
Influence of stimulated processes on the properties of the Hanle signal. 
Investigation of spectra 

F. A. Lomaya and A. A. Panteleev 

Troitsk Institute of Innovative and Thermonuclear Research, 142092 Troitsk, Moscow Region, Russia 
(Submitted 20 April 1994) 
Zh. Eksp. Teor. Fiz. 106, 886-903 (September 1994) 

The influence of stimulated absorption and emission processes, as well as four-wave mixing, on 
the fluorescence spectra of atoms excited by a monochromatic wave of arbitrary intensity 
in a magnetic field has been studied. Investigations have been performed for scattering of the 
incident wave on an optically dense atomic beam and on an optically thin beam when 
the fluorescence photons assemble in a high-Q cavity. The spectral dependence of the absorption 
and four-wave mixing coefficients, which determine the dynamics of the stimulated 
processes, has been examined. The special features of the probe-wave method as applied to the 
system under consideration have been discussed. The importance of the four-wave mixing 
processes accompanying the interference phenomena has been noted. The special features of the 
phase matching corresponding to these processes have been investigated. The results 
obtained have been used to describe the modification of spectra of the Hanle signal due to the 
influence of stimulated processes. 

1. INTRODUCTION 

Expressions describing the spectral characteristics of the 
Hanle for a monochromatic wave of arbitrary inten- 
sity in a J = O + J = l  transition were recently obtained in Ref. 
1. Resonance fluorescence spectra for a monochromatic 
wave of arbitrary intensity were first obtained by Rautian and 
sobel'man4 for scattering on an open two-level system and 
by Mollow for a two-level atom.5 It was shown that the 
emission spectra of an atom undergo significant changes in a 
strong wave field and have the form of a triplet of Lorentz- 
ians detuned from the generalized Rabi frequency. It should 
be noted that the absorption spectra also change significantly, 
and in some regions absorption may be replaced by 
amplification.6 It was shown in Ref. 1 that the spectrum of 
the Hanle signal for an intense monochromatic wave in a 
J = O + J = l  transition may contain up to seven resonances, 
which are a consequence of the splitting of the three-level 
system in the strong field (see Fig. la). 

The investigations of the properties of the Hanle effect 
performed in Ref. 1, as well as in Refs. 3 and 7-9 and in 
most of the other studies, suggest that atoms spontaneously 
scatter the incident radiation in free space. The dimensions of 
the medium or, more precisely, its optical thickness, are as- 
sumed to be small. This means that stimulated emission pro- 
cesses may be neglected in describing the scattered radiation. 
The present work was devoted to an investigation of the 
influence of stimulated processes on spectra of the Hanle 
signal. 

Fabry-Perot cavities are often used in laser spectroscopy 
to precisely measure the frequency. In high-Q cavities, 
stimulated processes become significant due to the presence 
of feedback even in initially optically thin media, such as, for 
example, atomic beams. These processes include absorption 
(amplification) of the scattered radiation and multiwave mix- 
ing. We note that the influence of a cavity on the resonance 
fluorescence spectra of a two-level atom was investigated in 

Ref. 10. It is also clear that stimulated processes are very 
important for scattering in optically dense media. 

Figure l b  presents a possible scheme for an experimen- 
tal investigation of the spectral properties of the Hanle effect. 
We assume that an intense monochromatic wave is linearly 
polarized along they axis and propagates along the x axis. A 
constant magnetic field is directed along the z axis. The 
Hanle signal; i.e., x-polarized resonance fluorescence, is ob- 
served in the y direction, and we assume that the atomic 
beam (Al) propagates along the z axis (See Fig. lb). We 
shall also analyze the spectra of the y-polarized fluorescence 
along the z axis. In this case we assume that the atomic beam 
(A2) propagates along the x axis. This experimental mea- 
surement scheme makes it possible to avoid the influence of 
the Doppler effect on the scattering spectra. We investigated 
the role of stimulated processes as applied to intracavity 
spectroscopic methods under the assumption that the scatter- 
ing system is in the cavity (it is not shown in the figure), 
which is oriented in the line of sight. In addition, in the 
present work we investigated scattering spectra in an opti- 
cally dense atomic beam. Here it is assumed that the cross- 
sectional dimensions of the latter are much smaller than the 
diameter of the laser beam. This permits neglect of the non- 
uniformity of the laser field in the cross section of the atomic 
beam. 

