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The polarization operator and the three-photon vertex in the one-loop approximation in
QED,, , in the presence of a chemical potential are calculated. It is shown that the presence
of the dense medium leads to renormalization of the Chern-Simons mass. The magnetic
attraction between two-dimensional charges due to the effective three-photon interaction is

found to be modified.

1. INTRODUCTION

In recent years 2+ 1-dimensional versions of quantum
field theory (QFT) have attracted considerable attention.
This is connected first of all with attempts at a theoretical
description of such phenomena as high-temperature super-
conductivity (HTSC)! and the quantum Hall effect
(QHE),2 which occur in planar structures. In addition, in
view of such nontrivial properties as the fractional charge’
and anomalous statistics, 2+ 1-dimensional QFT is an in-
teresting subject to study for its own sake. However HTSC
and QHE have another significant feature in addition to
their two-dimensional nature. These phenomena are mac-
roscopic and are possible when the average value of the
particle number is nonzero. Under these conditions inter-
action effects due to quantum fluctuations in the presence
of a dense medium, could turn out to be significant. This
work aims at the calculation and study of the properties of
the polarization operator and the three-photon vertex in
2+ 1-dimensional quantum electrodynamics (QED) in a
dense medium described by a chemical potential p. As will
be seen in what follows, the terms in the one-loop expan-
sion for the effective action of the electromagnetic field due
to the three-photon diagram vanish in a dense medium.
Consequently the number of calculated functions suffices
to construct the effective action of the electromagnetic field
in a dense medium.

2. POLARIZATION OPERATOR

We consider the partition function for QED,_ ; with a
chemical potential in Euclidean space

1 _
=¥ JD!/JD¢ DA exp(—fLdeE), (1)
where

1
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After integration over the fermions we obtain for the par-
tition function the expression

P2+ 9(Op+m)p—iegdy . (2)
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in which W can be represented as a sum of one-loop
diagrams,’ Fig. 1. In this expansion, as a result of Furry’s
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theorem, only the statistical part is nonvanishing in the
first and third terms, and the quantum-field part of the
second term is known and well-studied.® Consequently in
what follows we will be only interested in the statistical
part of Wg(A).

The analytic expression, corresponding to the first
term of the expansion under study, has the form

ie
—_ *) 73
HV— WTI‘ JUVG(p )dp, (4)
where v=1, 2, 3, G(p*) is the electron propagator
-—lﬁ*'i'm
G(p*) = ; 5
»*) im (5)
DPa>s a=1, 2
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(for three-dimensional Euclidean space p;=ip,), pu is the
chemical potential and o, 0,, 03 are the Pauli matrices.
After evaluation of the trace and integration we obtain

H,':O,
)

ie
My=—o— (W’ —m")0(u’—m?),

where i=1, 2, and O(yz—mz) is the Heaviside step func-
tion. We now go over to the calculation of the statistical
part of the polarization operator Il,g. Its expression is of
the form

2
Allg(p) =(T:—)§ Tr fdp{@(u—ep)res[oaG@*)

X OgG(P* +) 1| py— —ie, + OB —Ep11)

Xres[0,G(p*)0pG(p* +K) ]| py=—ic,,  }»
(8)

wheree, = \/p2+m7,ep+k = ,/(pz+k2) +m?.

As a result of the calculations we obtain in the static
limit (k3;=0) the following expressions for the components
Of AlIl aB(p) H

2
ALy =5 62— m) (230~ L+ KT ()], (9)
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e
AH,3='(2—1T)2 O(u*—m*)2I,(k)epk;,
where I,(k), I;(k), I, are scalar functions of the external
momentum, the chemical potential u, and the mass m,
whose explicit form is given in the Appendix A; ¢;j is the
totally antisymmetric unit tensor, i, j, k=1, 2.

As can be seen, in a dense medium all nonzero com-
ponents of the polarization operator acquire statistical cor-
rections, including also the component AIl;(u), which
corresponds to the induced Chern-Simons term.” This im-
plies renormalization of the Chern—Simons mass for u > m.

Let us investigate the asymptotic behavior of AIl;;(u)
for k—0 and k— «. In the first case we obtain from (9)-

(11)

(11)

e2
Allg3|y—o=—7~ O(u2—m?) (u—m), (12)

82 2 2 kﬂkj
AHij[k—-0=ZT O(p"—m )(#—m)(_l;f'_sij)’ (13)

All|x_o=0. (14)

For large momentum transfers the asymptotic expres-
sions have the form
2

(4
Allys |y o = —7— O(p> —m?) (p—m), (15)

e 2.2 kik;
Alljj |y o =75 O(u"—m )(.u—m)(‘if‘aij)’ (16)

Alls |, ., =O0. (17)

From (12) we can obtain an approximate value for the
Debye radius A‘lzez/Zﬁ(u—m). In this way, since the
statistical part of the Chern-Simons mass tends to zero at
large distances, the screening of the charge at high densi-
ties of the medium is completely determined by the chem-
ical potential.

