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The stationary properties of SNS Josephson junctions with SN boundaries of small
transparency have been investigated in the framework of the microscopic theory of
superconductivity. It has been assumed that the suppression of superconductivity in the
electrodes resulting from the proximity effect is negligibly small, that the conditions in

the “dirty” limit are satisfied in the normal metal, and that the junction is quasi-one-
dimensional. Analytical expressions have been obtained for the temperature dependence

of the critical current of a junction J,. with an arbitrary relationship between ¥, and y g, in
the range of small thicknesses of the N layer (d € £¥) over the entire range of
temperatures, as well as for arbitrary d and T > T./[vp¥ s/ (Vs + ¥p)min{1,d/E¥}]. The
analytical expression for J.(T) obtained for symmetric structures (¥ z =¥ p) holds at
arbitrary values of T and d. It has been shown that J, for asymmetric structures differs from
J, for symmetric structures by no more than twofold. The results of the calculations are

in satisfactory agreement with the existing experimental data. It has been shown that the
disparity between the spatial distributions of the normal current and the supercurrent

in the structures gives rise to a resistance shunting the junction and additional suppression of
the J.R,, product. The additional suppression of J.R, due to the mutual character of the
proximity effect in the N material of the structures has also been evaluated.

1. INTRODUCTION

The analysis in Ref. 1 showed that as a consequence of
the high chemical activity of high-7", superconducting ma-
terials, only noble metals (Ag, Au) can serve as the ma-
terial of the normal metal layer in high-7", SNS Josephson
structures. So far, two types of such junctions have been
created experimentally: planar SNS structures®™ and step-
edge junctions.s'13 The interest in studying the processes
occurring in these structures is attributable both to the
achievement of high values of the product JR,~10 mV
(T=42K) and | mV (T=77 K) in them'' and to the
possibility revealed for studying the properties of high-T,
superconductor/Ag, Au boundaries, which have small
transparencies. It is noteworthy that there is a whole class
of low-T'. Josephson junctions with semiconducting layers
having similar properties.'*

The first stage of the technology for fabricating planar
structures calls for the in situ sputter-deposition of a two-
layer structure consisting of a high-T, superconducting
film grown epitaxially on a substrate (generally SrTiO;)
(with the C axis perpendicular to the substrate) and a
cover of silver or gold.>* Then the SN sandwich created is
cut in two by photoelectron lithography or by means of a
high-energy ion beam to form two composite SN electrodes
separated by a gap L=~0.1-0.2 um. An Ag or Au film,
which links the two electrodes, is sputter-deposited in the
final stage to form a Josephson structure, and its width is
fixed.

The fabrication of step-edge junctions is begun by etch-
ing a sharp step with a height of 150-250 nm in a substrate
(SrTiO;, LaAlO;, NdGaO;). Then C-axis oriented
high-T', superconducting electrodes having a thickness
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(50-150 nm) that ensures the absence of electrical contact
between them in the step region are deposited by angled
sputtering. Afterwards, a silver film, which links these elec-
trodes, is deposited in situ in the same chamber. The pro-
cess is completed by imparting the required geometric di-
mensions to the junction by ordinary photolithographic
methods.

In both cases the geometric dimensions of the weak-
link region d=50-10 nm are of the order of the coherence
length of the normal metal £* = (D/27T,)"/? =~ 30 nm,
where D is the diffusion coefficient and T, is the critical
temperature of the high-T, superconducting electrodes.
This range of values exceeds the range of applicability of
the existing theoretical models,! which describe the prop-
erties of high-T', SNS structures only for small (d € &) or
large d/&¥ > (T /T) distances between the electrodes. In
addition, the presence of several boundaries with signifi-
cantly different transparencies in the structures also im-
parts essentially specific details to their behavior, causing
differences in the spatial distributions of the normal cur-
rent and supercurrent, which, as will be shown below, must
be taken into account in evaluating the characteristic volt-
ages of the junctions.

In this study we derived an analytical expression for
the temperature dependence of the critical current I, of
planar structures, which is valid for an arbitrary relation-
ship between d and £¥, analyzed the influence of the geo-
metric features and boundaries of different transparency on
the parameters of Josephson junctions, and determined the
main factors which result in the suppression of J.R, in
high-T", SNS structures.
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FIG. 1. Schematic representations of planar (a)
and step-edge (b) SNS Josephson structures.

