Kinetics of spin systems with three-spin interactions in a Lee-Goldburg experiment
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A theory is derived for the decays of free precession in the Lee-Goldburg experiment in the
case in which the effective interactions of the spins are three-spin interactions. The

theory is based on the analogy between the dynamics of the spin system of a solid described
by an effective three-spin Hamiltonian and the dynamics of spins in liquids. Explanations

are found for the asymmetry of the NMR line, the Gaussian nature of the free-precession
decays at times t\/_ATZ £ 1, and the exponential nature of the decays for ¢ \/ATZ > 1 (M,

is the second moment of the central NMR line). Oscillations arise in the free-precession decays
when there is a deviation from a magic angle. The results derived here agree qualitatively
with experimental data found by Mefed ez al. [JETP Lett. 55, 418 (1992)].

The development of high-resolution NMR methods in
solids (rotation of a sample at a magic angle,' the Lee-
Goldburg experiment,” and multipulse methods®) has
made it necessary to derive a theory for the corresponding
spectra. This would provide a reliable theoretical founda-
tion for extracting information on the structure and mo-
lecular mobility in solids by high-resolution NMR meth-
ods.

The spin dynamics in the experiments of Refs. 1-3 is
distinguished by the circumstance that the nuclear spins
involved are coupled with each other not by ordinary two-
spin interactions but by effective three- and four-spin in-
teractions. Multispin interactions arise in these experi-
ments because the medium is acted upon by intense rf
fields, which transform the anisotropic dipole-dipole inter-
actions responsible for the broadening of observable lines
into rapidly oscillating interactions. In experiments with a
sample rotating at the magic angle, this transformation is
caused by rapid rotation of the sample around the axis
which makes the magic angle with the direction of the
static magnetic field H, (“rapid” here means at a fre-
quency of 10-15 kHz). In the Lee-Goldburg experiment,
the corresponding transformation is achieved by creating a
strong resonant field along the magic axis in the rotating
coordinate system. In multipulse spectroscopy, this trans-
formation is achieved through the simultaneous rotation of
all the spins of the sample by specially designed periodic
trains of resonant pulses. This rapid change in the sign of
the dipole-dipole interaction produces a rapid change in
the sign of the local field acting on each spin. This change
leads in turn to partial or total averaging of the field and
thus to weakening of the dipole-dipole interaction. The
weakened effective dipole-dipole interactions which result
from this averaging®® are multispin interactions. For ex-
ample, these are three-spin interactions in Lee~Goldburg
experiments or when the sample is rotated at the magic
angle, while they are four-spin interactions in the WHH-4
and MREV-8 experiments.

The kinetics of systems with three- and four-spin in-
teractions is of course considerably more complicated than
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the well-developed kinetics in ordinary NMR, in which
two-spin interactions play a leading role.

As experimental data are accumulated by NMR spec-
troscopy in which the sample is rotated at the magic angle
and on spectra obtained by the Lee—Goldburg method,’
however, we are seeing more and more indications that the
high-resolution NMR spectra of solids may reflect some
behavior which is even simpler than in ordinary spectra.
For example, in the WHH-4 multipulse experiment with
resonant pulses® and in experiments in which the sample is
rotated at the magic angle,’ the decay of the magnetization
due to four- and three-spin interactions, respectively, is a
simple exponential decay. The shape of the free-precession-
decay signals in the system of '°F nuclear spins in a CaF,
single crystal, on the other hand, is of a much more com-
plex vibrational-decay nature.® Nevertheless, the theory of
free-precession decay caused by two-spin interactions has
been worked out quite well.’ A simple explanation was also
offered recently’ for the exponential free-precession decays
which are observed in experiments in which the sample is
rotated at the magic angle. We will discuss this explanation
in detail in Sec. 3 of this paper.

Our purpose here is to generalize the theory proposed
in Refs. 7 and 9 for use in analyzing the free-precession
decays observed in the Lee-Goldburg experiment.

It is convenient to begin this analysis with a brief der-
ivation of the Hamiltonian for three-spin interactions in
the Lee-Goldburg experiment. This derivation will clarify
the subsequent discussion of the physical nature of three-
spin interactions and the mechanisms by which these in-
teractions affect the free-precession decays observed in the
Lee-Goldburg experiment.

