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Auger recombination in narrow-bandgap semiconductors in the presence of a quantizing
magnetic field is studied theoretically. It is shown that for certain values of the magnetic field
the Auger process is a thresholdless process. The absence of a threshold is related

directly to Landau quantization. It is established that in a quantizing magnetic field the
Auger transitions of electrons from a lower Landau level into a highly excited level is of a
resonance character. The Auger recombination rate is an oscillating function of the

magnetic field. The effect of Auger recombination processes on the emission spectra of narrow-
bandgap semiconductors at low temperatures in a quantizing magnetic field is analyzed.
Recombination rates are calculated for InSb and HgCdTe at different temperatures.

1. INTRODUCTION

Optical phenomena in narrow-bandgap semiconduc-
tors in the presence of a magnetic field have been studied
for a long time.!” In particular, in Refs. 2 and 3 it was
observed that at low temperatures the maximum lumines-
cence intensity oscillates as a function of the magnetic field
intensity. This behavior of the radiation intensity could be
associated with the activation of nonradiative electron-hole
recombination channels in the presence of an external mag-
netic field.>> It should be noted that even at quite low
temperatures an external magnetic field can significantly
influence the Auger recombination rate. Auger recombina-
tion is a threshold process,* and as we have shown, a mag-
netic field removes the constraints imposed on the inter-
electronic collision processes by the laws of conservation of
energy and momentum, as a result of which the threshold
is removed and the Auger recombination rate thereby in-
creases significantly.

The objective of the present work is to investigate the-
oretically nonradiative Auger recombination in the pres-
ence of a quantizing magnetic field in narrow-bandgap
semiconductors with a Kane dispersion law. In the pres-
ence of a quantizing magnetic field, as shown in the present
paper, the Auger recombination rate has a significantly
weaker temperature dependence—a power law and not the
exponential dependence observed for the ordinary Auger
process.4 As shown below, the thresholdless nature of the
Auger process in a quantizing magnetic field is directly
related to Landau quantization.

We shall investigate the Auger process in which two
electrons from the conduction band and a light hole from
the valence band participate. One electron recombines with
the light hole and the second electron is transferred by the
Coulomb interaction into a highly excited state. In contrast
to Ref. 5, where an Auger process with the participation of
a heavy hole was considered in the case of a simple band,
we solved the problem in the Kane three-band model, tak-
ing into account the nonparabolic nature of the spectrum
of the highly excited electron. In Ref. 6, the Auger recom-
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bination rate in a magnetic field was also calculated taking
into account the nonparabolic nature of the electron spec-
trum. However, the expression obtained there for the rate
contained an exponential (threshold) temperature depen-
dence. As we have noted above, a strong magnetic field
removes the threshold for the Auger process. The
threshold-elimination method qualitatively is as follows. In
the presence of a strong magnetic field the electron spec-
trum in a direction perpendicular to the magnetic field is
quantized. As a result of Coulomb interaction, the Auger
electron, having acquired an energy of order E, (the width
of the forbidden band) executes a vertical transition to a
high Landau level without a change in quasimomentum
(Fig. 1). Large quasimomentum transfer is not required
because of the Coulomb collision of the two electrons. The
only requirement is that the excited Auger electron must
occupy a Landau level. Thus in a quantizing magnetic
field, when the conditions indicated above are satisfied, the
Auger process has a resonant character. Therefore, the rate
of the Auger process oscillates as a function of the mag-
netic field, and these oscillations are related to the break-
down of resonance.

2. MATRIX ELEMENT OF THE AUGER PROCESS IN THE
PRESENCE OF A MAGNETIC FIELD

In order to find the Auger recombination rate we em-
ploy the Kane model in the presence of a magnetic field:

E—E & U ¢ V=0

( - g—g‘zmh,,) TR
.y . (1)
E i V—ig[a,V h U=0
( +g—2mhh) —igloV] —y 7 U=0.
Here <i>=f’+ (e/c)A is the generalized momentum of the
particles; P is the quasimomentum of the particles; A is the
vector potential of the magnetic field; E is the carrier en-
ergy, measured from the top of the valence band; ¥ is the
Kane matrix element; g=A4,/3, where A, is the spin-orbit
interaction constant; m,,, is the mass of the heavy hole; U
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FIG. 1. Schematic view of the band diagram of a semiconductor in a
quantizing magnetic field. The arrows mark electron transitions from the
lower Landau level.

and V are, respectively, the s- and p-envelopes, and
V="U|s)+V|p); and & are the Pauli matrices.

