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The propagation of a probe light beam in an atomic medium (an atomic beam or a low-
density gas) is analyzed for the case in which the atoms are optically oriented in their ground
state by a “strong” light wave. The polarization state of the atoms is determined under

these conditions by the local value of the polarization vector in a given region. It is independent
of the intensity of the strong field. The problem in which the strong field is at resonance

with a transition Jy—Jy+AJy and generally has a (spatial) polarization gradient, while the
probe field is at resonance with another transition, Jy—Jy+ AJ, is analyzed. The

structure of the electric susceptibility tensor is analyzed. The problem of normal waves in a
low-density gas optically oriented in the ground state by a field with a uniform

polarization is solved. The problem of Bragg scattering of a probe wave by an atomic beam is

analyzed in two models, used as examples: the 1 -2 transition in a o

*_o~ configuration

of the strong field and the 1/2—1/2 transition in a /in L lin configuration of the strong field.

1. INTRODUCTION

The propagation of an optical field in an optically ori-
ented atomic medium was studied first in a series of
papers."? The polarization characteristics of the transmit-
ted optical field were analyzed as a function of the polar-
ization of atoms in their ground state. The effect of a po-
larization of the atoms on light propagation in optically
dense media was analyzed in Ref. 3 by a Keldysh-diagram
technique.

It is worthwhile to formulate this problem for specific
topics in polarization spectroscopy of the ground state of
atoms which are degenerate with respect to projections of
the angular momentum J,,. In the conventional formula-
tion of problems in nonlinear polarization spectroscopy,
one studies those anisotropic properties of atomic ensem-
bles (gases or atomic beams) at the frequency of a weak
(probe) field which stems from saturation in terms of a
strong field in excited states.*® The discussion is also re-
stricted to the case in which the optical anisotropy of the
atomic ensemble in the ground state arises in the course of
optical pumping by a steady-state “strong” laser field. The
probe (readout) wave can, in general, have a different fre-
quency, a different direction, and a different polarization.
Ground-state laser spectroscopy is attractive for the fol-
lowing reasons:

1. It is always possible to choose parameters of the
strong field such that ordinary saturation effects can be
ignored (in this sense, the ‘“‘strong” field is weak). The
formation of multipole moments of rank « (in general,
k<2J,) in the ground state is governed exclusively by the
polarization of the strong field in this case.””’

2. For ultradeep cooling of atoms in laser fields,
there are some necessary conditions: there must be (spa-
tial) gradients in the polarization of the optical field, the
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field intensities must be low, and the atomic ground state
must have a degenerate structure. Polarization ground-
state laser spectroscopy would clearly be a reliable method
for the diagnostics of atomic ensembles, because of the
high measurement accuracy in terms of a large number of
parameters. The information obtained as a result would be
important for clarifying the mechanisms and dynamics of
atomic cooling.

With regard to the first of these points we note that
optical orientation of atoms in the ground state tends to
build up over time because of the low depolarization rates
7. Depolarization of multipole moments of rank x>0 in
the ground state stems primarily from collisions between
atoms, and it occurs only slowly in low-density gases or
atomic beams. The intensity of the strong field,
I=(c/87) | Ey| 2 must therefore satisfy the rather obvious
conditions

—1 I
(vt <I—O <1, (1)

where I,=(c/87)|#y/d|?* is the saturation intensity, ¢ is
the duration of the interaction of the atoms with the field
(in most cases the duration is given by = D/(v), where D
is the size of the light beam, and (v) is the directed velocity
of the atoms), ¥ is the rate of radiative relaxation of the
excited state of the atom, and d is the transition dipole
moment. For the D, line of Na, for example, typical values
are [y~64 pW/mm’ and (yt)"'=10"2 The intensity
range of the strong fields is thus fairly broad and can easily
be reached with existing dye lasers. Conditions (1) can be
formulated in a different way by introducing as a charac-
teristic parameter the duration of the optical pumping of
the ground state,”® Lop-

t>top; top=(‘}’Go)_l, (2)
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where the parameter G, characterizes the saturation of the
strong field.

In this case the atomic ensemble is optically aniso-
tropic with an electric susceptibility independent of the
intensity of the strong field. This is the primary distinction
between the problem discussed below and problems of non-
linear polarization spectroscopy. A problem similar to the
one we are discussing here was studied in Refs. 7 and 8 for
an angular momentum Jy=1/2. There the interaction was
labeled “quasilinear” for propagation in an optically or-
dered medium of this sort. We will use that word in the
discussion below. In this paper we leave the angular mo-
mentum J,, arbitrary; J; could also be understood to be the
total angular momentum of a hyperfine component, F.