2. MODEL OF AN SNS JUNCTION

We assume that the dimensions of a junction in its
plane are small compared with the Josephson penetration
depth, that the conditions of the “dirty” limit are satisfied
in the weak-link material, and that the parameters 5 and
Y8 » which characterize the transparency of each bound-
ary, satisfy the inequalities:

Rp P1 §f ’
=———>max{l,y, =—— |, (1a)
e g Sy
Ry P &t l
= »max{ly, = . (1b)
TH h >

Here Rp , Rp , p1 , and p| are the resistivities of the
SN boundaries and the S materials; £¥ and & are the
coherence lengths when the ¢ axis is perpendicular and
parallel to the planes of these boundaries, respectively; p,
and £¥ are the resistivity and coherence length of the nor-
mal metal. The validity of these inequalities at boundaries
between high-T', superconductors and noble metals follows
both from the body of experimental facts' and from theo-
retical evaluations.'+!”

The absence of a microscopic theory of high-
temperature superconductivity precludes the performance
of rigorous calculations that take into account the spatial
variations in the superconducting properties of the elec-
trodes near the SN boundaries. However, it was previously
shown during an analysis of the proximity effect in the BCS
approximation'® B that these variations are negligibly small
in the range of values of parameters (1) of interest to us.
Moreover, the experimental temperature dependences of
the order parameter A(T)/A(0) in spatially uniform
high-T', superconducting materials are close to the depen-
dence following from the BCS approximation. These cir-
cumstances permit the assumption that the order parame-
ter in the S electrodes is constant and equal to A(T),
which reduces the problem to solving the Usadel
equations'® in the N layer. The latter may be written in a
calibration with a zero vector potential in the form

T,

T 2 [}
¢’ = ’
oG V1OVl G Jo' + O*O

J=27T,p; ' Im X 0 2G’®*V.

o=¢£¥

(2a)

(2b)

Here o=7T(2n+1) denotes the Matsubara frequencies, J
is the supercurrent density, and V is a two-dimensional
differential operator.
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System of equations (2) must be supplemented by
boundary conditions at the interfaces between the S and N
materials'®

+A%’

(2¢)

in which ¢ is the phase difference between the order pa-

rameters of the electrodes, yp = Rp/p,£* is a parameter

determined by the experimental value of the resistivity of

the SN boundaries R 3, V,, is the derivative with respect to

a normal to the boundary, and A is the absolute value of
the order parameter.

(1)
YBEn GV, @ =G[A exp(+ip/2) —®], Gs=7F

3. CRITICAL CURRENT OF AN SNS JUNCTION

The typical geometry of a planar SNS structure is pre-
sented in Fig. la. The significant difference between the
transparencies of the SN boundaries in the directions par-
allel and perpendicular to the crystallographic ¢ axis per-
mits neglect of the supercurrent flowing in the regions of

FIG. 2. Temperature dependence of the critical current of symmetric
SNS structures (yz =%5=7p) calculated in the limit of small N-layer
thicknesses at fixed values of the suppression parameter gy,
= ypd/E* . The points represent experimental data from Refs. 3 (V, ¥),
5 (@), 9 (0), and 6 (O).
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the normal metal lying on the electrodes, which, as the
calculations in Ref. 20 showed, is v /75, times smaller
than the critical value. This situation greatly simplifies the
calculations of J., reducing them to solution of the one-
dimensional problem in the normal metal located in the
gap between the electrodes.

o= §¢2 [G2q> ]l (3)
YBI,B2§:G¢'=GS[A exp(:l:iq)/Z)—(D], X==xd/2.
(4)

Here the prime sign denotes differentiation with respect to
x, which is measured from the middle of the N layer per-
pendicularly to the interfaces between the materials (see
Fig. 1a). The solution of this problem is simplified in sev-
eral limiting cases.