For simplicity we consider below the case of strong
spin-orbit interaction, A,>E,, and infinite heavy-hole
mass my,= «. Taking into account the finiteness of the
mass of the heavy hole and letting the ratio of A, and E,
be arbitrary does not change the result qualitatively. In
order to calculate the Auger-recombination rate it is con-
venient to switch to the basis ,(r) (i=1,2,...,8), in which
the wave functions of the conduction band are s-type
spherical functions and the wave functions of the valence
band are eigenfunctions of the operators J and J2 (J is the
total angular momentum operator) .8 Then, in the Landau
gauge (A,=—yH, A,=A,=0) the complete coordinate
wave functions have the form

W (r) =expli(kx+kz)] X CxnPui(r). )

Here X".-( y) are oscillator functions with the number r; and
the coefficients C; are functions of &, and #;.

The Auger-recombination rate is calculated in the first
order of perturbation theory in the electron—electron inter-
action:

G=— 2 f|V|25(E1+E2—E3—E4)

X SF(E)) f(E) f(E)[1—f(E3)1dr, (3)

where f(E,) is the distribution function of the ith particle;
E, and E, are the initial and E; and E, are the final energy
states of the electrons (the hole state is the final state for
one of the electrons participating in the process); V is the
matrix element of the electron-electron interaction, calcu-
lated using antisymmetrized electron wave functions of the
initial and final states;

4 dk)(‘v) dkﬁ")
o= 1 (5 (55)
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is an element of the phase space. The summation in Eq.
(3) extends over all numbers of the Landau levels and spin
states of the particles participating in the process.

The matrix element can be represented in the form

V=Vi—Vu, 4)

V= > JII- V¥ (ry,0)¥;(r;,0)

X PW¥(r,0" )W, (r,,0" )dr dr,, (5)

Vu= 2> JJ V¥ (r,0)¥4(ry,0)

X VWX (r,,0" ) W3(r,,0" )drdr,. (6)

The square of the absolute value of the matrix element
separates into a sum of the direct and exchange parts:

V2= (| V1) + | Vul®) — (MVE+ VT V). (7

Here

4e dqdq'8, 5.0,0
|V |2=_2_ fJ- 1937 02%%
R (¢ +55,+40) (g7 +K5,+4%)
X8(K)8(K,) 2 [CHV PP ()]
i’
X[G O (- (-]
X[CPAD ), (8)
where
1= (kD — k)24 (kY — kD)2,

K=k 4 kD kP k¥,

K=k kP Dk,

I?E(q)=f YD (X (v)dy,

is the static permittivity of the medium; A is the Debye
screening radius; ¢ is the transferred momentum; a and B
designate the numbers of the particle states (a, B=1, 2, 3,
4);8,,0 5 = 1 if 0, =0y (if the spins of the particles @ and B
are equal) and zero if 0,505.

The expression for | Vy]“ is obtained from Eq. (7) by
interchanging the indices 3 and 4. Similarly, the exchange
term is
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v V*_4e4 fJ‘ dqdq’601026010350104
PITE ) ) (@R +AD) (g K+ A7)

X 8(K)8(K;) % [CHVCPIF (g)]
J':J"
X lcfll)q(4)1}:‘(_q/)][C;:(Z)C-(I'4)I§4( -]
(2) ~ek(3) y23, ,

The integrals I' ?B (q) reduce to a well-known tabulated
integral for the Hermite polynomials.’ The presence of the
delta function in Eqs. (8) and (9) expresses the law of
conservation of momentum along the x and z axes. There is
no conservation law in the y direction, since Landau quan-
tization applies:

1

E=-E

T 2
2
2 \/Z Et3v

Here ay; = +(fic/eH) is the magnetic length, the 4+ and —
signs in front of the square root correspond to electrons
and holes, and the =+ in the radicand correspond to the two
spin orientations. If the magnetic field is made to approach
zero, then the oscillator functions become plane waves and
the integrals 1% (g) become delta functions, giving the law
of conservation of momentum along the y axis. Therefore,
| 71| becomes the well-known expression given in Refs. 4
and 10.
We now integrate | V;|* over dr,:

2 2 1 1
kz+;2— (n+5 j:z)l (10)
H

010360204 4 E(V)

et b
2 —
JlVll dT"—ﬂ'aHxZ m)? 2E(V)—Eg6(KZ)

x f dmydn,d;dEde’

2 ”?2

X exp ——2——77%+i772(€—§’)

X (=m—i€")B7 (= +i8)™ "
Pi3(r)Py3(7r' ) Pyy(r) Pyy(r’)
(r+R)(r+R)

ny+n
2M 7-n1!n2!