We use the formalism developed Refs. 1 and 11, where a 
method which is based on the quantum theory of multiwave 
mixing12,13 and makes it possible to investigate the polariza- 

tion effects of a resonant interaction of several waves was 
described. This theory makes it possible to describe the po- 
larization properties of a nonlinear interaction between 
waves, probe-field spectroscopy, resonance fluorescence, and 
other phenomena in quantum and nonlinear optics. 

The principal equations for describing the Hanle effect, 
which were derived in Refs. 1 and 11, will be presented in 
Sec. 2. The absorption and four-wave mixing coefficients of 
the spectrally degenerate modes which determine the dynam- 
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ics of the stimulated processes in the problem under consid- 
eration here will be considered in Sec. 3. The influence of the 
cavity on the fluorescence spectra will be investigated in Sec. 
4. In Sec. 5 the role of propagation effects on the fluores- 
cence spectra observed when a laser wave is scattered in an 
optically dense atomic beam will be examined. The role of 
four-wave mixing and the features of the wave-vector match- 
ing will also be investigated. The main conclusions and re- 
sults of the work will be presented in Conclusions. 

2. PRINCIPAL EQUATIONS 

In the rotating-wave and dipole-interaction approxima- 
tions, the Hamiltonian of the system under consideration has 
the form (in radls) 

where a .  is the annihilation operator for photons in the jth ' ". 
mode havlng a wave vector kju with left-handed (a=  +) and 
right-handed (a=-) polarization and a frequency wj. In 
these expressions AL = o0 - wL , vj = wj - wL , wo is the tran- 
sition frequency, and oL is the frequency of the laser wave, 
which is linearly polarized along the y axis (see Fig. 1). The 
first two terms in expression (1) define the Hamiltonians of 
the unperturbed atomic subsystem and the quantum radiation 
field. The third term describes the effect of the magnetic field 
on the atoms, being the Larmor frequency. The fourth term 
in expression (1) describes the interaction of the atoms with 
the laser wave, which we have represented in the form of a 
sum of a components with electric field strengths E,. Here 

where pd is the matrix element of the dipole moment in the 
IO)+lu) transition. The vector 10) describes the lower state of 
the atom, and (a)  describes the upper state (+) with m ~ =  + 1 

FIG. 1, a) Displacement and splitting of the atomic 
energy levels of a J=O+J=l system under the ac- 
tion of a strong monochromatic wave in a constant 
magnetic field. The lines corresponding to transi- 
tions 3, 5, and 7 are spectroscopically degenerate 
with the frequency of the exciting radiation. b) Pos- 
sible experimental setup for observing the Hanle ef- 
fect. The vector H defines the direction of the mag- 
netic field, A1 and A2 are atomic beams, and Dl  
and D2 are detectors of the scattered radiation. 

or I-) with m,=-1. In the calculations we assume that 
I V +  ( = I V -  I = V. The last term in Hamiltonian (1) describes 
the interaction of the atoms with the quantum electromag- 
netic field. The function Uj= Uj(r) describes the spatial dis- 
tribution of the jth mode; 

is the coupling constant, where W is the quantization vol- 
ume. The atomic system is described using the matrices R 
from Ref. 1, which are three-dimensional generalizations of 
the 2x2 Pauli matrices for use in the three-level system 
shown in Fig. la. They satisfy the commutation relations 

and their effect on the eigenfunctions of the atomic sub- 
system is specified by the expressions 

where SUur is the Kronecker delta. 
The components of the atomic density matrix p are de- 

fined in the following manner: 

We note that expressions (4) differ from the analogous ex- 
pressions in Refs. 1 and 11. This is due to the different defi- 
nitions of the eigenfunctions of the atomic subsystem: in 
Refs. 1 and 11 the kets (a )  were defined as row vectors, and 
in the present work we define them, as has generally been 
done in the literature, as column vectors [see (3)]. These 
differences do not alter the physical results. 