3.1. Approximation for small values of ®

At temperatures near the critical temperature, as well
as when the thickness of the N layer is not excessively
small, equations and boundary conditions (3) and (4) are
linearized (G=1) by virtue of inequality (1) and have an
analytic solution of the form

1
=4 cosh(Bx) + Bsinh(Bx), Bz ‘/1_3_
pd
=3 ’[(F1+rz)Rs+l(F1—I‘2)I]cosh( )

.. [Pd
+2G,R; smh(T) ],
(5)
G, .. (Bd
B=% [[i(rl+r2)ls+(I‘l—Fz)Rs]smh(T)

+2iGJ, cosh (BTd) ],

d
6= (G§+F1F2)Sinh(ﬁz—d) +(I'+ 1) G, cosh(-‘;—),

| Y =B§:?’m,m ,

in which R;=A cos(@/2) and I;=A sin(@/2) are the real
and imaginary parts of the order parameter of the elec-
trodes and i/ is imaginary unity.

o[1+(rgd/Er)al

The substitution of solution (5) into expression (2b)
for the supercurrent gives a sinusoidal dependence of J(¢)
with a critical current density J, equal to

4nT
epnbn(Ym+7m)

J=

AZ
X % (w*+A%) [Tg sinh (Bd) + G, cosh(Bd) ] ’(6
)

r ’ YBY B
off = 1TT VYeffs Vefr= (YB1+YB’2)

The expression for J, holds provided there is fulfillment of
the inequality

Yerr Sinh(Bd) +cosh(Bd)

Ao cosh(Bd/2) ’ 7
which is violated at temperatures T <T/
(y.gmin{1,d/£¥}). This range is larger, the smaller is the
thickness of the N layer d as compared with &% . Therefore,
the region of small values of d should be treated separately.

3.2. Approximation for small N-layer thicknesses

When the thickness of the N layer is small, a solution
of Egs. (3) can be sought in the form of a series in
d/&r:

o 2

27T .G

x
5*
It is not difficult to obtain the following expressions for the

constants A and B appearing in (8) from boundary condi-
tions (4):

o= A+B§*+A (8)

_ Ayp+Ay*p
(Ym+75) [1+ (Yead/EN)a]’

a=(o/7T.G,),
9)

_ G,a(Ayp—A*yp)d/268+A— A%

TG (ym+vR) 1+ (vsd/EN)a]

Substituting (8)—-(10) into expression (2b) for the super-
current, we arrive at the nonsinusoidal dependence of

J(p)

(10)

GG A% sin(@)
o*[14 (veqd/E¥)a]

27T
epbn(Ym+7vm) @

, (11a)

S=

(11b)

ﬁo [1+ (Yegd/E¥)a]>+ A2 [1 — (87 f/ (Y g1+ Y 12) 1sin*(9/2)

When ¥ g; =7 g, expression (11) takes the form previ-
ously established'® for symmetric junctions. Plots of the
dependence of J.R, calculated in this case from (11) are
presented in Fig. 2. The points in this figure represent ex-
perimental data obtained for SNS junctions of various
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I

types. As will be shown below, the differences observed,
especially at low temperatures, are attributable to the finite
width of the normal metal layer, which generally did not
satisfy the requirement d < &F.

It is noteworthy that when the symmetry of the bound-
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eJLA(Rm+RBz)

nT
02r°

ary transparencies is violated, J;(¢) as defined by (11a)
deforms, tending to a sinusoidal function when y g, > 7 ;.
However, as follows from the temperature dependences of
JR, calculated for various values of ¥ z,/Y g, (see Fig. 3),
the absolute values of J R, decrease by no more than two
fold, reaching the known results for SNIS tunnel junctions
in the limit ¥ 5,> ¥ 5,.2! This fact is physically obvious. In
symmetric structures the superconducting properties dif-
fuse into the N region from the two electrodes, so that

Re® < A/vg=A(Y3 +75) =~2A/7 5.

