (7) by adding them painvise and obtaining equa- 
tions for the functions G'f = Gya + Gyb, K; = K;'+ K ; ~ ,  etc. 
Then for the spectrum we obtain a fourth-order equation, i.e., 
in the general case Eqs. (7) describe a four-frequency spec- 
trum. We simplify Eqs. (7) by replacing w with w:,b so that 
we get the difference w:,= w:- w: . Then 

Indeed, in the equations for the second Green's functions the 
right-hand side is nonzero because J is nonzero. If J=0 ,  then 
all K's vanish. Hence it is natural to introduce the dimen- 
sionless parameter E = Jlfi wtb and assume that Eqs. (8) are 
valid. Then 

a i 
(w- O:)Gya+ - ( a ) ~ : ~ = -  (a),  n 7T 

a 
( w -  3g)Gyb+ - ( ~ ) G ! ~ = o ,  n 

a i (9) 
( w -  &:)G;~+ - (b)Gyb=- (b), n 7T 

a 
(w- '%:)G;"+ - (b)G?,=O, 

h 

where 

act as the partial frequencies of the two o~cillators.~) Equa- 
tions (8) provide a kind of decoupling method, the validity of 
which, like that of all decoupling methods, can be verified by 
comparing the results with the experimental data. 

Equations (9) yield a biquadratic equation for the spec- 
trum. Thus, the method of decoupling provided by Eqs. (8) 
reduces the number of spectral frequencies to two. Since 
these two frequencies agree with the two MR lines observed 
e ~ ~ e r i m e n t a l l ~ , ~ - ~  we restrict our discussion to them. In the 
future we plan to examine a more complicated situation in 
which a multitude of MR peaks is observed.13 Equations (10) 
lead to the following spectrum of exchange-coupled in- 
equivalent spins: 

If the first term in the braces is considerably greater than the 
second, we can write the spectrum (assuming that 

0 0 0, - GbO) as 

The second terms on the right-hand sides of Eqs. (12) de- 
scribe the merging of the spin frequencies due to spin fluc- 
tuations, and the third terms describe their repulsion. Equa- 
tions (12) are consistent with the theoretical result of Oja, 
Annila, and ~akano,' with the difference that their fluctuation 
terms contain the factor 1-p2 instead of 1-xbp2 and 

2 1-xap . 
We now calculate the critical value p, of the spin polar- 

ization, i.e., the value of p above which the MR lines split in 
any field, however weak. To this end we write the difference 
of spin frequencies as 

If 6,- O,>wZjb, the MR lines are always split, with the 
result that the p, is fixed by the condition that 

0 0, - G ~ =  wfb. Ignoring terms of order ~ ~ ( f i w , ~ ) - ~ ,  we get 

where the plus and minus correspond to positive and nega- 
tive spin polarizations. The condition for the lines to merge is 

where r is the halfwidth at half-height of the resonance lines 
(we have in mind the case where the widths are the same). 
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3. CALCULATING ABSORPTION SIGNALS 

The energy absorbed by the spins from a variable field 
polarized parallel to the x axis (and hence the observed MR 
signal) is proportional to the imaginary part of the complex 
magnetic susceptibility. First we calculate the total suscepti- 
bility xXx= xlx-  i ~ : ~  by the f o r m u ~ a ' ~  

x x x =  - 2.rr i ( (MxIMx(t ) ) ) ,  . (15) 

Allowing for the fact that M x =  yaI> ybI*, , we can write 
Eq. (15) as 

where 

By the system of equations (10) the first Green's functions 
are 

We now calculate x i x .  To this end we replace w  with 
w -  i r ,  introducing the damping T .  Using the identity 

we can write x:x as a sum of terms resonant at the frequen- 
cies ha and O h :  

where 

with Z = (h ,  - h b ) [ ( w  - h a ) 2  + r2] ,  and similarly for the 
terms resonant at the frequency hb . 