For the problem of the optical orientation of ground-
state atoms in fields with a polarization gradient, satisfying
the condition for quasilinear interaction (2) requires that
the interaction time ¢ be so short that an atom does not
have time to undergo a displacement significant in compar-
ison with the length scales of the variations in the polar-
ization of the field. For the field configurations used in
experiments on ultradeep cooling (a helically polarized
wavel® or the linl lin conﬁgurationm’“), these length
scales are of the order of the wavelength of the light, A. The
condition (2) for a quasilinear interaction is then satisfied
for atoms whose velocities v along the field satisfy'®!!

kU”

<L 3
7Gq (3)

The contribution of this group of atoms to the electric
susceptibility is then determined exclusively by the local
values of the field polarization. In gases, the relative num-
ber of atoms which have velocities v satisfying (3) is very
small: v /(v) =yGy/Qp<1, where Q) is the width of the
Doppler absorption line. In gases, effects stemming from
optical order in fields with polarization gradients are there-
fore weak.

On the other hand, (3) is a necessary condition for
those atoms which are subjected to the ultradeep cooling
(below the Doppler limit kzT p=#y/2) in an optical
field.!® This condition usually holds in atomic beams which
have been collimated beforehand.

In accordance with the discussion above, the analysis
below takes the following directions:

1. analysis of the tensor structure of the electric sus-
ceptibility of an atomic medium which is optically oriented
in its ground state in the course of a “quasilinear” interac-
tion with a “strong” field which in general has a polariza-
tion gradient,

2. analysis of birefringence in a gas which is optically
oriented in the course of a quasilinear interaction with a
strong field which is uniform in terms of polarizations, and

3. analysis of Bragg scattering by spatial gratings of
multipole moments of ranks k=0, 1, and 2 which arise in
atomic beams in optical fields with polarization gradients.
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2. ELECTRIC SUSCEPTIBILITY TENSOR OF AN ATOMIC
ENSEMBLE ORIENTED IN THE GROUND STATE

Let us formulate a problem of the propagation of a
probe wave E in an optically oriented atomic ensemble.
This probe wave does not alter the deviation from equilib-
rium in the ground state created by the strong field. We
assume that the probe wave, of frequency o, is at resonance
with the transition Jy—Jy+AJ (AJ=0,%1) with a reso-
nant frequency wgy, while the strong field, Eg, causes a
redistribution of the populations of the Zeeman sublevels
of the ground state as it interacts in a resonant fashion
with, in general, another transition Jy—Jy+AJy
(AJy=0,%1).

The deviation from equilibrium caused in the ground
state is determined by the steady-state density matrix of the
ground state, p?nm,(r,v), which depends on only the polar-
ization of the strong field in the case of a quasilinear inter-
action. In this paper we assume that the form of p?nm, is
known. A method for calculating p?”m, for gases in a case
of a pump field of uniform polarization was presented in
Refs. 8, 12, and 9. The density matrix p?nm, (r,v) for atomic
beams has been determined for certain field configurations
and optical transitions Jy— Jy+ AJj in fields with polariza-
tion gradients.'®!!

The electrodynamic part of the problem is to calculate
the susceptibility tensor y at the frequency . Since we are
taking the medium to be a low-density gas or an atomic
beam, in calculating the resonant part of y(w) it is suffi-
cient to use a linear approximation in the density of atoms,
N. Using the standard calculation methods, we find

dp  XUV(k—=K'\v)
Q)3 iy/2+ (Ao—k,v)

x"f(k,k')=—~zvf 4)

d d ,p?”,m(r,v).

Xij(k,v)=fd3rexp(——tkr) Z mp@ um
(5)

n,m,m’

Here
= {Jo,m| (d &) | Jo+ AJ )

is the matrix element of the projection of the dipole mo-
ment operator d onto the unit vector ¢ (i=1,2,3) of a
Cartesian coordinate system, y is the rate of radiative re-
laxation of the excited state with angular momentum
Jo+AJ, Ao=w—w, is the offset of the field frequency
from resonance, and k is the wave vector of the field. The
density matrix p° is normalized:

d’r &’p
Sp p'=2 f (z—ﬂﬁ)zp?nm(w)=1- (6)

When the spatial variation of p° in strong fields with a
polarization gradient is taken into account, the polarizabil-
ity of the atomic ensemble is found from

ax
P,-(k,w):f (z—ﬁ)gx‘f(k,k’)Ej(k’,co). (7)

Bezverbnyi et al. 34



This expression is similar to that for the polarizability of a
crystal in an external electromagnetic field. Here E;(k’,w)
is a Fourier component of this field.