It is easily seen that in the limiting asymmetric case
¥5'>7%, the latter term in the expression for Re @ is
small and Re ® and, therefore, J R, are approximately two
times smaller than in symmetric structures T,. The fact
that JR, does not depend on ¥ g, is also obvious, since in
this limit, as in ordinary tunnel junctions, Jcocy;;, and
R n :R B

3.3. Symmetric junctions (yg; =yg,=7s)

It follows from the structure of expressions (5), (9),
and (10) that in approximation (1) of large values of yp,
in which we are interested, the imaginary part of the
Usadel functions in the N region is small at all tempera-
tures

Imd« \/w§+Re @2

and Eq. (3) has an analytic solution

(12)
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FIG. 3. Temperature dependence of the critical current of
asymmetric SNS structures calculated in the limit of small
N-layer thicknesses at fixed values of the suppression param-
eter ¥ gy = ¥pd/E¥ = 10 (curves 1-5), 50 (curves 1'-5’) and
various values of yp/vp: 1, 1') 1; 2, 2') 0.25; 3, 3') 0.1; 4,
4') 0.05; 5, 5') 0.

2k \/(I—F)cn(u)

Re®=0 iy 2=

X dx
Imd>=ARe<I>fo FRe (13)
. 2(1—x3) x |o 1
=1 g Vet (14

in which cn(x) and dn(x) are Jacobi’s elliptic functions,
and the integration constants k and 4 are determined from
boundary conditions (4):

dn(q) ‘/1 Q
o 2T 20 Re B
QwGRJ

4= VO +RA(Q+p O+ R

Qo1 | © dn(g)sn(q)
=0\ 1Y\ " Gen(g) |
¢ dn*(u)

o cn*(u) “

(15)

_sn(q)cn(q)
dn3(q)

d @
9=2¢% \2T,"

The integration constants were essentially found by utiliz-
ing the useful relation between the values of the real parts
of the Green’s functions on the two sides of an SN bound-

ary
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-1

’ dn(g)sn(q)
Red)(d/2)=R€q’s[1+7’B\lz:T G:Icn(q)

16)

Substitution of the solution found into expression (2b) for
the supercurrent gives a nonsinusoidal dependence of
Ji(@):

2T A? sin(@)
T eprrp o V(@' +AY) (Q24R))
Q
Q@R tn

When the thickness of the normal metal layer is small
(d < £¥), using the asymptotic expansions of the elliptic
functions

u u?
sn(u)=u—(14x2) i cn(u)=1—7,
4 ui?

n(u)=1—T,

we can easily see thatin (17) p =~ ¢* « (d/£*)? and that in
a first approximation with respect to d/&¥ expression (17)
takes on the form of (11) in the special case ¥ =7 p.

It follows from the structure of the expression for
(15) that the values of this parameter are confined to the
range 1/v2<k<1, which permits the use of the following
asymptotic forms of the elliptic functions in calculations
with an adequate degree of accuracy when 1—k’<l:

1—«?
sn(u)=tanh u+m [sinh ucosh u—u],

4
1—«?
cn(u) ~cosh u+4 cosh?u
X [sinh ucosh u—u]tanh u,
1—«?
dn(u)=

cosh u T 4 cosh’u

X [sinh ucosh u—u]tanh u.

In the zeroth approximation with respect to 1—«? the ex-
pressions found for the supercurrent [(2b) and (17)] as-
ymptotically transform one into the other.

Plots of the temperature dependence of the critical cur-
rent were calculated numerically for finite values of d/&¥
and yp and are presented in Figs. 4 and 5. The points
represent experimental data obtained in high-7", SNS junc-
tions with normal metal layers of noble metals. It is seen
that there is satisfactory agreement between the experi-
ment and the theoretical calculations.

3.4. Maximally asymmetric junctions (yg <vg2)

In the limiting asymmetric case ¥ €V p, the spatial
variation of the phases of the anomalous Green’s functions
in the N region is negligible in comparison with the spatial
variation of their modulus F in a zeroth approximation
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with respect to yz;. The coordinate dependence of F fol-
lowing from (3) and (4) is specified by expressions (13)
and (15), in which y g and ¢ should be replaced by y 5, and
24, respectively. This result is natural, since at such large

1073

v RHII

—

0 02 04 06 08 10
T,

FIG. 4. Temperature dependence of the critical current of symmetric
SNS structures (¥ =¥m=73s) calculated at fixed values of the suppres-
sion parameter yz=10 (a), 20 (b), 50 (c) and various N-layer thick-
nesses. The points represent experimental data."
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FIG. 5. Temperature dependence of the critical current of sym-
metric SNS structures (yz =¥g5=7j) calculated for d/£* = 1
and various values of the suppression parameter v 5. The points
represent experimental data from Refs. 10 (@), 3 (V), 5 (O),
and 13 (O).