Let us define the atom-photon operator pa-*, of an atom 
+field system. For this purpose we take the standard equa- 
tion of motion12-l4 
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ipa-ph= E H ?  pa-phl+ ir (pa-ph) (5 )  ip  = Mp, (6) 

where the operator r ( ~ ~ - ~ ~ )  describes the relaxation pro- 
cesses. We have the following equation of motion for the 
atomic density matrix p without consideration of the interac- where pt=@++ ,p- - ,~,, , , ,~+,p+~,~-,p-~,p+ - ,p- +), 
tion with the quantum modes: and the matrix M has the form 

where A,=oL - 00? a+ i y12, S=2R+i y, and y is the rate 
of spontaneous relaxation. Since the atomic subsystem is 
closed, system (6), which is linearly dependent, must be 
supplemented with the condition Tr p=l .  

The operator of the photon field P is determined from 
the operator pa-ph by taking the trace with respect to the 
atomic states. The equation of motion for the slowly varying 
component of this operator in second-order perturbation 
theory with respect to the coupling constant g has the 
form"-13 

Here, the rate of intracavity loss is taken into account for the 
case in which the system is in the cavity. The quantity Q j  
describes the Q factor of the cavity for the jth mode. The 
coefficients A and B are determined below [see (14)-(17)l. 

In this equation we omitted the group of terms which 
describe the four-wave mixing processes in the direction of 
propagation of the incident wave (see Ref. 11). This is due to 
the fact that the geometry of the Hanle effect considered in 
this work is such (see Fig. lb) that the conditions for the 
realization of wave-vector matching in the four-wave mixing 
processes involving the incident wave and the scattered 
waves symmetrically detuned from it do not 

In the problem under consideration, along with the mean 

(n ,, is the number of the photons with the wave vector k,,), 
the correlators (ajf,,aj,) (u#ur)  are also significant. The 
existence of these correlators, which is associated with the 
coherence introduced into this system by the pump wave, 

makes it possible to describe the interference effects that are 
significant, in particular, in the Hanle effect. The appearance 
of these correlators requires fulfillment of the following con- 
dition: 

(kj+-k,-+lc--kL+)r=O. (9) 

Since kj + - kj - and kL - -kL + , condition (9) can essentially 
always be considered satisfied. 

The equations of motion for the photon numbers and the 
quantum correlators of photons with different polarization 
have the form 

+A+-+A?+ ,  (13) 

where ab=a ,  - o/2Q, %=A,,-B,,, /~,=A,,I -Bunt, 
and it is assumed that u#u'. For the scattering of radiation 
in free space, a' is replaced by a. The index j is omitted here 
and below, since spectrally degenerate modes are coupled. 

The coefficients A and B are defined in the following 
manner: 

~ + + = i ~ l g + I ~ ( z 3 5 ~ o +  +z55p++ +z75p-+), (14) 

B + +  = i ~ I g + l ~ ( - z l 5 ~ 0 +  - ~ 5 5 ~ 0 o + ~ * s ~ o - ) ~  (15) 
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where pjk is the stationary solution of system (6), 
zjk=detZjk/det Z, and Zjk is the minor of the matrix 
Z=M+ vI (here I is the unit matrix), v= w- w~ , and N is the 
number of atoms. The corresponding coefficients for a=- 
are obtained by making the replacements a + - a ,  
v+ttv-. 

Equations (10)-(13) make it possible to describe the 
Hanle effect, i.e., the fluorescence in the system shown in 
Fig. lb. The photons with left- and right-handed polarization 
are specified by the photon numbers n + and n - , and their 
fluorescence spectra are specified by A++ and .A_-. Here 
A,,,, = A,,, + A : , ~ .  The Hanle signal is determined by 
the number of photons with linear polarization in the x di- 
rection, and the fluorescence spectrum is, accordingly, deter- 
mined by ,Ax. Using the relationship between the creation 
operators of photons with circular polarization and photons 
with linear polarization, we have the following relations for 
the photon numbers: 

Photons with x polarization are observed in the y direction, 
and photons with y polarization are observed in the z direc- 
tion (see Fig. 1). The overall expression for the number of 
photons with linear polarization in the ye  plane (the vector e 
specifies the direction of photon scattering) has the form 

+ i  sin 2 8  cos cp((aIa-)-(a'a,)). (20) 

Here 8 is the angle which the vector e forms with the y axis, 
and cp is the angle between its projection onto the xz plane 
and the x axis. 