1. EFFECTIVE HAMILTONIAN

In the Lee-Goldburg experiment,? the system of spins
coupled by the dipole-dipole interaction is subjected to an
intense rf field 2H, cos(wt) whose frequency is shifted by
an amount A from the Larmor precession frequency of the
nuclear spins. In the rotating coordinate system, the spins
experience an effective field
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Ho=(H+A5%y)", (1
which makes an angle

£=arctan(w/A) (2)

with the z axis (w;=yH,, where y is the gyromagnetic
ratio of the nuclei). The equation for the system density
matrix p(t) in the rotating coordinate system can be writ-
ten (fi=1)

dp
l_—[AS +a)1.S' +%dz’p(t)]! (3)

where 7, is the Hamiltonian of the secular (with respect
to the z axis) part of the dipole-dipole interaction. This
secular part is given by

%dz= Z bij{3sz zj_Si'Sj}! (4)
i<j
where the operator S,; projects the spin of nuclear spin i
onto the a axis (a=x,p,z), S;=2,S,;, and b;; is the con-
stant of the dipole-dipole interaction of nuclear spins / and
j. In a tilted rotating coordinate system defined by the
transformation

ﬁ(t)=exp(i§Sy)p(t)exp(—ié'Sy), (5)

in which the effective field is directed along the z axis, Eq.
(3) becomes

dp

i—=|oS+ S o), (6
t m=-2
where
3cos? £—1
oz—__Zg— g’ b;j(355:;—SS), 7
i<j
y/i1=_%sin(2§) 2 bij(Sszt':t+SZ j:t)’ (8)
i<j
%12—45111 § z leStJrs+ ®)
i<j

and S7 =S,;+iS,,(S*=2,57).
Switching to the effective-field picture of the interac-

tion, i.e., carrying out the transformation

p(t) =exp(—inS,) p* (1) exp(iw S.), (10)

we find that the density matrix p*(¢) satisfies the equation
dp*(t 2

;2P ( )= > Fexplimog),p*(r) |. (11)

dt

m=—2

If the angle £ is equal to the magic angle &,
(cos &,,=1/v3), we have 57, =0 according to (7), and the
dipole-dipole interaction oscillates rapidly at w,»®,
where wy,. = (Sp#2,/SpS?)"/?. We restrict the discussion
below to cases in which £ differs only slightly from &,,:

(JAg]=[6—En| <1).

This problem is thus one involving rapidly oscillating
interactions. To solve such a problem we use the method of
canonical transformations which has been developed
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previously.*> This method makes it possible to find a rep-
resentation in which the dynamics of the system is de-
scribed by a time-independent Hamiltonian. In the prob-
lem at hand, the time-independent Hamiltonian 7 can
be written as follows, to within terms of order e=w,,/@,
(e<l1):

1

%‘T:%o-i-w“‘([%1,%—1]+%[%2,f/_2])~ (12)

e
Since the operators #°; (i==*1, £2) are two-spin opera-
tors, the effective Hamiltonian in (12) contains a three-
spin part. Terms of order £2, which are unimportant for the
spin dynamics in the Lee~Goldburg experiment, are four-
spin terms and play a governing role in multipulse NMR
spectroscopy.3 Using (8) and (9), we can write the part
D of the effective Hamiltonian (12) which is of order
€Wy, for spins s=1/2 as follows:

4 sin® 2¢

9
%(1)——-— (sin* §+sin” 2¢) 2 b;S LAY

X Z bijb_,‘mS[Zszsz—f- Z (b,‘jSil’l4 g
i~ j7#Em iF#jF#m

—2b;,, sin® 26)S,(S1 S, +S7SH) 1. (13)

We wish to stress that the effective interaction in (12)
is similar in structure and physical nature to the three-spin
effective interactions which control free-precession decay
in experiments in which the sample is rotating at the magic
angle. In each case, the effective interaction is found by
averaging the two-spin interactions over the rapidly oscil-
lating trajectories of the individual spins. This oscillation is
caused by the rotation of the sample or by the strong res-
onant rf field directed at the magic angle. The nature and
mechanism of these effective interactions are completely
similar to those for the occurrence of effective interactions
in the Kapitsa problem!© of the effect of a rapidly oscillat-
ing force on the motion of a particle in a static field.

When £=¢,, holds ! is the same as the Hamil-
tonian derived in Refs. 11 and 12. If all the nuclei occupy
equivalent sites in the crystal lattice, the one-spin part of
D simply produces a shift of the NMR lines in the
rotating coordinate system.'! In the discussion below we
accordingly focus on the three-spin part of (13), which
governs the free-precession decays observed in the Lee-
Goldburg experiment.

2. SHAPE OF A NMR LINE IN THE LEE-GOLDBURG
EXPERIMENT

In order to observe NMR in the Lee-Goldburg
experiment,2 it is necessary to excite and measure a rotat-
ing component of the nuclear magnetization M, which is
directed perpendicular to the effective field H,. This was
done in Ref. 13 by directly detecting the projection of M,
onto the z axis of a rotating coordinate system; this pro-
jection was oscillating at a frequency «,.