values of y g, the superconducting properties in the normal
metal layer of an SNS structure are determined only by the
processes involving the diffusion of Cooper pairs through
the boundary with the highest transparency and its station-
ary properties resemble the behavior of SINS junctions
with an SN boundary of small transparency. In fact, in this
approximation it follows from (2b) and (4) that

2T
2

B epng:YB’Z ]

AF(—d/2)sin(p)
VIo*+A%) (0*+F*(—d/2)]

,» (18)

5

is specified by a formula similar to the known relation?? for
asymmetric SIS’ tunnel structures, in which the value of
the modulus of the anomalous Green’s functions in the
normal metal on the interface having the smallest trans-
parency is assigned by the equalities:

d\ (1=
F("E)=‘" 1—2(1—10)°

dn(q) Jl Q

““enlg 2T 2 (TR 0D’

d | o
9=% \2u T,

When d < &%, expression (19) takes on the form of the
previously known result for SINS junctions:?!

(19)

d ved (02 +487) ]!
F(—§)=A 1+ 5: T . (20)

The temperature dependence of the critical current for this
case was calculated for arbitrary values of y 5 in Ref. 23.
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4. NORMAL-STATE RESISTANCE OF AN SNS JUNCTION

To calculate the normal-state resistance of high-T,
SNS junctions, it is reasonable to assume that it is deter-
mined by the resistance of its boundaries, i.e., to neglect
both the intrinsic resistance of its N material and the con-
tribution to R, appearing as a consequence of the partial
conversion of the supercurrent into a normal current in the
electrodes. Here it must be taken into account that as a
consequence of the small transparency of the boundaries,
the spatial distribution of the normal current differs signif-
icantly from the distribution of the supercurrent, so that all
the boundaries in the structure make contributions to R,,.
In symmetric planar junctions (see Fig. 1)

Rp Rp Prbn
=2, = ) 21)
n RB" +RBJ. B| W,,ds Y5 (
pnén [2VBmL & —
Rp = wd, L + Vauy coth Ex\YemL '
d,
YML =7VBL E ) (22)
n

where W, is the width of the N film located between the
electrodes, W, is the width of the N film lying on the
electrodes of the junction, L is its length in the x direction,
and d, and d, are the thicknesses of the N and S films,
respectively. Expression (22) was derived in Ref. 20 under
the assumption d, < y g, £¥, which holds in real experimen-
tal situations.
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The total resistance of maximally asymmetric step-
edge SNS structures (See Fig. 1b) is given by the expres-
sion

+Rp , (23)

in which, as in (21) and (22), Rp and Rp are the
resistances of the boundaries of structures (the surfaces of
the S electrodes) oriented parallel and perpendicularly to
the crystallographic c¢ axis of the high-T'. superconducting
films. It is noteworthy that, as follows from (22), there is
a characteristic normal-current transfer length in the N
film L* = min{L, \d,£¥y5 }. When L< L*, Ry, is pro-
portional to yp . However, when L is large, self-
restriction of further current transfer occurs and Rp,

< VY81 -

5. CAUSES OF THE SUPPRESSION OF J R, IN HIGH-T, SNS
JUNCTIONS

It follows from the foregoing calculations that there
are three causes of the suppression of J R, in high-T', SNS
junctions.

The first and principal cause is the small transparency
of the SN boundaries in the structures. It follows from
expressions (11), (17), and (18) for the critical current of
such structures that J,« 1/¥ g1¥ g, The maximum value of
the normal-state resistance [see (21) and (23)]
R, < max{y g,¥ .} Therefore, their product

1

* min{y z,¥ g}

JR,

and is thus min{y p;,¥ g} times smaller than the character-
istic voltage of “ideal” Josephson junctions.'