Equations (20) show that if the frequency of the external 
field equals the partial frequencies of the b-spins ( w =  h:), 
the susceptibility x ; , ( h a )  vanishes. This phenomenon is 
well-known in the theory of  oscillation^^^ by the name of 

dynamic damping of one of the coupled oscillators. Replac- 
ing w  in the numerators of Eqs. (20)  with the corresponding 
resonance frequency, we get 

Y i N ( a ) r ( h a -  & : ) ( I -  
x:', = 22 

+ y $ ( b ) r ( h a - 6 : ) ( 1 +  v b l 2  

2 2  > 

where 

For h:3:, Eq. (22) can be written as 

The quantity a = x , ~ ~ ~ ~ z ~ ( ~ l h ) ~ / ( h ~ - h ~ ) ~  is known in 
the theory of  oscillation^^^ as the coherence of two coupled 
oscillators. Equation (21) describes suppression- 
enhancement in MR signals from two spin species with co- 
efficients vb and v , ,  respectively. Equations (21) and (22) 
show that for positive p and J, i.e., with a tendency toward 
ferromagnetic alignment, the high-frequency line is sup- 
pressed and the low-frequency enhanced; for J, i.e., with a 
tendency toward antiferromagnetic alignment, the high- 
frequency line is enhanced and the low-frequency sup- 
pressed. For negative p ,  suppression-enhancement is 
r e ~ e r s e d . ~  For tight coherence ( ~ > 1 )  the following approxi- 
mate equalities hold: 

We see that for a p > 0 ,  the a-mode is optical and the b-mode 
acoustic; for ap<O the converse is true. 

4. COMPARISON WITH EXPERIMENTAL DATA 

The theoretical results for the merging-splitting and 
suppression-enhancement effects obtained above were com- 
pared with the experimental data of Oja, Annila, and ~ a k a n o ~  
and Hakonen, Nummila, and ~ u o r i n e n , ~  who observed both 
effects in silver atoms at positive and negative spin tempera- 
tures, respectively. High resolution of the NMR lines of two 
silver isotopes, '07Ag and lo9Ag, in an external magnetic 
field of 0.8 mT (Ref. 4) made it possible to use the simplified 
formulas (12)  to find J .  Comparison of the frequency differ- 
ence given by (12)  with the experimental data yields two 
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values: Jlh=-28.5 Hz and J l h = 2 4  Hz. (Note that by cal- 
culating the coherence a of two spin species with these val- 
ues of J ,  we get u=0.33 and a=0.24, respectively, which 
supports the use of the approximate formulas (12).) Both 
values of J were used to calculate the relative NMR line 
strengths. Good quantitative agreement with the experimen- 
tal data can be obtained using J l h  = -28.5 Hz, which is close 
to the absolute value IJlhl=26.5 Hz measured by Poi- 
trenaund and winter.15 The value J l h  = -28.5 Hz also gives 
a good description of the frequency and strength pattern of 
the NMR lines observed by Oja, Annila, and ~ a k a n o . ~  More- 
over, the same value was used to find the spectrum in a 0.2 
mT field (Ref. 4), where the general formula (11) should be 
used. At p = -0.286 the frequencies obtained were v,=418 
Hz and vb=379 Hz, and at p=  -0.683 the frequencies were 
va=488 Hz and vb=370 Hz. The explanation for the fact 
that in the 0.2 mT field only one line was observed is that the 
susceptibility ratio ~ 6 1 ~ :  amounts to only 2%. Thus, the 
NMR spectrum in the 0.2 mT field is not a single exchange- 
merged line in which the two spin species act as one species, 
as assumed by Hakonen, Nummila, and ~ u o r i n e n . ~ .  (Note 
that the critical polarization for silver obtained by Eq. (13), 
pm = -0.39, is essentially the same as that listed in Ref. 5.) A 
slight degradation in the agreement of vb with the experi- 
mental data is apparently due to the fact that the decrease in 
the separation of partial frequencies makes the spectral for- 
mula (11) less attractive. Note that the spectral formulas we 
obtained proved unsuitable for describing the NMR spectrum 
of thallium.16 The exceptionally high value of J in thallium 
(37.5 kHz according to Karimov and shchegolev17) would 
seem to put this case beyond the scope of our approach. 

