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Direct numerical integration of the time-dependent Schrodinger equation is used to study the 
photodetachment of an electron from a short-range potential in the tunneling limit. Dependences of 
the ionization probabilities on intensity, frequency, and duration of the laser pulse are 
obtained. The regions of applicability of tunneling and multiquantum ionization mechanisms are 
determined. The calculated results are compared with analytic models. 

1. INTRODUCTION 

Nonlinear ionization of atoms in intense light fields has 
long held the fixed attention of theoreticians and 

The first effort at a general treatment of 
the ionization of atoms by laser radiation as a transition be- 
tween the initial state of a discrete and finite continuous 
spectrum of a quantum system in the field of an electromag- 
netic wave was undertaken by ~ e l d ~ s h . ~  He showed that the 
character of the process is determined by the magnitude of 
the parameter y (the Keldysh parameter): 

where E and o are the electric field intensity and frequency 
of the electromagnetic wave, and I is the ionization potential 
of the quantum system. Here the case el corresponds to 
the multiquantum ionization regime, and the case y>l,  to 
the tunneling ionization regime. The quasistatic model of 
tunneling ionization in a variable field for the hydrogen atom 
was considered in Ref. 5 and generalized in Ref. 6 to the case 
of an arbitrary atom. However, until recently essentially all 
of the experimental data have corresponded to the multi- 
quantum limiting case. The creation of powerful pulsed in- 
frared C 0 2  lasers has made experimental study of tunneling 
ionization possible.7 Recent experiments (see, e.g., Refs. 
8-10) have demonstrated a wide range of applicability of the 
quasistatic model. 

Direct numerical integration of the time-dependent 
Schrodinger equation for a quantum system in the field of an 
electromagnetic wave in the one- or two-dimensional ap- 
proximation has of late become one of the main methods of 
investigation of the dynamics of a quantum system in an 
intense optical field. Thus, numerical experiments have been 
performed to study superthreshold i~nization,"~'~ the stabili- 
zation of atoms and negative ions in superstrong fields,13-l5 
the generation of optical harmoniq3 induced 
b r e m ~ s t r a h l u n ~ , ' ~ ~ ' ~  and other processes. However, carrying 
out numerical modeling in the region F 1  also turns out to 
be an extremely complicated problem in comparison with the 
study of the opposite case y>l. The reason for this is the 
large growth in the time required to integrate the Schrodinger 
equation when modeling the interaction of a pulse of infrared 
radiation with an atom in comparison with radiation in the 
visible or ultraviolet, which is what is commonly used in the 

experiments, both real and numerical. This large growth in 
the integration time is due to the necessity of considering 
significantly longer durations of laser action. This also leads 
to a significant growth in the region of spatial localization of 
the wave function, which requires an increase in the number 
of points of the spatial grid and the calculation time. Calcu- 
lations in the region F 1  are also possible for visible and 
ultraviolet radiation, but in this case ionization takes place in 
the regime of over-the-barrier disintegration of the atom, or 
at moderate intensities the tunneling probability turns out to 
be negligibly small. 

The present paper is devoted to a study of photodetach- 
ment of an electron from a short-range potential by a femto- 
second laser pulse in the parameter range corresponding to 
y<l.  Dependences of the photodetachment probability on 
the intensity, frequency, and duration of action are obtained. 
The range of applicability of the quasistatic model is deter- 
mined. The transition from the tunneling limit to the multi- 
photon limit is considered, and a comparison with the 
Keldysh photoionization theory is carried out. 

2. THEORETICAL MODEL 

The one-dimensional atomic potential V ( x )  was chosen 
to be a rectangular potential well of finite depth: 

In the calculations we set Vo=6 eV and d = 4  A. For the 
indicated parameter values of the potential well there exist 
two bound states with energies (measured from the boundary 
of the continuum) E ,  = -4.82 eV and e2= - 1.68 eV, charac- 
terized by the wave functions cp,(x) and cp,(x) and satisfying 
the equation 

where Ho is the atomic Hamiltonian. 
The interaction with the field of an electromagnetic wave 

is described in the dipole approximation 

where E ( t )  is the electric field of the wave. We assumed that 
the laser pulse is Gaussian in shape 
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E(t )=Eo exp[- f (?)I cos o t ,  

where rp=27 is the duration of the laser pulse and to is the 
time at which the amplitude of the field reaches its maximum 
value E,. The energy of a laser photon in the calculations 
varied from 0.12 eV (C02 laser) to 2.34 eV (the second 
harmonic of a Nd-laser). The duration of the pulse varied 
from 150 to 400 fs and in all cases satisfied the condition 
o ~ ~ s l .  

Up until the onset of laser action it is assumed that the 
system exists in the stationary ground state characterized by 
the wave function cpl(x). 