For an optically thin system, in which the stimulated 
processes can be neglected, we have 

These spectra were thoroughly scrutinized in Ref. 1. 
The total intensity of the Hanle signal is given by 

and, accordingly, 

These quantities were investigated by Avan and 
 ohe en-~annoudji.~ 

It is noteworthy that since the lower level corresponds to 
the ground state in the atomic subsystem considered here, 
two components can be identified in the fluorescence spectra: 
an elastic or undisplaced component, which is proportional 

FIG. 2. Spectral dependence of K++ for V/y=3,  AL =0, and nly=l (curve 
1)  and 3 (curve 2). 

to qv), and an inelastic component, which describes scatter- 
ing with a change in photon frequency. We write the expres- 
sions for the fluorescence spectra in the form 

The elastic component ./A,:, is 

For the elastic component of the Hanle signal ,&fzl, we 
therefore have 

In the weak-field limit V* y this component is decisive, 
and in this case expression (28) corresponds to the well 
known result for the Hanle signal,3'15 which follows from 
second-order perturbation theory. 

It should be noted that a nonstandard representation of 
the polarization structure of an electromagnetic field was 
used in the foregoing description based on the results in 
Refs. 1 and 11, since in the present work, as in Refs. 1 and 
11, the incident wave was represented in the form of a sum 
of u components, while in the standard description3 it is 
proportional to their difference. A nonstandard representation 
was also used for the creation and annihilation operators of 
the photons with u polarization. We can show how the equa- 
tions derived here are modified when the standard descrip- 
tion of the polarization structure of an electromagnetic wave 
is used. Under the conditions of the geometry considered 
here, the traditional expressions for the photon operators 
have the form 

Taking this definition into account, in Eqs. (18)-(24) and 
(28) we should reverse the overall sign in front of the terms 
containing interference terms, i.e., with aZu ' ,  and multiply 
the entire right-hand side by 112. We note that the physically 
measured quantities (e.g., the intensity and spectrum of the 
scattered radiation), of course, do not depend on the repre- 
sentation. 
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FIG. 3. Spectral dependence of the real (solid line) and imaginary (dashed FIG. 5. Spectral dependence of a (curve I), P (curve 2),  and a+P (curve 3) 
line) parts of K+- for V/y=3 ,  AL=O, and Rly=3.  for Vly=3,  AL=O, and a = 0 .  

3. INVESTIGATION OF STIMULATED PROCESSES 

The coefficients a, and P, in Eqs. (10)-(13) describe 
stimulated processes: absorption (amplification) of radiation 
and four-wave mixing. Figures 2-4 present plots of the spec- 
tral dependence of the absorption coefficients K++ and K+- 

( K,,, = a, + a:,), as well as /I+ , for various values of V I ~  
and flly and exact resonance of the pump wave with the 
transition frequency AL=O. These quantities are generally 
not understood to be the absorption and four-wave mixing 
coefficients, and in Eqs. (10)-(13) they describe the rates of 
these processes. The corresponding absorption and four- 
wave mixing coefficients are obtained by dividing by the 
phase velocity of light. All the spectra in Figs. 2-4 were 
normalized to the unperturbed (EL =0, fl=O) absorption rate 
KO at the line center ( w = q ) .  These figures reveal that in 
intense fields, the spectra of these coefficients have a com- 
plicated structure and many features. This is attributed to the 
splitting of the atomic subsystem in the strong electromag- 
netic field (see Fig. la),'*" and the features in the spectra of 
the coefficients are located near components corresponding 
to the generalized Rabi frequencies. We note that % and P, 
satisfy the Kramers-Kronig relations,16 while K+- does not 
(see Fig. 3). 

We note that the K,~! cannot be interpreted strictly as 
absorption coefficients. This is due to the fact that the ap- 
pearance of photons with a wave vector k, in the medium 
induces polarization for photons with a wave vector 
kL,r -~,+kU-kJu2u') .  