To put (4) in invariant form, we expand the density
matrix in terms of the polarization operators pgq (in the kg
representation), 13

JO K Jo
p?nml(r’v)= E (_1)-’0—1‘ V2K+1( r)pgq’
e S

and we sum (5) over matrix sublevels, using the Wigner—
Eckart theorem. We find

Jo+AJ J, 1
fd’ r
K 1 JO

XU (k,v) =3d2(—1)Po+a) Y

X exp(—ikr) ({e' ® e/} p2"). 9)

Here we are using the standard notation for the 3jn
symbols and irreducible tensors: {e'® e’}, is an irreducible
tensor product of rank « of the first-rank tensors e, (..)
is the scalar product of tensors,'> the Hermitian tensor
Xt =xi incorporates all of the information on the an-
isotropy of the medium, and d is a reduced dipole moment.

For certain models of the interaction of atoms with a
pump field, it is possible to choose a local basis of unit
vectors which move with an atom (an internal coordinate
system). In this basis we can choose a quantization axis
v(r) such that

Prg=b40Pxs P =Bmm P (10)

For example, v is parallel to the polarization in the case of
a linearly polarized field E,, and it is parallel to the wave
vector k; in the case of a circularly polarized field. For
certain bleaching transitions (AJy=-1) it is also possible
to choose the quantization axis along the axis of a cylinder
constructed on the polarization ellipse for an elliptically
polarized and otherwise arbitrary field.'*

The scalar product of tensors in (9) can be simplified
in these cases, since the product {e'® ei}Kq is projected
onto the quantization axis v(r). In terms of Cartesian
components we have

i j 6!’1‘ [ 3 5ij
{e'®e'} o= -3 5xo+z iV + 2 (Vi Vj—?)axb

vi(r)=(v(r)e'). (11)

Here and below, a repeated index implies summation.

Tensor (9) can thus be decomposed into irreducible
components, which are scalar, antisymmetric, and sym-
metric:

XY =Cpbj+ieijmCim+Caij» (12)
where
1
Co=—31T f d’r exp(—ikr) p3(r,v), (13)
1
Cl,m=z IT, fd3r exp(*—tkr)p?yo(r,v)vm(); (14)
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3
Coij= ‘g m, f d’r exp(—ikr) p3 (r,v) (V,v(l')vj(r)
61’]
)

HK=3d2( 1 )2]0+AJ

Jo+AJ T, 1
}. (15)

1 Jp

The quantities C; ,,, which stem from the orientation,
and C,;;, which stem from the alignment of the atoms in
the ground state, determine, in particular, the degree of
natural optical activity and elliptical birefringence for a
signal propagating through such a medium (these effects
were analyzed in Refs. 7, 8, and 15) with k=k’ in (14)
and (15). In the limiting case of a quasilinear interaction,
p2 is independent of the intensity of the pump field, being
determined exclusively by the polarization, as we men-
tioned above.

3. BIREFRINGENCE IN AN OPTICALLY ORDERED GAS

For the reasons set forth in the Introduction, the spec-
troscopy of a low-density gas which is optically oriented in
its ground state is of interest in the case of a spatially
uniform polarization of the strong field. In this case the
quantization axis v in (11) is independent of r, and we also
have

P?nm»(r»v)=pf’,,,,,,fo(v), 2 Pom=1, (16)

where f,(v) is a Maxwellian velocity distribution in the
gas. In other words, the gas as a whole is at equilibrium if
we ignore recoil effects in the interaction of the atoms with
the strong field, but in terms of internal degrees of freedom
the deviation from equilibrium is substantial:

8’

0 mm
P 3041 (7
The calculation of susceptibility tensor (5) then sim-

plifies considerably:

XJ(kk')=6(k—k’)yo(w)&Y, (18)
where

Nd* d’p So(¥) 1

X(@==257"7 ) @) bo—kviin/2 ¢ )

is the ordinary linear electric susceptibility, while the ten-
sor
£V = 8" +ig v Cy + (viv;— 89)C, (20)

determines the anisotropic properties of the gas. In an or-
dinary gas we would have £”=§". The explicit expression
for the constants in (20) is
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TABLE 1. Expressions for the constant E‘l of the anisotropy tensor £/ for various transitions as a function
of the angular momentum of the ground state and the polarization of the orienting field.