XS T 17 -
2™ 4n3!n4!

(11)
Here
E=apg, &=ang’, m=ap(k’—k?),
m=ap(k’ =k, m=ap(kP +k2),
r=E4m, r=£74n, R=ay(k¥ -k,
the polynomials P,g(r) are expressed in terms of the La-
guerre polynomials and the coefficients C,(“)C,(B). In the

expression (11) it is assumed that n,<n; and n,<n,. The
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product C{¥C'® is proportional to the overlap integrals of
the particles participating in the recombination process.

We calculated the overlap integrals using the Kane
model and found that they depend on the external mag-
netic field H. In Ref. 5, where the Auger-recombination
rate is also calculated, the overlap integrals were calculated
using the two-band model and did not depend on the mag-
netic field. It is shown below that the exact calculation of
the overlapping integrals fundamentally influences the Au-
ger recombination rate, since they depend on the magnetic
field. The integration of | ¥;|* over dr, in Eq. (11) is easily
performed. The integral over d7, gives a delta function
8((—¢&’). Next, switching to polar coordinates in the
(171,6) plane, the remaining integral reduces to a one-
dimensional integral. The integral of ¥V} over dr, is cal-
culated in the Appendix. We give the final result of the
integration of | ¥|? over dr,:

V| ¢ fwdy | 8(K, 12
J-l | TX_W Eg 2n3f(n3’av) ( z)- ( )

Here the function f(n;,0,), v=1, 2, 3, and 4, has the form

f(n3 ’Uv) = [6010360204+601a460203] az(n3+ 1 ) (n3+2)

2bc c
+2ab(ny+1) +b*+2ac+—+————
ny  n3(ny—1)

—84,0,80,0,80,0,|@"n3(n3+1) +2ab(n3+1)
) ny+2 2bc &
+b°+2ac +—+— [1=s(ny)]}. (13)
ns ny n3

The following notation was introduced in Eq. (13):

fiw 3
0, b=—3[1+a(1+ny)], c=—4(b+1),

a=c—
8E, (14)
i k
s(n3) = & k2

0 4=1 if the spin of particle 3 or 4 is oriented along the
magnetic field and 8, ,=1/3 if the spin is oriented opposite
to the field. It is evident from Eqs. (13) and (14) that
f(ns,0,) is a quadratic function of the magnetic field for
fixed values of n3 and o,

The nature of the factor #iw/E, in Eq. (12) is physi-
cally understandable. In the absence of a magnetic field, as
is well known,*!9 the overlap integral of the electrons and
holes is proportional to the product of their wave vectors k,
and kj; therefore the factor T/E,, where T is given in
energy units, appears in the Auger rate. In the presence of
a quantizing magnetic field for which #iw> T holds the
spectrum of electrons and holes is quantized, and hence
their kinetic energy is of order #iw. Therefore, the overlap
integral for the lower Landau levels of the electrons and
light holes is greater than the overlap integral in the ab-
sence of a magnetic field by the amount fiw/T> 1. Thus,
neglecting the dependence of the overlap integrals on the
magnetic field H, as done in Ref. 5, results in an incorrect
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magnetic-field dependence of the matrix element and,
therefore, of the Auger recombination rate also.

Let the particles occupy in the initial state the lower
Landau level; therefore, ny=n,=n,=0. Moreover, it fol-
lows from the law of conservation of energy that
n3>2E/fivo> 1. The factor 1/2" in Eq. (12) corresponds
to the fact that as a result of the Coulomb collision one
electron, which has acquired energy of the order of E,, is
transferred into the highly excited Landau level n;. This
state corresponds to a rapidly oscillating wave function
with number n;> 1, and for this reason the overlap integral
between the ground and excited states is small and of order
1/2™.

3. CALCULATION OF THE AUGER-RECOMBINATION RATE

We write the law of conservation of energy for the
Auger process in the following form, taking into account
the law of conservation of quasimomentum of the particles
along the z axis:

€H
;gz-f-t: I+ €ey6” cos” 9. (15)

Here ey="fiw/2E,; p=2m,+m;/m,=3; the electron mass
m, equals the light-hole mass m,,; §, 3, and @ are spherical
coordinates in momentum space §;,= \/ﬁkg’)aﬂ (i=1,2,4);
and

3 3 o+0o3+0,
t=§+2£H n1+n2+n4+—2-+-—-—2——),

(16)
1 1 o 3
I=Z+2EH(’13+5+_)
Here 0,=+1/2.