Let us investigate this phenomenon in greater detail for 
the example of classical probe fields.17 Following Ref. 12, 

FIG. 4. Spectral dependence of the real (solid ~ind) and imaginary (dashed 
line) parts of p+ for Vly=3 ,  AL=O, and O / y = 3 .  

we define the strength of the probe signal as En= ZT(a3) (Z7 
is the field strength of a single photon). We consider the 
simplest case: without a magnetic field, i.e., fl=O. Then 
a,= a,! =a, and Pu=Pal = P. The condition of wave-vector 
matching is presumed to be satisfied. We assume that the 
probe wave with left-handed polarization is scattered in 
beam A2 (see Fig. lb). Then, using (8), we obtain 

Transforming to partial derivatives 

with the boundary conditions E +(O) = Eo , E -(0)=0, we find 
the stationary solution for these equations: 

where A, = ii t p ,  ii = &, and p=plc. For simplicity, the 
difference between the phase velocity of wave propagation 
and the velocity of light c is neglected in the present work. In 
an optically thin medium, i.e., when A,z+l, we obtain 
E+(z)=Eo( l  +&), E-(Z)=E~&,  and for a wave with 
left-handed polarization Re ii may be interpreted as the ab- 
sorption coefficient. This cannot be done in the general case, 
since the solution is determined by the scale factor A,. In 
intense fields, Re A+ can change sign (see Fig. 5). We also 
note that it coincides with the absorption coefficient (gain) of 
a classical probe signal for two-level atoms in an electromag- 
netic field with a Rabi frequency @ (this is also the Rabi 
frequency for a pump wave interacting with two-level 
 atom^).^"' It follows from solution (31) in the amplification 
region that in an optically dense medium (A,z%l) the am- 
plitudes of the waves equalize, and a growing wave with 
linear polarization is ultimately obtained. 

It follows from this analysis that one significant feature 
of the system under consideration is the fact that Beer's law 
does not hold: the absorption coefficient cannot be deter- 
mined in the usual manner, and the polarization structure of 
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the radiation varies. The presence of a magnetic field further 
complicates the situation under consideration." 

4. INFLUENCE OF THE CAVITY ON THE FLUORESCENCE 
SPECTRA 

Let us consider the experimental situation depicted in 
Fig. lb, assuming that the scattering system is located in a 
high-Q Fabry-Perot cavity oriented parallel to the y or z 
axis. The scattered radiation is selected by the spectral modes 
of the cavity and then measured by an external detector. We 
note that a similar experimental setup was used in Ref. 18 to 
measure resonance fluorescence spectra. We assume that the 
width of the intracavity modes is sufficiently large in com- 
parison to the total width of the fluorescence spectra not to 
influence their form. 

The scattered radiation is described by Eqs. (10)-(13). 
We represent them in the following manner: 

where 

When atoms are irradiated by a laser, the photon number 
increases until a stationary value is achieved. This state is 
described by the stationary solution of Eq. (32): 

The limit ~/Q+K,,, and K,, corresponds to a low-Q cavity. 
In this case solution (33) has the form n= QA/o and de- 
scribes expressions (21) and (22) for the spectra in free 
space. When o/Q becomes comparable to K,, or K,,, the 
spectra change significantly. We introduce the parameter 
q = o /Q  K, and investigate the dependence of the scattering 
spectra on this parameter. 

Figure 6 presents plots of the spectral dependence of the 
photon number n,, which is stipulated by the inelastic scat- 
tering of the pump wave and was calculated from Eqs. (33), 
(18), and (19) for various values of q. We note that the con- 
tribution of the elastic scattering of the laser wave for the 
parameters corresponding to Fig. 6, as well as Fig. 7, is 
small. It can be seen from Fig. 6 that the values of n,, which 
determine the Hanle signal, may be greatly dependent on the 
Q factor of the cavity. For the parameters corresponding to 
the plots in Fig. 6, an increase in the Q factor of the cavity 
results not only in an increase in the photon number n,, but 
also in drastic changes in the spectral composition. With re- 
spect to n, , an increase in the Q factor of the cavity results 
only in an increase in this photon number, but the spectral 