AJ AJy = -1 AJo =0 AJy = +1
1 @@= 3 E
4 Jo 2 2
0 qog QJo—1) 3 q 3 q
4 Jo(Jo+ 1) 2(Jo+t 1) 2(Jo+ 1)
4 3 @h=D NET 3k
4 (Jo+1) 27 (Jo+ 1) 27 (Jo+ 1)

Note. The cells along the diagonal correspond to the case in which the probe and strong fields
are at resonance with transitions of a common type, AJ=AJ,. The off-diagonal cells corre-
spond to the case in which the probe field is at resonance with a transition of a different type,
AJ#AT, .

~ 3
=5 V26+1(20p+1) (—1)Hot+8/

Jo+AJ T, 1]

0

1 JO pK‘

(21)

Tables I and II show the results of a calculation of the
magnetic dipole constant C; and the quadrupole constant
C, for various values of AJ, AJ,, and g, (this is the polar-
ization of the strong field; we have ¢,=0 in the case of

linear polarization, and go= =+ 1 in the case of circular po-
larization). The method for calculating C, and p is given
in Refs. 12, 8, and 9.

We turn now to the problem of finding the normal
waves, their velocities, and their absorption coefficients for
a medium described by susceptibility tensor (18), as is
typically done in problems in the optics of crystals.!®

In the linear approximation in terms of the density, the

TABLE II. Expressions for the constant E’z of the anisotropy tensor £ for various transitions as a
function of the angular momentum of the ground state and the polarization of the orienting field.

AJ qo AJo = -1 AJo=0 AJo = +1
Jo is an integer J, is a half-integer
|
32Jo-3 3 3 3
1 i A ) ~3 )
-1 .
o _3 3(htD) 3 (htD) | 3(etD@A+3)
2 2Q@1—=1) 20QL-D |2 J@l—-1) "
w1 || 3@k=3@h-1 34— 1) 3QA-1)
4 Qoo+ D 2 Qo+l 220 +3)
0
0 3 =1) 3 3 _3Qh+d)
2 Jo+1 2 27 2 g
4 || _3@h=DCh-3 3 Q@A —1) 3 J@Je=1)
4 (Jo+ )24 +3) 2 (Jo + DQ2Jo +3) 2(Jo + 1)2J0 + 3)
+1
0 _2 Jo(2Jo - 1) 2 Jo 2 Jo o ga
2 (Jo + D(2J0 + 3) 2(Jo +3) 220, +3° 2
3 3(2J + 1) 1\
Qo {1 Jo(.]0+l)(¥m2) >01
_ 6(Jo+ 1N2Jo + 1) _2[QJ4 + 21
o QI +3)@L+3)1-e)—1)" (4J, + 4)!

Note. The cells along the diagonal correspond to the case in which the probe and strong fields
are at resonance with transitions of the same type, AJ=AJ, . The off-diagonal cells correspnd
to the case in which the probe field is at resonance with the transition of a different type, AJ

FAJy .
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longitudinal component of the probe field is small, as is the
spatial birefringence angle (more on this below). In a cal-
culation of the normal waves we can thus ignore the lon-
gitudinal component, and we can project the tensor &/
onto the plane perpendicular to the wave vector of the
probe wave, k:

£ i j 8 _ i i k
é-aB: (Xaé-XB), 2 xax{zzaj—nknlj( nk=z .

The Greek indices a,8=1,2 refer to the coordinate system
{x,}, moving with the probe wave, while the Latin indices
(i,j) refer to the Cartesian coordinate system {e’} which
we defined earlier. We then have

S5

+C,

§aﬁ = aaﬁ +i Cl Eap3V3

8
vavB——%B (1 —vg)

’

(22)

In a gas with tensor (22), the normal waves are ellip-
tically polarized orthogonal waves whose complex unit
vectors

ve=(VX,), vi=(vny).

y.+iy tana yi1+iy,tana
e, = , e_= ,
+ ;}1+tan5a ;}1+tan5a

yi=x;cos V+x,sin ¥, y,=x,cos ¥—x,sin¥

(23)

diagonalize tensor (22). Here W is the angle through which
the polarization ellipse rotates in the {x,,x,} plane, and
a(—m/4<a<m/4) is the ellipticity angle. These parame-
ters of the polarization ellipse are related to the constants
C, and C,, defined earlier, by

T o~

tan a=2C; cos 9 ( JCisin*3 +4Cicos? 3 + | (oA |sin29) 1.
(24)

Here 6(C,) is the unit step function, ¥ is the angle between
the quantization axis v and the direction of the probe wave,
ng, and @ is the polar angle specifying the orientation of
the quantization v in the coordinate system {x;,x,,n;}.
Figure 1 shows one of the normal ellipses in the case
C,<0; Fig. 2 shows the relationship between the normal
ellipses and the angles specifying the quantization axis v.