The method of numerically integrating the Schrodinger 
equation used in the present work is described in Ref. 18. 
The partitioning of the integration region of dimension 
L -700 A was chosen to be nonuniform so that the greatest 
numerical accuracy is achieved in the vicinity of the atomic 
potential. Near the boundaries of the spatial grid an imagi- 
nary term is introduced into the potential which causes the 
wave function to decay and ensures the absence of reflection 
from the boundaries. This allowed us to study the dynamics 
of ionization at times greater than the time of movement of a 
free electron within the limits of the spatial grid. 

3. MODELING RESULTS 

In the above-indicated range of variation of the fre- 
quency of the laser radiation, both the multiphoton and tun- 
neling limits are easily achieved. In the latter case, at radia- 
tion intensities ~ ~ 3 . 1 0 ' ~  w/cm2 we are talking specifically 
about tunneling, not about over-the-barrier disintegration of 
the atom. In a static field, the ionization probability per unit 
time is given by5 

FIG. 1. Time dependence of the probability of detecting an 
electron in the ground state (I), an excited state (2) ,  and in 
the continuous spectrum (3) for irradiation by a C0,-laser 
pulse of duration 150 fs with maximum intensity 10 
T W / C ~ ~ .  The dashed line is the envelope of the laser pulse. 

where Ea  = (2rn1~)"~/efi is the characteristic intra-atomic 
field, a is some constant, and I=I.slI is the ionization poten- 
tial. 

To calculate the ionization probability in the varying 
field of an electromagnetic wave, expression (4) must be 
integrated over time, taking Eq. (3) into account: 

Assuming that the ionization takes place near the maximum 
of the electric field and that the condition orpSl is fulfilled, 
integrating by the method of steepest descent we obtain 

Here Eo = d m ,  where Po is the maximum radiation 
intensity in the pulse. 

In the calculations the quantity W was determined from 
the wave function of the system as follows: 

where 

is the amplitude of the probability of detecting an electron at 
time t in one of the stationary states of the atomic Hamil- 
tonian characterized by energy el and wave function cpl(x). 

Figure 1 presents the dependence of the probability of 
detecting an electron in the states of the discrete and continu- 
ous spectra on time in the radiation field of a CO, laser 
(fLw=0.12 eV) with intensity ~ , = 1 0 ~ ~  w/cm2 and duration 
rp = 150 fs. These curves show that ionization of the system 
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actually takes place near the maximum of the laser pulse at 
the time when the field intensity of the wave is near its peak 
value. 

It is interesting to note that during the laser pulse there 
takes place a periodic population of the excited state belong- 
ing to the discrete spectrum and that at the end of the laser 
pulse the population of this state turns out to be zero. Such 
behavior of a quantum system is associated with adiabati- 
cally slow variation of the external electric field during a 
laser period T=2?rlw. Indeed, under the indicated conditions 
o G o ; ? , = ( ~ ~ - ~ , ) / f i .  Therefore transitions between the states 
cp ,  and cp2 of the atomic Hamiltonian can also be treated as 
the existence of the electron in the ground state +(x,r) be- 
longing to the system "atom+electric field": 

FIG. 2. Dependence of the photoionization probability on the ra- 
diation intensity for photon energy ho (eV)=0.12 ( I ) ,  0.24 (2), 
1.17 (3), 2.34 (4). The dashed curve represents calculations based 
on formula (6). 

and the time dependence is parametric. 
The validity of the above assertion is confirmed by an 

estimate of the Rabi frequency f i f l , = ( e d ~ ) " l ( f i w ) " - '  if 
the condition of n-photon resonance is fulfilled: 

Thus for C 0 2  laser radiation with intensity P-1013 w/cm2 
we have n=25, therefore T = 2 ? r l f l , ~ 1 0 - ' ~  s, which ex- 
ceeds the duration of the laser pulse. 

As can be seen from Eq. (6),  in the tunneling limit the 
quantity W  does not depend on the frequency of the radia- 
tion. The dependence W ( P , )  for different values of fiw, as 

FIG. 3. Dependence of the probability of ionization by a laser 
pulse of duration 150 fs on the photon energy for Po=5 
TW/cm2 (points) and Po=10 TW/cm2 (crosses). Curves I and 
4--calculation according to Keldysh theory (11); curves 2 and 
S-calculation according to formula (12); curves 3 and 
6-calculation according to formula (14). 
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obtained by numerical modeling, is shown in Fig. 2. The 
curves corresponding to ho=0.12 eV and ho=0.24 eV co- 
incide, and in the region PoS1.5.1~13 w/cm2 are well de- 
scribed by relation (6). In the region Po31.5.1~13 w/cm2 
saturation is observed in the "experimental" dependence: the 
ionization probability approaches unity. For hw=1.17 eV 
and 2.34 eV (for ~ ~ = l - l ~ ~ ~  w/cm2 the values of the 
Keldysh parameter y are approximately 1.6 and 3.3, respec- 
tively) the static field approximation is no longer valid. For 
radiation from a Nd-laser and its second harmonic, the mini- 
mum number of absorbed photons required for ionization 
(n,,) is equal, respectively, to 5 and 3, and the logarithm of 
the ionization probability depends linearly on the logarithm 
of the intensity in the limit of the multiphoton photoelectric 
effect: 

Such a dependence in the region PoS5 .1~12  w/cm2 (in the 
absence of saturation) is indeed realized for fio= 1.17 eV and 
2.34 eV. However, it turns out that the proportionality con- 
stant between In W and In Po is equal to 4.2 and 2.6, respec- 
tively, for radiation of a Nd laser and its second harmonic, 
which is somewhat less than expected from the theoretical 
values. 