FIG. 6. Spectral dependence of the photon number n, for Vly=3, AL =0, 
n l y = l ,  and q=0.5 (curve I), 0.1 (curve 2),  and 0.02 (curve 3). 

composition does not change significantly. A similar depen- 
dence, i.e., relative spectral stability as the Q factor of the 
cavity increases, is exhibited by the numbers of photons with 
left- and right-handed polarization n + and n - . Significant 
changes occur in the spectra of these photons only when q 
becomes considerably closer to its threshold value qth.  The 
value ofqth, is given by the condition 

det D=O (34) 

for at least one frequency v in the spectral distribution of the 
photons. Satisfaction of condition (34) or the condition det 
D<O means that an increase in the Q factor of the cavity 
and, accordingly, a decrease in q create a situation in which 
the increase in the photon number begins to surpass the int- 
racavity losses. Then the photon number in the cavity con- 

FIG. 7. Spectral dependence of the photon number n, for Vly=lO, 
ALly=-10, nly=5, and q = l  (a), 0.1 (b), and q=0.05 (c). 
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tinually increases, and the stationary regime is violated. 
Thus, in this case solution (33) does not have any physical 
meaning. 

It was noted in Ref. 1 that the spectrum of the Hanle 
signal may contain up to seven peaks. The spectra in Fig. 6 
contain five features. This is due to the fact that they were 
calculated under the condition of exact resonance between 
the pump wave frequency and the transition frequency. In 
this case the quasienergy spectrum of the atom is equidistant, 
causing degeneracy of two pairs of peaks in the emission 
spectrum. A seven-peak structure is clearly displayed when 
there is considerable detuning from resonance: AL> y. Plots 
of the spectral dependence were calculated for various values 
of q under this condition n, (see Fig. 7). It is noteworthy that 
the fluorescence spectra considered here, unlike the fluores- 
cence spectra of a two-level atom: are asymmetric when 
there is detuning even in an optically thin medium. This is 
due to the different degrees of excitation of the upper levels. 

5. INFLUENCE OF PROPAGATION EFFECTS ON THE 
FLUORESCENCE SPECTRA 

In laser-spectroscopic problems the influence of stimu- 
lated processes on the scattering spectra becomes significant 
when a laser wave acts on extended media. The characteristic 
features of these processes, which are associated with the 
propagation of scattered radiation in optically dense media, 
are investigated in this section with reference to the Hanle 
effect in the system depicted in Fig. lb. Here the atomic 
beams we assumed to be optically dense. 

The propagation of scattered radiation is described by 
the system of equations (10)-(13). The form of this system 
as presented does not make it possible to obtain analytical 
solutions convenient for investigation. Therefore, taking into 
account that the variables in this system are correlators of the 
creation and annihilation operators, we can represent it in a 
more symmetric form. For this purpose we introduce the 
vector G and the matrix Z, which have the form 

The equations of motion for these quantities can be obtained 
using Eqs. (8) for the photon field operator P: 

d 
G= KG, 

where the matrices K and A have the form 

Equation (36) describes classical probe fields, and (37) is a 
modified form of system (10)-(13). Here we have taken into 
account the special features of the four-wave mixing associ- 
ated with wave-vector matching condition (9), which has the 
following form in the geometry under consideration: 

Here 1 describes the y or z coordinate, depending on the 
direction in which the photons are scattered. This expression 
reveals that the wave-vector mismatch A k = k + - k -  has a 
significant influence on the propagation of the scattered pho- 
tons. Making the transition from complete to partial deriva- 
tives by performing the replacement 

we find the stationary solution of Eq. (37): 

where L is the transverse dimension of the atomic beam and 
K=K/C. The first term in this expression describes the ho- 
mogeneous solution, for which the vacuum states C(O)=I/2 
can serve as an initial condition. The propagation processes 
of the scattered radiation per se are described by the second 
term, which is the subject of our research. We introduce the 
matrix S, which diagonalizes K: 

where 

Then for the matrix exponential function we have the expres- 
sion 

After integrating (40), for the j ,k element of the second term 
2, in this expression we have 

We note that the approach used here to solve the system of 
equations (10)-(33) is similar to the method employed in the 
work of Agarval and to analyze nondegenerate for- 
ward four-wave mixing. 