The wave vectors k. corresponding to the normal po-
larizations in (23) are

®
k, =k,ng, k*=? (1+27€pAn,);

An, =1—1Cy(cos? 3 —1) + C2 sin* 9 +4C7 cos? 9.
(25)

In general, an arbitrary probe wave can be decomposed
into two normal waves:

E(kwz)=e “(E _(0)e e +*+E_e_e*-*)+c.c.
(26)
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FIG. 1. Orientation of the quantization axis v and the polarization el-
lipses of the normal waves with respect to the laboratory coordinate sys-
tem.

Solution (26) makes it possible to find the ellipse ro-
tation angle ¥(z) and the ellipticity a(z) for an arbitrary
probe wave which has passed through a medium as a func-
tion of the geometric path length in the gas, z, under the
condition Nyyz<1:

W(z) =¥(0) +21r§ (An, —An_)zReyo(@),  (27)

[0

T T
tan(a(z) +Z) =tan(a(0) +z)exp 21r? (An_

—An_)z ImXo(m)l. (28)
We have thus found a complete description of the propa-
gation of an arbitrary polarized probe wave in an optically
oriented gas.

Let us look at some particular cases.

If a single wave propagates through a gas and creates
an anisotropy, then this wave is naturally one of the nor-
mal waves. The anisotropy reduces in this case to dichro-
ism with the absorption coefficients

QLo
:ci=217';Ani Im y,.

FIG. 2. One of the normal-wave polarization ellipses. a—Ellipticity an-
gle; V—ellipse rotation angle.
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1. For a linearly polarized wave (E’l =0, d=m/2,
¢=0, a=0) we have

AR =14+1C,+3|Cy|, (x1e,)=0(£Cy).  (29)

In the case C, >0, this wave is the normal wave with max-
imum absorption, Ano+ =14 (2/3)C, in the case C,<0 it
is the normal wave with minimum absorption,
An® =1—(2/3)C,. From Tables I and II we find that the
first case holds for transitions with AJy= =1, and the sec-
ond for transitions with AJ,=0,-1.

2. For a circularly polarized wave (3 =0, go= +1) we
find

o 1~ =~ 1 G
Ani=1—§C2:|:{CII, |(eq0e’;)|=-£ I:qu =

1
e =175 (—qox1—iX;).

For E’lq0>0, the wave experiences its minimum absorp-
tion, while for C,g, <0 it experiences its maximum absorp-
tion.

3. For an unpolarized field (C;=0,3=0) we find

C

An?k =1- ?2 ;
the absorption is the same for the two normal waves.

4. We now look at an interesting case which follows
from Tables I and II under the condition
|Cy| =|C;| =3/2. We now have An®=0, regardless of the
direction in which the probe wave is propagating. In other
words, over a sufficiently large propagation distance the
probe wave becomes completely polarized, with
polarization-ellipse parameters ¥ =g, and tan a=gqcos J.

Changes occurring in transmission for various transi-
tions and polarizations because of a redistribution of the
populations of Zeeman sublevels in the ground state have
been studied in astrophysical problems!’ and also in Ref.
15.

The particular cases listed above are simply instructive
examples. Using Egs. (26)-(28) and the values of C; and
C, from Tables I and II, we can study a set of very inter-
esting combinations for various polarizations of the probe
field and of the pump field and for various atomic transi-
tions.

Let us look at some approximate quantitative estimates
of the effects which arise.

For low-density gases with densities N ~ 10% cm™3, a
crude estimate of the linear susceptibility is y~1071°,
Since we have An, ~1, the arguments of the exponential
functions in (26) are on the order of unity for propagation
distances

A
z~— =10"°A=10° m
X
of the probe field in the gas.
In other words, the polarization effects described above

during the propagation of a probe wave are seen most viv-
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idly in astrophysical media and in the upper atmosphere.
In particular, we can treat solar radiation as the pump field
here: at the very low spectral intensities of solar radiation,
the duration of the interaction of the atom with the field is
long, so we can determine spectral regions in which the
condition (2) for quasilinear interaction clearly holds. A
method for calculating the quadrupole constant C, in an
unpolarized, incoherent, but directed optical pump field is
described in Refs. 12 and 15.

