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The cross relaxation between two kinds of spins caused by the part of the nonsecular dipole- 
dipole interaction that produces single spin flips (flip-stops) has been theoretically 
investigated at ultralow spin temperatures (less than the nuclear Zeeman energies). It has been 
shown that such cross relaxation (which has a fairly high probability in weak constant 
magnetic fields) results in thermal mixing of the averaged Zeeman subsystem with the local-field 
reservoir. The rate of cross relaxation by means of flip-stops increases with increasing 
initial polarizations of the spins, in agreement with experimental data. 

Cross relaxation has been investigated in spin systems 
for several decades, but new aspects of this problem have 
recently become evident. Before proceeding to them, let us 
recount the essence of the phenomenon. Let there be two 
kinds of spins with slightly differing Larmor frequencies w, 
and wb. The corresponding Zeeman Hamiltonians are 
.So= - war: and . R b =  - w d g  (Here and in the following 
we set h=k,=l.) 

We consider the hierarchy of times in this spin system. 
Flip-flops of identical spins, which are caused by the secular 
parts of the dipole-dipole (dd) interaction of the forms 
B,,I:,I~ and B , ~ I ~ ~ I ~ + ~ ,  conserve the Zeeman energies; there- 
fore, they cause a very rapid process characterized by the 
spin-spin relaxation time T2. This process results in the es- 
tablishment of internal equilibrium in the partial Zeeman 
subsystems. Flip-flops of spins with different frequencies, 
which are caused by the nonsecular part of the dd interaction 
of the form B, , I~~I~ , ,  take place without exact conservation 
of the Zeeman energies; therefore, the inverse probability of 
such a process (if it is still more rapid than spin-lattice re- 
laxation) will be greater than T2. This process was termed 
cross relaxation,lr2 and it was assumed that it results in the 
establishment of thermal equilibrium between Zeeman sub- 
systems .%, and . R b ,  which, as we know from thermody- 
namics, marks the establishment of a single temperature for 
them. This is actually the case if the difference I ma- wbl is 
far smaller than the magnetic resonance linewidths of the 
spins under consideration. However, there is interest in the 
case in which the difference between the frequencies of the 
spins is of the order of this width or exceeds it. Then spin 
flip-flops can occur only if the difference Iwa-wbl enters a 
third subsystem or comes from one. As ~ r o v o t o r o v ~  showed, 
such a subsystem is a reservoir of secular spin-spin interac- 
tions, which, like partial Zeeman subsystems, forms within a 
time of order T2. Due to the participation of the third sub- 
system in the cross-relaxation process, it no longer results in 
the establishment of a common temperature for the two Zee- 
man subsystems. If the cross-relaxation time TX2 is far 
smaller than the spin-lattice relaxation time, then, as was 
shown in Refs. 4 and 5, cross relaxation will result in the 

establishment of internal equilibrium in two spin subsystems, 
one of which is an averaged Zeeman subsystem with the 
Hamiltonian 

where G=xama+xbwb is the frequency of the center of 
gravity of the spectrum, x, and xb are the relative concentra- 
tions of the two kinds of spins, and x ,+xb=l .  The second 
subsystem formed, which is called the local-field reservoir 
(LFR); consists of the secular spin-spin interactions .%I, 
and so-called "difference s ~ b s ~ s t e m s , " ~  which are caused by 
the difference between the partial frequencies of the spins 
and the frequency of the center of gravity of the spectrum. 
The corresponding Hamiltonian has the form 

The results of Provotorov's theory and the work in Refs. 
4 and 5 have been repeatedly confirmed by e ~ ~ e r i m e n t . ~  

However, a recent investigation7 of cross relaxation at 
submicrokelvin spin temperatures and weak constant mag- 
netic fields [several times higher than (?T,)-'] showed that a 
cross-relaxation process equalizing the temperatures of the 
two Zeeman subsystems takes place under these conditions. 