Merging-splitting and suppression-enhancement have 
also been observed in a system of exchange-coupled electron 
spins.6 The samples were four salts with paramagnetic 
cu2+ ions, which can occupy two magnetically inequivalent 
positions in the lattice. Kuroda, Motokawa, and   ate^ con- 
ducted their experiment as follows. Special coils were used 
to generate magnetic field pulses up to 0.5 MOe. Spin tran- 
sitions in such fields were induced by a 337-pm HCN laser. 
The distance between the Zeeman frequencies was measured 
by rotating the sample relative to the direction of the "con- 
stant" magnetic field. An EPR spectrum consisting of two 
lines was observed, with the two lines merging at certain 
angles. Molecular field theory was used to process the ex- 
perimental results. For (NH4)2CuC14.2H20 (chlorine salt), 
the only salt examined here, J=0.12 K was obtained (ac- 
cording to independent experimental data,'' this value is 0.24 
K; we note that by J the authors of Ref.6 mean a quantity 
half the one in the present paper or in Refs. 3-5). To com- 
pare our formulas with the experimental data of Ref. 6, we 
must replace J with 2J ,  p with Ip(, yah with g2P,  and 
ybh with g1P, where P is the Bohr magneton. We must also 
take into account the following difference between EPR in 
paramagnetic salts and NMR in metals. With silver nuclei 
each of the 12 nearest neighbors of the chosen spin may turn 
out to be the ' 0 9 ~ g  isotope with a probability x ,  or the 
1 0 7 ~ g  isotope with a probability x ,  . But in the case of chlo- 
rine salt, which has a bcc structure, the ions occupying (a) 
the centers of cubes, and (b) the vertices of cubes are mag- 

netically inequivalent. An ion occupying the center of a cube 
is surrounded by eight "vertex" ions, and an ion occupying a 
vertex of a cube is surrounded by eight "central" ions. Thus, 
in the given case X ,  =xb = 1 and z =8. 

Because the experiment setup of Ref. 6 differs from that 
of Refs. 3 and 4, in our formulas we must pass from reso- 
nance frequencies to resonant fields. The latter are so- 
lutions of the equation 

where we have retained the notation of Ref. 6: 

g m  = i(gl  +gz) ,  Ag=g2-gl , and v is the laser frequency. 

That a spectrum consisting of two lines was observed in the 
experiment suggests that the last term in the parenthesized 
expression, which yields to a fourth-degree equation for H, 
is insignificant. If this term is discarded, the resonant fields 
become 

where Ag = Aglg, . 
The presence of two resonant fields can be described in 

another way by introducing the effective value geff by the 
formula 

Comparison of Eq. (26) with Eq. (5) of Ref. 6 shows that Eq. 
(26), first, allows for I p (  f 1 in the terms present in Ref. 5 
and second, contains a term that is proportional to ( 1  pp12 
and describes the exchange-merging of MR lines, with the 
role of this effect growing as the spin polarization decreases. 
Merging is not reflected in the theoretical results of Ref. 6, 
since it cannot be obtained by the molecular field method. 
We believe, however, that high-temperature merging was ob- 
served by Kuroda, Motokawa, and   ate^ not only in combi- 
nation with line repulsion but also in pure form. (See Fig. 8 
of Ref. 6, which illustrates the tendency of the experimental 
points geff to merge at room temperature (p=O), in compari- 
son with the narrow theoretical lines constructed according 
to the formulas 

The values of J that we found by comparing the differ- 
ence between the resonant fields given by Eq. (26) and Fig. 6 
of Ref. 6 turned out to be approximately 0.19 K (Jlh-4.03 
GHz) and -0.2 K (Jlh=-4.17 GHz). These were then sub- 
stituted into the formula for the intensity ratio: 
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TABLE I. 

t' ( ~ ; F x k F ) t h e a r  ( ~ : F x L F ) e x p t  

where x:, and x:, denote the low- and high-field suscepti- 
bilities. The corresponding values of 7 are given by Eqs. (22) 
and (23) with 

Table I lists the theoretical values of the line intensity ratio 
calculated with Eq. (27), with allowance for Eqs. (28), to- 
gether with the experimental data of Kuroda, Motokawa, and 
  ate^ for chlorine salt. 

5. CONCLUSION 

To summarize, we have derived a simplified system of 
equations for the first Green's functions of exchange-coupled 
inequivalent spins in a strong constant magnetic field. We 
have found the spectrum of such a spin system to be valid up 
to values of J 2  of the order of the square of the difference of 
the spin partial frequencies. We have derived expressions for 
the imaginary part of the complex magnetic susceptibility. 

Comparison of the results with the qualitative and quantita- 
tive experimental data of Refs. 3-6 in the merging-splitting 
and suppression-enhancement of MR lines of highly polar- 
ized spins shows good agreement. 
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