Plugging the quantities obtained from solution (44) into 
Eqs. (18) and (19), we find expressions for n, and n,, . An 
analysis of these expressions demonstrates the significant in- 
fluence of the propagation effects on the scattering spectra. 
The spectra of the photon number n, for various values of 
a& (here a. is the unsaturated absorption coefficient of the 
photons in the line center in the absence of a magnetic field) 
are presented in Figs. 8a-c. In the case of an optically thin 
medium (Fig. 8a), the scattering spectrum contains seven 
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FIG. 8. Spectra of the photon number n, for Vly=lO,  ALly=-10, flly=5, 
and the values &=0.1, Ak=O (a), @&=lo,  Ak=O (b), u&=100, Ak=O 
(c), and a& =100, Aklao=0.2 (d). 

components with frequencies v=O, +aj G = l ,  2, 3). The 
values of the generalized Rabi frequencies 0, are specified 
by the real parts of the eigenvalues of M. For the parameters 
corresponding to Fig. 8, 0,=12y, fi2=19y, and O3=32y. 
The high-frequency component corresponding to v=a3 pre- 
dominates in the spectra of n,  , n + , and n - when a& = 100 
and Ak=O (Fig. 8c). Essentially no displacement of the po- 
sitions of the component maxima in the scattering spectra 
occurs as the optical thickness increases. This is attributed to 
the fact that the features in the radiation gain factors, like the 

FIG. 9. Dependence of the photon number n, on the optical thickness 
for v = n ,  (curve I ) ,  v = n ,  (curve 2), and v = n ,  (curve 3) when V/y=lO,  
AL/y=-10,  n / y = 5 ,  and Ak=O. 

peaks in the spontaneous scattering spectra of the atoms, are 
located near generalized Rabi frequencies. When the incident 
wave is detuned from resonance, the amplification of the 
scattered radiation exhibits asymmetry. This is the reason 
why the high-frequency components dominate in the scatter- 
ing spectrum at large optical thicknesses when there is low- 
frequency detuning of the pump wave from resonance (Fig. 
8c). The preferential growth of these components can also be 
seen in Fig. 9, which presents the dependence of n, on a& 
for v=0, G=1, 2, 3). 

Figures 8a-c were plotted for the condition of exact 
wave-vector matching Ak=O. The presence of some mis- 
match AkZO significantly alters the gain factors. Plots of the 
dependence of the photon number n, for v=O, 0, 0' = 1,2,3) 
on the magnitude of the wave-vector mismatch are presented 
in Fig. 10. The dependence of n,  on Ak for the low- 
frequency components with v=-fl, is less abrupt than the 
dependence in Fig. 10. The influence of the wave-vector mis- 
match on the spectrum of n,  is demonstrated in Figs. 8c and 
d, the latter of which was plotted for Ak =0.2% and the same 
values for the other parameters. 

The foregoing analysis focused on an investigation of 

60 " a 

40 : 

20 T+ 0.5 :E 0 

0 ,  i - 1  -0.5 0 0.5 -1  -0.5 0 0.5 I 
A!i la, -1k !cz,, FIG. 10. Dependence of the photon number n, on 

the magnitude of the wave-vector mismatch Ak for 
"1 

d 
v=0  (a) v = n ,  (b), v = n ,  (c), and v = n 3  (d) when 

C Vly=lO, A&= -10, n l y = 5 ,  and a& =100. 
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FIG. 11. Dependence of the photon number n:' on R (the magnetic field 
strength) for V/y=O.l, AL/y=-10, Ak=O, and (d. =0.1 (solid line) and 20 
(dashed line). The plots have been normalized at their maxima to unity. 