On the other hand, it is also possible to observe the
effects described above in the laboratory, at higher gas den-
sities. We should point out, however, that the depolariza-
tion of the multipole moments of rank x>0 in the ground
state due to interatomic collisions becomes more substan-
tial as the density of atoms increases. As a result, the values
of the magnetic dipole constant C; and the quadrupole
constant C, may be quite different from the values given in
Tables I and II.

To conclude this section of the paper, we take up a
calculation of the spatial birefringence angle for the normal
waves found above, in (23). Here we need to consider the
longitudinal component of the electric field, E” =(Eny).
This component is evidently proportional to the density of
atoms; to first order in N it is given by

E; = —4myo(néE, ),

where é and y, are given by (19) and (20).

Our calculations show that the birefringence angle A3
is comparable to the angle of the diffractive divergence of
the probe light beam, Ad:

Ad A
A{)0<1, Aﬁva,
where D is the transverse dimension of the beam. Observ-
ing a spatial separation of rays is thus problematic in this
case.

On the other hand, this spatial birefringence is of fun-
damental importance for a classification of gases which are
optically oriented in the ground state in accordance with
crystal-optics ideas.'® In particular, it can be shown that if
optical anisotropy is produced in a gas by an elliptically
polarized strong wave, then the equivalent “crystal” will be
biaxial, with gyrotropy and dichroism.

(31)

4. DIFFRACTION OF A PROBE WAVE BY ATOMIC BEAMS
WHICH ARE OPTICALLY ORIENTED IN THE GROUND
STATE

In atomic beams, the transverse velocities of the atoms
v, are small in comparison with their longitudinal velocity
vo. For a well-collimated beam (with a divergence angle
B=v, /vy=1073 rad) these velocities are v, ~1 m/s. Ex-
periments on ultradeep cooling have achieved a record
atomic-beam collimation v, ~#k/m~ 1 cm/s, where #k is
the momentum of a photon of the light wave. For an in-
teraction of an atomic beam with a pump field in the per-
pendicular geometry, the optical orientation of the atoms
in the ground state thus becomes substantial in fields with
polarization gradients in which the length scales of the
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variations in the polarization are of the order of the wave-
length of the light. The condition (3) for a quasilinear
optical orientation, with the electric susceptibility of the
medium y(r) being determined by the local value of the
polarization of the strong field (and independent of the
intensity of this field), thus holds for pump fields with
saturation parameters G,~ 10~'-10~* for atomic beams
with a collimation B~ 107*-107°.

In a medium which has an electric susceptibility with
spatial variations over distances of the order of the wave-
length of the light, Bragg diffraction becomes possible for a
probe optical wave. Let us consider the problem of the
Bragg reflection of a probe wave from an optically oriented
atomic beam with a 1D variation, y(z). Situations of this
sort arise in pump fields formed by two counterpropagat-
ing coherent waves which differ in polarization. Here are
some familiar examples of such field configurations.!°

1. The o*—0" configuration (i.e., a linearly polarized
helix with a pitch equal to the wavelength of the field):

Ey=Ey[€, exp(ikoz) +&_ exp(—ikyz)]. (32)

This configuration is formed by counterpropagating fields
with orthogonal circular polarizations £, and &_; this z
axis is parallel to the wave vector k.

2. The lin L lin configuration:

Eo=Ey|e, exp(ikoz) +e exp(—ikoz)].

This configuration is formed by two counterpropagating
waves with orthogonal linear polarizations e, and e,.

Configurations (32) and (33) are described in detail in
Ref. 10. We would like to point out the following distin-
guishing features of the polarization gradients of these
fields. If we characterize the polarization ellipse of a field in
the general case by the ellipticity a(z) and the ellipse ro-
tation angle W(z) (Fig. 2), then the field in (32) describes
a case in which there is a gradient in the rotation angle but
no change in the ellipticity (¢=0). The field in (33) is a
clear example of a case in which there is a gradient in the
ellipticity with no change in rotation angle.

The distribution with respect to Zeeman sublevels of
the ground state is then

(33)

P (V) =0 (D F(0V), 2 Prm(D) =1 (34)

The tensor p?nm,(z) here characterizes the deviation from
equilibrium in terms of internal degrees of freedom. It is
determined exclusively by the local value of the pump po-
larization. The complete distribution function f(r,v) de-
termines the density of the atomic beam, N(r)
=N [ f(r,v)dv, and the atomic velocity distribution. In
general, f(r,v) is quite different from the initial distribu-
tion function of the beam, f,(r,v). In the interaction of
atomic beams with optical fields which have polarization
gradients, cooling and channeling of the atomic beam can
play an important role along with an optical orientation of
the atoms in the ground state.'®!! The channeling consists
of a spatial modulation of the density ¥ (z) with a modu-
lation period on the order of the wavelength of the light.
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This effect must obviously be taken into account in an
analysis of the Bragg scattering of a probe wave.