3. THE THREE-PHOTON VERTEX

To calculate the three-photon vertex in the one-loop
approximation we write its analytic form for a medium at
rest
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FIG. 2.
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X 0,G(p*) +0,G(p*)0gG(p*+k')
XoyG(p*—k)], (18)

where the notation is the same as was used in writing down
expressions (4) and (8).

In evaluating the integrals in (18) we find exact ex-
pressions for the static case when k3 =0. The correspond-
ing expressions for the components of the tensor Il 5, have
the form

iel
33;= ~ar O(u2—m?){[ (kk’) —k"? cot? y—4m?]

X [Ni(kK") +J1(k k") +J, (k" k") ]

—4J,(k)cot y cot a—4J,(k’)cot ¥ cot B

—4J,(k"”)cot a cot B},

P03
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Hl3j= _G 9(.”2-"12)

(19)

[k — (kK) 8,1 [ (k k)

+J1(kk”) +J, (k" k") ] +2J5(k")
kk k' + ki k'k*— kK’ (Kk’)
X[ LA J vy _SII]I’ (20)

k2k12
i’ 2 2
H133=3;'T O(p*—m*)mepk[J,(kK') +J; (k,k”)

+Ji(k"k") 1, (21)

where J;, J, are functions of the external momenta k, k’,
k”, the chemical potential u, and the mass m, whose ex-
plicit form is given in Appendix A; a, B, ¥ are the angles
between the corresponding vectors k, k’, k” (Fig. 2), i, j, /
=1, 2.
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The components II;;; and II;; are obtained from (20)
by the replacement k'’ —k” for I, ;; and k—k”, k” -k’ for
IT;;;. 1133 and I133; are obtained from (21) by the replace-
ments k—k’ and k—k” respectively. As can be seen from
the expressions (20) (21) the components II;;; and Il;5;
are manifestly transverse (II5;k;=0, Il jk} = 0,
I133k;=0), which guarantees gauge invariance of W 4(4)
in this approximation.

In studying the asymptotic behavior of the tensor I1,4,
we find that all its components vanish for k, k' — o0 . In the

region of low momenta in the symmetric limit
(|k|/|k’| »1) we find for the components I1,4,
-3
ie
—__ 22y
May3=—7-6(p m)|k||k'|
k| k|| 2 2y o
X 1| ki mcot y tan © 5 — “sny |’
(22)
iel kik;—(kk’)§;;
Y S 1N I k7 M el |
Maj= =27 O =) K w [sin 7
kik k% + kjkiK? — Kk (KK )
+ ( ) —5,~j) ]’ (23)
ity R
I53=ie’6(u m)|k’|sin‘y£"3[k|' (24)

Thus the three-photon interaction manifests itself at
large distances and can turn out to be significant when
screening of the Coulomb interaction in the dense medium
is taken into account. Another important result is the pres-
ence of the nonzero Il ;; component, which appears only in
two dimensions. This component corresponds to a term of
the form ~¢°¢*B in the effective action. The presence of
such terms will affect the magnetic attraction between two-
dimensional charges at rest. Such an attraction was dis-
cussed in the absence of a medium in Ref. 8, where it was
noted that it could lead to the formation of bound electron
states in high-temperature superconductors.

4. DISCUSSION OF RESULTS

Let us summarize our calculations. It turns out in the
study of the one-loop contributions to the effective action
of the electromagnetic field W 5(A4) that at large distances
we have I, ~u?—m?, All,g~p—m, and the dependence
of I1,4, on the chemical potential is expressed through the
step function only, Egs. (22)—(24). It is natural, therefore,
to expect that the terms in the expansion for W 4(A4) that
follow will depend on negative powers of u and will tend to
zero for high-density media. Consequently, for a dense me-
dium the first three terms, discussed in this work, fully
determine the effective action for the electromagnetic field.

The first term is a u-dependent constant and its con-
tribution reduces to renormalization of the electric charge.
The presence of the second term in the expansion for
W.5(A4) leads, first, to Debye screening of the charge and,
second, to renormalization of the Chern—Simons mass. In
the three-photon vertex two properties are most interest-
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ing. The first is the presence of the nonzero Il;; compo-
nent. It leads to a modification in the action of the terms
responsible for the magnetic attraction between charges at
rest, of the form e2¢B( 1+e¢). Further, the three-photon
interaction turns out to be long-range, which when the
charges in the medium are screened could turn out to be
significant for the discussion of the magnetic attraction in
question and the formation of bound electron states. The
study of the effect of the three-photon vertex on the mag-
netic attraction of charges in the medium, as well as the
construction of the effective action of the electromagnetic
field for 2+ 1-dimensional QED in a dense medium on the
basis of one-loop functions will be considered in a separate
paper.

APPENDIX A
2
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