It is possible to improve the agreement between theory 
and numerical models in the ionization saturation region if 
we replace the quantity W in expressions (6) and (10) with 
the expression 1 -exp(- W). 

4. NUMERICAL MODELING AND THE KELDYSH IONIZATION 
THEORY 

It would be of especial interest to compare the results 
obtained with Keldysh theory.4 This theory assumes that un- 
der the action of the wave field, a transition takes place from 
the initial unperturbed state of the discrete spectrum to a final 
state of the continuous spectrum, described by the Volkov 
wave function. For atoms, as a consequence of the long- 
range nature of their potential, the latter approximation re- 
quires additional grounding. The Keldysh model4 also fails 
to take into account the presence in the atom of a large num- 
ber of excited states of the discrete spectrum near the bound- 
ary of the continuum. As a result, one can expect that the 
Keldysh theory should describe best of all photodetachment 
of electrons from negative ions, which are characterized by a 
short-range potential. 

A comparison of the Keldysh theory and its various 
r n o d i f i c a t i o n ~ ~ ~ ~ ~ ~  with numerical models of a one- 
dimensional atom in the multiphoton limit has already been 
carried out and has divulged a lack of quantitative agreement 
between the theory and accurate calculations in describing 
the photoelectron spectrum. In the present work, we restrict 
ourselves to a comparison of the spectrally integrated ioniza- 
tion probabilities. In the Keldysh theory4 the ionization prob- 
ability per unit time is given by 

where 

TABLE I. 

r = arcsinh y - y 
G-7 
1+2Yz9 

and i= I + e2E2/4m 02 is the effective ionization potential, 
corrected for the shift of the continuum boundary. 

In the region y41 we obtain from Eq. (11) 

w-exp [ - - - ( l -O. lS) j  i 2  
Under the conditions of our calculations, in the region 

w/cm2 the ionization probability is proportional to 
the duration of the pulse. This enables us to compare calcu- 
lated data with expressions (11) and (12). Noting that the 
parameter y is proportional to the radiation frequency, we 
obtain from Eq. (12) 

where a and /3 are parameters which depend on the radiation 
intensity. 

In the other limiting case, y>l ,  expanding expression 
(11) in powers of l l y  gives 

As can be seen from relation (14), the power-law dependence 
(10) obtains only in the limit y>l,  when the vibrational en- 
ergy e2E2/4mw2 can be neglected in comparison with the 
ionization potential I. 

The calculated dependence of the ionization probability 
per pulse on the energy of a quantum fio is shown in Fig. 3 
for two values of the intensity (5 T'w/cm2 and 10 lW/cm2). 
Also shown are curves of the theoretical dependences (ll) ,  
(12), and (14), and the corresponding values of the Keldysh 
parameter from Table I. As can be seen from Fig. 3, the laser 
field can be taken to be static in the region fioS0.25 eV, and 
the parabolic dependence (13) coincides with the calculated 
dependence up to values y=1 (see also Ref. 5). On the other 
hand, the "exact" Keldysh formula and its multiphoton limit 
(14) also provide a good description of the probability of 
photoionization in the region y a l ,  integrated over the elec- 
tron spectrum, if saturation of ionization in the laser pulse is 
not reached. In this case, in the region y=l both limiting 
cases give satisfactory agreement with the results of numeri- 
cal modeling. 

5. CONCLUSION 

The calculations which we have carried out demonstrate 
the broad applicability of the theory of tunneling ionization 
of a quantum system with a short-range potential in the field 
of a light wave. The tunneling regime is easily achieved in 
short infrared laser pulses. In the visible and ultraviolet, as 
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the radiation intensity increases to values corresponding to 
the condition y< 1, one commonly observes over-the-barrier 
disintegration of the atom, or negative ion, taking place dur- 
ing a time of the order of half an optical cycle.*' Note that 
under the conditions of our calculations it is not possible to 
realize the regime of over-the-barrier disintegration. At the 
intensities that are needed in this case, namely greater than or 
equal to 80 TWIC~', ionization takes place along the leading 
edge of the pulse when the energy acquired by the electron 
upon traversing a distance -d, does not exceed the value 
vo- 
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