the influence of propagation effects on the inelastic compo- 
nent of the fluorescence spectra, which, as was noted above, 
is dominant in strong fields. Let us now consider the influ- 
ence of these effects on the coherent component n:'m@v). In 
an optically thin medium n : ' a ~ : ' .  The dependence of n:' 
on the optical thickness (YOL is specified by relation (18) and 
solution (44), for which the components &,I of A retain 
only the expressions describing elastic scattering A' , [see 
(27)]. The influence of (YOL on the dependence of n r o n  the 
magnetic field strength is shown in Fig. 11 for the weak-field 
case (Vly=O.l) and in Fig. 12 for the strong-field case (V ly  
= l o )  with the parameters ALly=-10 and Ak=O. It can be 
seen from Fig. 11 that the stimulated processes have a sig- 
nificant influence when the intensity of the pump wave is 
low only if the magnetic field is fairly strong ( R > A L ,  y). 
This fact is of special importance, since the elastic compo- 
nent of the scattering is dominant and essentially completely 
determines the overall Hanle signal when VG y. This means 
that the width of the dip in the Hanle profile scarcely de- 
pends on the optical thickness. This conclusion is significant 
in experimental investigations, where the magnitude of this 
dip is used to determine the properties of the atomic sub- 
system and the features of its interaction with the radiation. 
Conversely, in strong fields V P  y (see Fig. 12), the influence 
of the stimulated processes on the coherent component is 
displayed most conspicuously at relatively weak magnetic 
fields RsV.  Observing this factor is hampered by the fact 

HG. 12. Dependence of the photon number n:' on fl (the magnetic field 
strength) for V/y=lO, AL/y=-10, Ak=O, and =0.1 (solid line) and 400 
(dashed line). The plots have been normalized at their maxima to unity. 

that the elastic component is considerably weaker than the 
inelastic component. We note that the dependences in Figs. 
11 and 12 were calculated for the condition of exact wave- 
vector matching. The formal calculation of these plots at a 
fixed value of AkZO is incorrect. This is due to the fact that 
the propagation of photons in this system obeys the disper- 
sion relation 

where E,= 1 + ab/w is the dielectric constant for a 
u-polarized wave without consideration of the four-wave 
mixing. In zero magnetic field the coefficients with indices 
+ and - are identical, and the equality Ak=O becomes nec- 
essary. The formal introduction of some wave-vector mis- 
match AkZO in this case results in different phase velocities 
of wave propagation and, ultimately, in the disappearance of 
the level-crossing effect. An analysis shows that in strong 
magnetic fields, Ak can vary over a broad range (Ak=O to 
0.5 q,) without having an appreciable influence on the elastic 
component of the Hanle signal. We note that in the general 
case, even for the inelastic component of the Hanle signal, 
the possibility of varying Ak is restricted by the condition 
that equality (45) must be satisfied. 

For the case of observation of the Hanle effect in gas- 
eous media, which is often utilized experimentally, we add 
that the proposed approach should be expanded by taking 
into account such factors as the nonuniform distribution of 
the field in any cross section of the laser beam, the thermal 
motion, and the absorption of radiation upon passage through 
a region of atomic vapor not perturbed by laser radiation. 

6. CONCLUSIONS 

It has been shown in the present study that the spectral 
and polarization properties of the fluorescence of atoms ex- 
cited by a monochromatic wave in a magnetic field may be 
influenced significantly by stimulated processes. Their role 
becomes appreciable if the atomic system is optically dense. 
The spectra of the absorption and four-wave mixing coeffi- 
cients, which determine the dynamics of the stimulated pro- 
cesses, have been investigated in this work. The special fea- 
tures of the probe-wave method as applied to the system 
considered have been established. 

We have singled out the role of four-wave mixing pro- 
cesses in the foregoing analysis of the influence of stimulated 
processes on fluorescence spectra, particularly on spectra of 
the Hanle signal, which was investigated in detail in this 
study. While the influence of stimulated absorption and emis- 
sion processes is generally obvious, the presence of four- 
wave mixing is not a trivial matter. The investigation of the 
Hanle effect in Ref. 1 showed that it is of fundamental sig- 
nificance for describing interference phenomena in optically 
thin systems. The role of four-wave mixing processes be- 
comes even more important in optically dense systems. This 
is due not only to the dynamics of the propagation of the 
scattered waves, but also to the special features of the phase 
matching in four-wave mixing. 
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In the description we developed it was not assumed that 
the pump wave is small, and in the resonance approximation 
our theory maintains its generality for a monochromatic 
wave of arbitrary intensity. 
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