Equation (15) reflects the nonparabolic nature of the
spectrum of the highly excited electron. A parabolic spec-
trum was adopted for the initial states. It is important to
take into account the nonparabolic nature of the spectrum
for the highly excited electron when calculating the Auger
recombination rate. In this case the minimum value of n,,
following from the law of conservation of energy, is
n3"" = 2E,/#iw. If the nonparabolic nature of the spectrum
for the excited electron is neglected, then the minimum
value of n; is two times smaller. Just as in the absence of a
magnetic field, it is of fundamental importance to take into
account the nonparabolic nature of the spectrum when cal-
culating the Auger-recombination rate.*!°

The equation (15), i.e., the law of conservation of en-
ergy, holds only if />2. Then the solutions for ¢ fall be-
tween the values §;, and §,,,, given by

glznin=£i ( \/}_t)’
H
(17)

7
bax=5" (=214 {(p—20+4(1-1)).
;4
The condition I>¢ implies that n; has a lower limit:
ny>n3""=2E,/fiw. As one can see from Eq. (16), / and ¢
are discrete for a given magnetic field. In addition, / and ¢
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have lower limits, since n;, n,, n;, and n, are nonnegative
integers. For values of n,, n,, n3, and n, for which /=2 the
longitudinal kinetic energy of the particles is identically
zero. This means that for a magnetic field H; such that
1(Hy) ztz(Ho) the transition of an electron from the lower
(zeroth) Landau level into a high Landau level (n;>1)
occurs without a change of the quasimomentum. Such a
transition is vertical; it corresponds to the maximum Au-
ger rate. Therefore, the Auger process in a quantizing mag-
netic field is of a resonance character and is thresholdless.

A magnetic field removes the constraints imposed on
the Auger process by the laws of conservation of energy
and momentum. As in the case when a heteroboundary is
present, in a quantizing magnetic field the Auger process is
thresholdless, '° i.e., the rate of such a process is exponen-
tially high, in contrast to the case of no magnetic field.

It remains to calculate the integral over dr, in the
expression (3). Neglecting the dependence on kiv) and A in
the matrix element (since ayA, aHkiv)agl), we have

2
6= 3 [ [Vitar, [ FEIS(E+ By Es—Edr,.
na (18)

In Eq. (18) the matrix element ¥ depends on k.* via the
delta function: 8(K,) =6(k{V + &P —k¥ —k¥).

The integration over dr, must be performed in order to
find G. This integration is performed on a surface in mo-
mentum space determined by the law of conservation of
energy (15). It follows from Eq. (15) that this surface is
axisymmetric. Therefore, when we integrate in spherical
coordinates (&, 6, @) the integrand does not depend on ¢@.
We find that the integral over dr, reduces to a one-
dimensional integral and equals

f f(E)6(E1 +E2—E3—E4)d1'z

N>N,a, . (#o
— 4_¢ I
= (4m) Efy sh (4T)

N\ (lma EdC(t+exCH/p)
X(Z'n',umeT) J;m V(@ +ent?/u)’ =1

X exp

Eg €y 2 3
PR

where N, and Ny, are, respectively, the electron and light-
hole concentrations.

We recall that the values of {;, and §,,,, are deter-
mined by the expression (17). For T7/E, <1 the integral in
Eq. (17) reduces to the error function. Then we obtain for
the Auger recombination rate the final expression

#ie #io a%y 64 )
G=64ﬂszFgZ§N§Nhﬂ?{ z ﬁf(n3,a'v)sh3 1—7—_'

n3,0y

S
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/ FIG. 2. Auger-recombination rate as a function of
' the inverse magnetic field for InSb at T=4.2 K
0.5 0041 |/, (a) and T=50 K (b); H,= (m.c/#e) E,~28.7 T.
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Here A= (e5/u) (Ehax—Coin), ap=Hx/mg* is the Bohr 16 #io Fiw d’y ,
radius of an electron, and erf(x) is the error function. The G™ a"=?—‘lT3w TEa —2‘ NANwaly —m f1(n5™),
summation over n; and o, in Eq. (20) extends over values g9 2% 1
for which I>#. (21)
In calculating G we set n;=n,=n,=0. This approxi- c
mation is applicable for the following reasons. As is evident f1=2a2(n"" 4+ 1)+ = 4a+ e s(nPim)
from Eq. (3), the Auger recombination rate equals the &
sum over 7n;, each term of which is proportional to 1
3 ﬁa) 3 + mm l ] ]
sh T |exp| — \/7 =3
4. DISCUSSION

In this sum we retain terms with the minimum value of the
exponent of the exponential, to which correspond
n=n,=n,=0. The remaining terms are exponentially
small—of the order of exp(—7#iw/2T)<1—in the given
magnetic field (we recall that we are considering the case
of a quantizing field #iw > T').