In the experiment in Ref. 7 cross relaxation was studied 
by observing the evolution of two NMR lines corresponding 
to the two silver isotopes present in metallic silver, lo7Ag and 
lo9Ag. The experiment was performed in the following man- 
ner. The Zeeman subsystems of the '''Ag and lo9Ag nuclei 
were first cooled by adiabatic demagnetization in the labora- 
tory coordinate system to a very low temperature (100-200 
nK). Then the lo9Ag Zeeman subsystem was heated by ap- 
plying an almost saturating variable field with its frequency. 
(The time of this operation will henceforth be called the ini- 
tial moment in time.) Then the variable field was removed, 
and the strength of the constant field was lowered to a value 
several times greater than ( 7 ~ ~ ) ~ ' .  After the sample had been 
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in the weak constant field for a time considerably shorter 
than the spin-lattice relaxation time, the strength of the con- 
stant field was increased, and the intensities of the two NMR 
lines were compared with the pattern observed at the initial 
moment in time. It was found that the evolution of the spin 
system in the weak constant field resulted in the establish- 
ment of thermal equilibrium corresponding to a single tem- 
perature between the two Zeeman subsystems. This tempera- 
ture was higher than the initial temperature of the ln7Ag spins 
and lower than the initial temperature of the '09Ag spins. 
Since an interaction with the lattice could not yet become 
apparent and since the sample was in the weak field for a 
time far greater than the time of ordinary cross relaxation by 
flip-flops, it should be expected that the spins evolved under 
the action of the nonsecular part of the dd interaction, which 
produces transitions that are less probable than flip-flops. 

Oja, Annila, and ~ a k a n o ~  were able to attribute the ob- 
served behavior of the nuclear spins to cross relaxation 
caused by a part of the nonsecular dd interaction of the form 
C~,I",I:, which produces single spin flips (flip-stops). Such 
processes in weak fields have a fairly high probability. The 
computed dependence7 of the time of cross relaxation by 
means of flip-stops rx on the strength of the constant mag- 
netic field in which the cross-relaxation process took place 
was consistent with the experimental data. However the ob- 
served dependence of 7, on the initial partial polarizations of 
the spins was not explained, since the expression for rx used 
for the machine calculation was suitable only in the high- 
temperature approximation. Therefore, it would be interest- 
ing to investigate the dynamics of the cross-relaxation pro- 
cess just described by performing calculations without 
restrictions on the Zeeman temperatures. Departure from the 
high-temperature, i.e., linear, approximation should make it 
possible to account for the dependence of rx on the initial 
polarizations of the spins. 

Following Ref. 7, we start out with the Hamiltonians 

where .XZ and XA are defined by expressions (1) and (2). 
The role of the secular spin-spin interactions in the case of 
metallic silver is played by the redefined Ruderman-Kittel 
interaction sK (see below). (According to the data in Ref. 
7, the secular part of the dd interaction is characterized by a 
far smaller heat capacity than GK and .NA; therefore, its 
contribution to .BLF can be neglected). "Slow" cross relax- 
ation by means of flip-stops is governed by the Hamiltonian 

+ binding energy). 

The initial conditions for "slow" cross relaxation are set by 
the two unequal temperatures pi' and pi; (the averaged 
Zeeman subsystem is heated, and the reservoir SLF is 
"cooled" by saturating one of the NMR lines, i.e., by satu- 
rating the averaged Zeeman subsystem with detuning relative 
to the center of gravity of the NMR Then Pi' 

and I, which correspond to the partial Zeeman subsystems 
with . X u  and Xb,  are also not equal to one another. 

Let us examine the processes occurring in weak fields. 
The two NMR lines completely or partially overlap in such 
fields, and the decisive role in ALF is played by the 
Ruderman-Kittel interaction 

therefore, we assume that A L F w X R K .  Since we are dealing 
with ultralow spin temperatures that are smaller than the 
nuclear Zeeman frequencies, we redefine .Xz and XRK by 
analogy to Ref. 10 by eliminating the part corresponding to 
the low-temperature shift of the resonant frequencies of the 
spins from .XRK and adding it to . S Z .  The purpose of this 
operation is to separate the part corresponding to uniform 
precession from .KRK and to leave only the dynamic part 
responsible for the short scale of T2. (We note that aRK 
includes the interactions of both identical and non-identical 
spins and that the interaction of the latter causes spin-spin 
relaxation.) The redefined Hamiltonian .RRK takes the form 

where N I  is the total number of nuclear spins. Addition of the 
term related to the frequency shift to XZ does not percepti- 
bly alter the mean Zeeman frequency; therefore, we neglect 
it. 