To analyze Bragg scattering, we use as examples the
optical transitions

1. Jo=1-Jy+AJy=2 in field (32) and

2. Jy=1/2-Jy+AJy=1/2 in field (33).
Distributions (34) are known for these cases.

For the first model, the quantization axis v which di-
agonalizes the tensor p?"m,(z) in accordance with (10) is
directed along the polarization of field (32):

10,11

1
v(z)=ﬁ [, exp(ikgz) +€_ exp(—ikyz)]. (35)
Since polarization (32) is linear at each point z, the atoms
have no magnetic moment in their ground state: p2q=0 for
k=1. The quadrupole moment is

0 5 2
P2(r,¥) = —15 13 f(1V). (36)
There is no channeling in this model, and the distribution
function f can be assumed uniform along z over distances
on the order of the wavelength of the light.

It follows from (12) and (15) that in this case there is
only one contribution to the susceptibility tensor y(k,k’)
in (4) with k=~k’. It describes Bragg reflection and is pro-
portional to tensor (15):

207? '
Crij=~17 ILf(v)[(e,)i(e;) j8(k—k'—2K)

+(e_)i(e_) j6(k—k’+2ko) ], 37)

where f(v)= [ f(r,v)dr is the velocity distribution of the
atoms in the beam.

In the second model, a spatial grating of the magnetic
moment is formed in the ground state of the atoms:

P2 o(r,v) =cos(2kez) £ (r,v), (38)

where the quantization axis v is directed along ky,. An
important feature of this model is that an atomic beam can
be channeled if the atoms interact with the pump field for
a sufficiently long time. When the channeling reaches a
steady state, the following expression is an accurate ap-
proximation of the overall distribution function:!!

2

4 V mU”
3

2y, —1/2
pg(r,V)=/V' §T%,+ [T+ToSin2(2kol‘)]] ,
(39)

§>}7; T(2)=-'s‘ﬁGog-

Here ./ incorporates a normalization constant, a cut-
off function in terms of the width of the atomic beam (D),
and a functional dependence on the atomic velocities in
directions perpendicular to k, i.e., v, . In (39), the quan-
tity & is the offset of the frequency of the strong field from
resonance.

Figure 3 shows the results of numerical calculations of
the atomic density N(z) for certain parameters of the
pump field.!!
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FIG. 3. Density profile N(z) over distances z=ﬂ.~0/2. Solid curve—The
offset of the strong field is 8= 10%; dashed curve—8 = 4/107. The vertical
scale is in arbitrary units.

The spatial distribution of (39) along z can be written
as a Fourier series in spatial harmonics with a maximum
period d=Ay/4:

Fry)= 2 cos(4nkez)A,(v).

n=0

(40)

For an offset 5~ 107 of the pump field, for example,
the coefficients in (40) are in the proportions
Ag—A,-A;-45...=1-0.4-0.17-0.08... .

The existence of spatial harmonics as in (40) has the
consequence that the diffraction of the probe field (with
k=k’) in susceptibility tensor (12) is determined by two
series, according to (13) and (14):

X5} ~€ijm(Ko) m{ (24o+4;) [6(2ko—k+k’) +8(2kg

+k—K)]+ 21 (Ay+A4,. ) [8((2+4n)kg

n=

—k+k’")+6((2+4n)ky+k—k’) ]’ (41)
a) by virtue of the spatial modulation of the magnetic
moment, (38), and

X5~ 2 An[5(4nko—k+k')+5(4nk0+k—k')]l
n=1

b) by virtue of the spatial modulation of the density,
(39).

In the reflected signal, however, we find only waves
which satisfy the dispersion relation for a free wave in
vacuum: k’=k=w/c, where w is the frequency of the
probe field. Taking the 1D nature of these spatial varia-
tions into account, we see that this result means that for a
given k of the probe field, only a single reflected wave can
arise, with k' directed in accordance with the condition for
specular reflection (Fig. 4).