The time evolution of the polarization, which is pro-
portional to M, , is described by
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Sp{exp(— i) S *exp(i#~ft)S~}

G(1)= Sp{S*S} ) (14)
since we have
G Sp{exp(— i) S exp (i) S,}
= SpS’
_Sp{exp (i) S,exp (i) S,}
=P,—iP,, (15)

where P, and P, are components of the polarization along
the x and y axes (in the plane perpendicular to H,) at the
time ¢, under the condition that the polarization at =0
was directed along the x axis. Here we have

|G(2) | = \/E+Fy (16)

when the dynamics of the system is determined by the
ordinary two-spin interactions, 5% in (14) must be re-
placed by 7, [see (4)]. We then have P,(#)=0 if the
condition P,(0) =0 held at the initial time. This result fol-
lows from the circumstance that when the spins are rotated
180° around the x axis there is no change in #°,,, but there
is a change in the sign of S,, which leads to P,=—P,; i.e,,
we have P,(#)=0. In the case of two-spin interactions it
follows that the resonant absorption line g(®), which is the
Fourier transformation of (14), is symmetric under a
change in the sign of .

On the other hand, the effective Hamiltonian 5% in
(12) is not invariant under rotations of the spin through
180° around the x and y axes. In particular, in the case
£=¢, the effective Hamiltonian changes sign as the result
of such rotations. The shape of the NMR line of a system
of spins whose behavior is described by the effective Hamil-
tonian (12) is thus generally asymmetric.

A simple example helps clarify this important
circumstance—a circumstance which substantially distin-
guishes the problem at hand from the usual problem, in-
volving the dynamics of a system of spins which are inter-
acting through # ;. Let us consider a system of four
spins, 1, 2, 3, and 4, which are coupled by the interaction

1
H rpg=—" 2> bijbiSizSksS iz (17)
De it j#k
which is the zzz part of the Hamiltonian (13), with
E=E,,=arccos 1/V3. In this case the field k] created at
spin 1 by spins 1, 3, and 4 is given by

hg)zl >

(2byj+bi1) b1 S j2S ks -
De j=ks(1)

(18)

To simplify the analysis we assume that the constants of
the dipole-dipole interactions between all the spins are
identical (b, j=b). From (18) we then find

6b*
h2)=? (82253, +52254:+53.54,). (19)

In six of the eight possible relative orientations of the spins
which generate the field at spin 1, the value of this field is
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3b%/(2w,). Only in the two orientations in which the z
projections of spins 2, 3, and 4 are identical does this field
have the value b%/2w,. In this example, the lineshape func-
tion is therefore asymmetric.

The asymmetry of the line stems from the appearance
of the polarization component P, in the free-precession de-
cay. This circumstance in turn means that the phase of the
magnetization M, changes (as time elapses) in this exper-
iment, in contrast with ordinary free-precession decays. In
an N-spin system in which the spins are coupled by the
interaction 5, , the shape of the NMR line can be found
through a numerical calculation.'* This line is asymmetric,
and its peak is shifted by an amount determined by the
one-spin part of (13).

The decay of the magnetization M, in a Lee-
Goldburg experiment was studied experimentally in Ref.
15, with direct detection of the z projection of M, . It was
shown'’ that in the case £=§,, the free-precession decays
of the '’F nuclear spins in a CaF, single crystal are atten-
uated monotonically, without oscillations, in contrast with
the attenuation of the free-precession decays in CaF,,
which are caused by ordinary two-spin dipole-dipole inter-
actions. The initial part of the decay (up to ~50%) is
described by a Gaussian function, while the tail of the
decay is described by a simple exponential function.'> This
circumstance means that the shape of the NMR line is
approximately Lorentzian at frequencies near the center of
the line and approximately Gaussian in the wings, as was
pointed out in Ref. 13.

When there is a deviation from the magic angle, oscil-
lations appear in the free-precession decays. These oscilla-
tions become more apparent as £ deviates further from &,
(Ref. 15). This circumstance suggests that the oscillations
observed in the free-precession decays are due to the binary
Hamiltonian 5%%,.

It is also important to note that in some similar
experiments'® carried out on samples in which intense mo-
lecular motions occur (solid benzene and a plastic) some
monotonic free-precession decays (without oscillations)
were observed at arbitrary values of the angle §.

These features of the attenuation of the transverse
magnetization in the Lee—-Goldburg experiment can be ex-
plained by the theory presented in the following sections of
this paper.