Since the nuclear spins were in an unordered state in the 
situation described in Ref. 7, the mean energy .%zK can be 
calculated in the high-temperature approximation with re- 
spect to p,-,'. Then we have 

where 

w;;= 
(1  -p2)(3-p2)  6 P z  

2 
zJ2, p = tanh - , 

2 

and z is the number of nearest-neighbor nuclear spins. It is 
assumed here that Ia=I,= 112, which corresponds to the 
case of the 1 0 7 ~ g  and In9Ag nuclei, and it has been taken into 
account that only nearest-neighbor nuclear spins character- 
ized by identical interaction constants Jij=J contribute to 
the sums. 

The equations describing the evolution of Pz and PLF 
under the action of the perturbation B C R ,  which were de- 
rived with the aid of the Zubarev nonequilibrium statistical 
operator," have the form 

where 
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and %(a)  is the Fourier transform of the correlation function 

(1: (t)l[) + (ll:l; ( t ) )  

cpi(t) = (ITIF) + (I;I?) . 

The time dependence in (5) is caused by .%$, . We note that 
the first moment of cpi(6) is equal to zero, whence it can be 
seen that .@, does not contain a term corresponding to the 
uniform precession. 

To monitor the results of "slow" cross relaxation, the 
spin system was periodically returned adiabatically to a 
fairly strong constant field, in which the individual NMR 
lines were resolved, and the equalization of the polarizations 
of the individual kinds of spins could be conveniently 
traced.') 

Since a dependence of the "slow" cross-relaxation time 
on the initial conditions in the "strong" field was discovered 
experimentally, we assume that the partial polarizations of 
the isotopes pa and pb deviate slightly from their initial val- 
ues pa, and pb,, and take into account that the values of the 
polarizations do not vary during adiabatic variation of the 
field. Therefore, in Eqs. (4) we replace p by p,,, where 
po=xapao+xbpb, Writing the result in the form of a single 
equation, we obtain 

w ( P 2 - p ~ ~ )  
Xtanh w c ~ ( 6 ) y  

which gives the evolution of Pz and PLF during "slow" cross 
relaxation in the form 

Thus, cross relaxation in a weak field is confined to ther- 
mal mixing of the averaged Zeeman subsystem with the res- 
ervoir of spin-spin interactions in a characteristic time 7,. In 
writing the expression for 7, we assume that cpi(G) has a 
Gaussian form (which is in good agreement with the experi- 
ment in Ref. 7) and plug the second moment of this function 

which was calculated with the aid of (3), into cpi(l). Then for 
7,' we obtain 

The value of 7 - '  characterizes the rate of establishment of 
complete equilibrium within the spin system in a weak field. 
This equilibrium signifies, in particular, equalization of the 
partial Zeeman temperatures Pi' and P i ' .  Thus, cross re- 
laxation by means of flip-stops results in the establishment of 
thermal equilibrium between two Zeeman subsystems, i.e., 
the result of its action is as if the early theories of cross 
relaxation were correct (of course, it should not be forgotten 
that the cross relaxation described above is effective only in 
weak fields). Complete equilibrium is maintained in the spin 
system as the field increases adiabatically, since the increas- 
ing difference terms rapidly bring about equilibrium with e, with the aid of ordinary cross relaxation by means of 
flip-flops. The partial polarizations of two kinds of spins with 
similar frequencies will also be equal in a spin system at 
equilibrium in a "strong" field. Therefore, 7 - '  also charac- 
terizes the rate of equalization of the partial polarizations. It 
is seen from (7) that in a sufficiently weak field 7;' increases 
with increasing p,, and the ratio rX(low p,)lrX(high p,) in- 
creases with increasing strength of the weak field, as was 
observed experimentally. 

Thus, consideration of the nonlinearity associated with 
rejection of the high-temperature approximation when the 
polarizations deviate slightly from their initial values makes 
it possible to explain the dependence of rX on the initial 
conditions. 
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')we note that equal intensities of the NMR lines do not correspond to equal 
polarizations and equal relative concentrations of the isotopes in the 
present case (such behavior was explained in Refs. 12 and 13). Therefore, 
the criterion for equalization of the polarizations in Ref. 7 is the degree of 
similarity between the relative intensities of the absorption lines and the 
pattern observed when all the spins are in equilibrium with one another. 
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