The second most important cause is the presence of an
additional resistance shunting the junction. In fact, it fol-
lows from the foregoing calculations that in the general
case the normal-state resistance of the structure R, is
smaller than the resistance R g of the portion of the junc-
tion along which both the normal current and the super-
current flow. For example, when the geometric factors and
the resistivities of the boundaries in symmetric junctions
satisfy certain relationships, it follows from (21) that the
shunting resistance R, =R p may be significantly smaller
than R g , since

Rsh _ Wfin Ya1 dn+_l_ ﬂ

Rp, W, |vs L vp |7 34N
despite the existence of a strong inequality between the
suppression parameters (vp >7Vp) )-

According to (23), in maximally asymmetric junctions
(vaL >7p| ) R, is, in fact, determined by the resistivity of
the least transparent boundary Rz . However, a shunt
naturally forms in this geometry, too, since the supercur-
rent is localized in a region of order &,4,2° while the normal
current transfers to a distance L* in the N film, so that

(24)
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B_-‘j ~ﬁ_ Eerr
R, T L* min{L, yp d,£*}’

e verT. 25
geﬁ‘ gn Vw(YB+7TTc/\/w2+A2). ( )

The third cause of the suppression of J.R, is the de-
crease in J, as a consequence of the proximity effect of the
parts of the N film which sustain and do not sustain the
supercurrent. This mechanism is more important, the
closer T'is to T, and the larger is the distance between the
electrodes.

This factor is conveniently evaluated with the aid of
the equation derived in Ref. 20

S¢S

1
— s 2 2\
q:’n_Gs‘f'YB(w/”Tc) +§eﬂ' G,, (Gnq:’n) ’

I YBﬂTc
Vo(yp+ 7T/ Jo? + DDF)

which describes the superconducting properties induced in
a thin film of a normal metal having a common boundary
with a bulk superconductor characterized by yp. Taking
into account that the modified Usadel functions appearing
in (26) for the S electrodes ®,=A and that in the case of
greatest practical interest d ~ £¥ the sums over o deter-
mining the supercurrent converge at

Eg=En (26)

0=~Q~min{A/yg,7T (E*/d,)?}, T<T, (27)

we see from (26) that .4 ~ £* 7T ./Q in the interesting
limit of large values of the suppression parameter. In max-
imally asymmetric structures (see Fig. 1), we can use (26)
and (27) to easily obtain the following estimates of the
values of the functions ®, induced in the N region through
the boundary with the highest transparency:

AGnT, 1 d,
e % cosh(d/E®) M Eag’

d,
T min{ T/ T,d,/E%}

Here d=(h—d,)/cos ¥ is the effective distance between
the junction electrodes, d; and d,, are the thicknesses of the
S and N films, 4 is the height of the step in the substance,
3 is its angle relative to the substrate, and a;<1 and a,<1
are additional suppression factors due to the mutual char-
acter of the proximity effect between individual parts of the
N film.

(28)

6. CONCLUSIONS

It follows from the foregoing analysis that there are
several factors which worsen the characteristics of high-T,
Josephson junctions and which must be taken into account
in developing technologies for the fabrication of high-T',
Josephson strictures and in interpreting results obtained in
them. Apart from the small transparency of the SN bound-
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aries, they include the parasitic shunting of the junction
and the mutual character of the proximity effect in the N
film.

It is qualitatively clear that the presence of a normal
shunt should negatively influence not only the absolute
values of J.R,, but also the noise and signal characteristics
of SQUID’s based on such junctions.

In junctions of the planar type the formation of a shunt
can be avoided by depositing a protective insulator layer on
the surface of the high-T, superconducting film before the
step involving formation of the electrodes by electron li-
thography. In step-edge SNS junctions such a passivating
layer can also be deposited by angled sputtering before
sputter-deposition of the bridge film. However, ion etching
of the parasitic part of the N film lying on the electrodes'*
is, in all likelihood, more effective.

In structures schematically represented by Fig. la the
suppression of J, as a consequence of the parasitic proxim-
ity effect in the normal metal layer is appreciable when the
thickness of the N film is greater than or of the order of the
thickness of the electrodes. In asymmetric step-edge junc-
tions this mechanism [see (28)] can decrease J, by several
fold.

It should also be noted that the approach developed
herein to the analysis of the processes in SNS junctions
with SN boundaries of small transparency is applicable to
the investigation of processes in low-temperature junctions
with a layer of a doped semiconductor material.!*
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