In the case of strong quantization, #iw> T, in the sum
over n; only one term is significant—the term correspond-
ing to n;=nT", which is exponentially large [or of the
order of exp(#iw/27T)> 1] compared to the other terms.
Then the rate of the Auger process (its maximum value) in
the case of a resonance transition is

Interesting results follow from the expression which
we have derived for the Auger-recombination rate.

1. The Auger-recombination rate does not contain an
exponential (threshold) temperature dependence, and
therefore the ratio G(H,T)/G(0,T) < exp(E,/T) is expo-
nentially large [G(0,T) is the recombination rate with no
magnetic field and E,, is the threshold energy of the
process*17).

2. The Auger-recombination rate at the maximum in-
creases exponentially with the magnetic field as exp
[— (2Eg/%w)In2].

FIG. 3. Logarithm of the Auger-
recombination rate as a function of the inverse
magnetic field for InSb at T=4.2 K (a) and
T=50K (b).
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3. The rate G is a strongly oscillating function of the
magnetic field. Figure 2a displays the Auger-
recombination rate as a function of the inverse magnetic
field for the compound InSb at 7=4.2 K.

It follows from Eq. (20) that the maxima of the rate G
are very sharp on the low-field side and more gently slop-
ing on the high-field side, and in addition the width AH, of
the peak is proportional to the temperature T:
AH,/H«T/2E,. This behavior of G as a function of 1/H
corresponds to the factors sinh’(#w/4T )expl...]Jerf]...]
[see Eq. (20)]. At the points where G is maximum this
product is of order unity; at the points where G is mini-
mum the product is of order exp( —#iw/3T). We note that
for the highly excited electrons arising as a result of the
Auger process the distance between the Landau levels
equals 7iw/3.

The product sinh®(#%w/4T) exp[..] equals 1 at the
point /( H,ny) =t*(H), corresponding to the magnetic field
H=H,(n3). But at this point erf(...) =0. In the case of a
very small deviation from Hy(ns), i.e., H=Hy(n;)+6H,
where H/Hy(n3) ~T/nyE, <1, we have erf(...) =~ 1. The
product smh3(ﬁw/4T)exp[ .] is close to 1, as before. It is
evident from this analysis that G does not contain a thresh-
old temperature dependence. As the magnetic field in-
creases further up to values H<H,(n;+1) we have [> ¢
and sinh®(#iw/4T )exp[...] ~exp{ —#iw/3T) <1. This cor-
responds to a minimum value of G. For H=H(n;+1) the
pattern repeats. But it is important that at the point of the
minimum the value of G(H,T) is exponentially large com-
pared to G(0,7°). We can see that in a magnetic field the
Auger process is thresholdless.

The oscillatory character of the behavior of G as a
function of the magnetic field is physically understandable.
In a Coulomb collision between two electrons in the lower
Landau level one electron is transferred into the valence
band and the other, absorbing the energy transferred to it,
occupies a highly excited state. The probability of such a
process is different from zero if the electron occupies a
Landau level with the number corresponding to the law of
conservation of energy (resonant transition) and is small
(or even zero at T'=0) if the excited electron falls between
two Landau levels (nonresonant transition).

In order to make a better analysis of our result we
present a number of magnetic field dependences of the
Auger-recombination rate:

a) Fig. 2b displays G as a function of 1/H at T=50
K;

b) Figs. 3a and b display log(G) as a function of 1/H
at temperatures 7=4.2 K and 50 K, respectively, for a
wider range of magnetic fields.