The angle of incidence ® at which Bragg reflection of
the probe wave occurs is determined by the arguments of
the §-functions in (37), (41), and (42).
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Atomic beam

FIG. 4. Bragg scattering of a probe wave by an atomic beam. k—Wave
vector of the incident probe wave; k'—wave vector of the reflected wave;
kg—wave vector of the strong field; d—period of the spatial grating of
multipole moment p2 (xk=0,1,2) in the ground state of the beam atoms.

For the first model, there is one possible value for this
angle

ko A

COS¢2=7=/.L_ , AQAO
0

(43)

For the second model, for a given A, there may be several
of these angles:

142n)k 142n)A
cosfbl,,=( + )0+( ) , n=0,1.2...,
’ k Ao
(44)
(1+2n)A<A,,

by virtue of reflection from the spatial grating of the mag-
netic moment, (38), and

2nky 2nA
cos®y ,=——=—, n=1,23..., 2ni<d,, (45)
' k Ay
by virtue of reflection from the spatial grating of the den-
sity, (39).

In the optical range, Bragg reflection thus occurs at
frequencies w>w, only at the grating of the quadrupole
moment (in the first model) and at the grating of the
magnetic moment (in the second), when the wave is inci-

dent at an angle satisfying

cosd =/1—0. (46)
If the wave reflected from the density grating is to be ob-
served, there must be transitions, Jy+ AJ with resonant
frequencies w>2wy. In this case the angle of incidence,
found from

22
cos®y=—, 47)
Ao
is not the same as that found from (46).

This result applies directly to our second model. It
stems from the small period (d=A4,/4) of the spatial grat-
ing of the density, (40). In general, however, channeling is
also possible in other field configurations, in which the

period of the spatial grating of the density is d=A4/2. For
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example, it is possible in the field of a standing optical
wave. '3 In this case one can also observe Bragg reflection in
the optical range.

To find the polarization of the reflected wave, we work
from the condition that electromagnetic waves are trans-
verse:

(e(k")k’) =0, (48)

where e(k’) is the polarization of the probe wave.

The densities of atoms in beams are low (N~ 10'°
cm™?), and the region in which the probe field interacts
with the atomic beam has dimensions L~ D, where
D~0.1 cm is the diameter of the atomic beam. Since the
components of the electric susceptibility tensor are small,
X~ 10~ making the parameter kLy<1 small, we can
content ourselves with the first order of an expansion in
this parameter in solving the corresponding Maxwell’s
equation for the probe wave.'® The reflected wave E(k’) is
then related to the incident wave E(k) by

E(k')=kLP;(K")xm(k'K)E,,(k),

)K",

Py(k) =8;——7 . (49)

The operator P projects onto the plane perpendicular to the
vector k’.

According to (49), the polarization of the reflected
wave is

e(k’) ~O[(kko) [{e, —my-(e,m) }He e(k)]
+0[ — (kko) [{e_ —ny (e_ny/) }e_e(k)],

a) where 6(x) is the unit step function, for the first
model and

e(k’) = [e(k)ko] —my (m[e(k)Ko])

b) for the second model in the case of reflection from
a grating of the magnetic moment, (38), or

(50)

(51)

e(k’)=e(k) —ny [nge(k)] (52)

for reflection from a density grating, (39).

The quantity e(k) in (50)—(52) is the polarization of
the incident probe wave.

The reflected wave, E(k’) ~107°E(k), is very weak
for the parameters of the atomic beam cited above. How-
ever, since there is the possibility in principle of arranging
large diffractive-reflection angles in (46) and (47) for even
wider and more intense atomic beams, it becomes feasible
to select a reflected signal in terms of frequency, direction,
and polarization against the background of thermal radia-
tion and other noise. We would add that the waves re-
flected from gratings of the quadrupole moment, the den-
sity, and the magnetic moment have different polarizations
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[see (50), (52), and (51)], and the wave reflected from a
density grating also has a reflection angle [see (47)] which
is not the same as that in (46).

There is thus the additional possibility of using spec-
troscopic methods for diagnostics of atomic beams. For
example, by comparing the intensities of waves reflected
from different regions of an atomic beam, one can extract
information on the dynamics of the cooling and channeling
of beams. One can furthermore estimate the temperature to
which the atoms are cooled in strong optical fields. In this
case the temperature determines the velocity at which the
atoms diffuse along the z axis (6v" ) and thus characterizes
the extent to which these spatial gratings of the multipole
moments become smeared as atoms escape from the region
in which they interact with the pump field. As a result, one
can work from the extent to which the amplitude of the
reflected signal falls off in a scan along the atomic beam to
draw conclusions about the magnitude of év; and thus
about the temperature k3T =m(v) )2/2.
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