Figures 2 and 3 convey the main features of the behav-
ior of the Auger recombination rate as a function of the
magnetic field at different temperatures. The carrier non-
radiative lifetime 7,=N,/G has the same characteristic
features as a function of the magnetic field as does G. We
note that in narrow-bandgap semiconductors at low tem-
peratures in the presence of a quantizing magnetic field the
carrier lifetime is determined mainly by two recombination
processes: nonradiative (Auger) and radiative. It follows
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from what we have said above that at low temperatures the
nonradiative recombination lifetime for certain values of
the magnetic field corresponding to maximum G is shorter
than the radiative-recombination lifetime, i.e., for certain
values of the magnetic field, corresponding to resonance
Auger transitions, the carrier lifetime is completely con-
trolled by nonradiative Auger recombination. In order to
confirm this assertion we shall calculate the radiative re-
combination rate in a quantizing magnetic field, using the
van Roosbroeck-Shockley relation!! and the expression for
the absorption coefficient a(w) from Ref. 10:

wgemjg fiw

R=127 27 —= NN ;.
Ml T T D) e M
(22)
Here ¢, is the high-frequency permittivity; » is the
index of refraction of the semiconductor; E =E,

+ (eH/2c) (m_1+m ) is the effective width of the for-
bidden band; and N, is the concentration of heavy holes.
The expression (22) was derived for the case of strong
quantization.

Next, it is convenient to take the ratio of the two re-
combination rates—Auger and radiative. We designate this
ratio by I': I'=G/R. For most narrow-bandgap semicon-
ductors (InSb, HgCdTe, InAs) at 7=4.2 K at maximum
Auger-recombination rate I',,>1 and at minimum
Auger-recombination rate G is exponentially small:
I in=T max €xp(—#w/3T) € 1. Therefore the total lifetime
at low temperatures is an oscillating function of the mag-
netic field, the oscillations indicating alternation of the
dominant carrier recombination process: nonradiative over
radiative and vice versa. For example, for InSb at 7'=4.2
K and H=11 T we have I',;,~5-107% and T, ~44.
For HgCdTe at T'=4.2 K and H=5.2 T we have
[in~9.3- 107" and I, ~42.4. In calculating G and R
the following parameters were used for HgCdTe:
E,=0.112 eV, m,=0.010m;, m;,=0.4m,, x»=18.6,
£,=134, N,=N,;,=3-10" cm™> for InSb: E,=0.237
eV m,=0.014my, my,=04m,, x»=168, € —15 68,
Ne=N,,,,=3- 10" cm~3 (mg is the free—electron mass).
This behavior of the carrier lifetime in a quantizing mag-
netic field at low temperatures significantly influences the
optical characteristics of narrow-bandgap semiconductors.
In particular, the maximum radiative-recombination inten-
sity oscillates as a function of the magnetic field, and these
oscillations are directly related to activation of recombina-
tion channels for definite values of the magnetic field.>> As
noted above, these values of the magnetic field correspond
to resonant Auger transitions.

We thank V. N. Perel’ and R. A. Suris for a discussion
of the results. This work was partially supported by the
Russian Foundation for Fundamental Research (Project
No. 93-02-3199).

APPENDIX

We give the expression for the integral of V{V7} over
dt, in the case n3;>n,, n, and ny>n|, n,:
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+i§r)n3—n2
Py3(r) Pyy(ry) Pyy(ry) Py3(rs)
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2"‘+"2n1!n2!
XmF g m1”
2 3 4n3!n4!
In Eq. (A1) the same notation was used as in Eq. (11),
and o
A=t +nh A=l R =ayk" kDY

We now calculate the integral in Eq. (Al) for
n,=n,=n;=0 and k;")=0, v=1,...,4. It is convenient to
switch to polar coordinates: 1,=r, cos ¢;, {=r;sin ¢y,
N,=r, cos @,, {'=r,sing@,. Then the integration over
dp,de, gives a Bessel function, and as a result we obtain

(A1)

— 4¢* 80,0,800000, & E® 1
J- i Tx_ailxz (2n)’ o} ZEM—Eg?G

x8(K,) fo fo drydr? ™ P(ry)

R+7
XP(rz)J,,S(rlrz)exp(— 3 ) (A2)
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Here P(r;,) =P13(r%’2)P24(r%'2) is a polynomial of degree
four. The integral in Eq. (A2) can be expressed in terms of
integrals of the form

o -]
ny+2my—1_n3+2mp—1
I m,= fo fo dr\dr,r, r, Iy (1112)

A+n
Xexp(— ) )

(A3)

The integral I,,, is calculated with the help of the well-
known formula for the integral of a Bessel function,'? and
the integrals I;,,, and I,,, can be calculated by integrating
and differentiating this formula with respect to a parame-
ter. Then the final expression—Eq. (12)—for the integral
of ¥V} over drt, can be easily written down.
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