3. KINETIC EQUATION

Let us discuss the important analogy between the dy-
namics of the spin system of a solid, described by the
Hamiltonian 5%, and the dynamics of spins in liquids.
We first consider the system of spins in a liquid. We select
some spin and call it spin 1. The constant of the spin-spin
interaction of spin 1 with spin j is denoted by b,;, as be-
fore. The nearest neighborhood of spin 1 changes rapidly
because of the arrival and departure of particles with op-
posite spin projections. The longitudinal local field at spin
1 changes rapidly in the process. This local field, which is
parallel to the effective field H,, has the strongest effect on
the observed spectra. The correlation time 7, of the fluctu-
ations of this field in liquids is much shorter than the time
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scales determined by free-precession decays, with b, ;7.<1.
The phase relaxation rate 1/T, in a liquid can be found
from®

1
T = 2 b%j'rc’

(20)
I, j=

which describes the phase relaxation of spins in the fluc-
tuating longitudinal local dipole fields. An important fea-
ture of (20) is that the phase relaxation rate of the spins is
determined by the sum of the independent contributions
generated by the interactions of spin 1 with its nearest
neighborhood. Expression (20) also shows that the dipole-
dipole interactions of nuclear spins have fluctuations due to
the rapid relative motion of the molecules in the liquid, and
the relaxation time is determined by the time-averaged
dipole-dipole interactions, which are weaker than the orig-
inal interactions by a factor of 1/(b,,7.).

Following Ref. 7, and working from the properties of
effective interaction (13), which conserves S,, we can now
show that an expression analogous to (20) can be used for
a qualitative description of free-precession decays in solids
in the experiment in which the sample is rotating at the
magic angle! and also in the Lee-Goldburg experiment.’

In the case £=§,,, the effective interaction in the spin
system of a solid in the experiments of Refs. 1 and 2 is a
three-spin interaction. Denoting by b, the constant of the
dipole-dipole interaction between spin 1 and a nearly spin,
we find that the field induced at spin 1 by any two spins of
the nearest neighborhood is b3/w, in order of magnitude,
according to (13). Since there are z~ 10 spins in the near-
est neighborhood of spin 1, the average longitudinal local
field w,, at this spin is

(21)

the reason is that this field is determined by z* independent
contributions from various pairs of spins in the nearest
neighborhood. The rate at which spin 1 processes in the
local field is thus stronger by a factor of z (z» 1) than each
interaction of this spin with its neighbors. The three-spin
interactions described by (13) in a solid are thus rapidly
oscillating interactions, like the two-spin interactions in
liquids. Consequently, there is a profound analogy between
the spin system in a liquid and that in a solid in experi-
ments in which the sample is rotating at the magic angle
and in the Lee—~Goldburg experiment. This analogy allows
us to treat the latter spin system as a spin liquid. This
analogy is seen in the circumstance that the free-precession
decay in the experiments of Refs. 1 and 2 becomes
exponential*'> after some initial attenuation of the signal.

These arguments are based on the circumstance that
the dominant dynamic process in this system is the preces-
sion of spins in the local fields acting on them. This analogy
also makes it possible to distinguish another elementary
process which controls the spin dynamics. Here we need to
bear in mind that in order to solve the problem of the shape
of the NMR line in the Lee-Goldburg experiment and in
many other cases it is not at all necessary to follow the time
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evolution of variables corresponding to a single spin. It is
sufficient to introduce semimacroscopic variables which
are smooth functions of the time. Although there is some
loss of information in the switch to a semimacroscopic
description, enough information is retained to describe the
observable absorption lines. Since the dominant process in
these problems is a precession of spins, it was proposed in
Ref. 9 that kinetic equations be constructed with the help
of the following variables: o,(h,t) (a=x,y,z), which are
the polarization densities of the spins which are in the
longitudinal (i.e., parallel to the effective field H,) local
field /& at the given time z. We need to stress that the
complex polarization

F(h1)=0,(h0) +i0,(h,1)

precesses in the longitudinal field, which itself varies be-
cause of the relative flips of the spins due to the dipole-
dipole interactions between these spins. This variation of
the field can be described by means of spectral diffusion.
The variation of F(A,t) is thus governed by precession in
the local field 4, which depends on the time as a result of
the spectral diffusion. The change in the polarization
F(h,t) due to these processes can be described by the equa-
tion

dF (h,t)
ot

where the operator S is responsible for the spectral diffu-
sion. If the spectral diffusion can be described as a Mar-
kovian random process, we can write

=ihF (h,t) +SF(h,t), (22)

SF(h,t)=*————T——, (23)
where 7! is the rate of spectral diffusion, and
Fo= [ gthFharan (24)

where g(h) is the normalized shape of the NMR line of the
spins in longitudinal local field A.

4. THEORY OF FREE-PRECESSION DECAYS IN THE LEE-
GOLDBURG EXPERIMENT

When the angle & deviates from its magic value, oscil-
lations appear in free-precession decays. These oscillations
become progressively larger as the deviation increases.'
Since the role of two-spin interactions %, increases with
increasing deviation from the magic angle, and since oscil-
lations appear®’ in the free-precession decays which are
determined by 7%, it is natural to explain the oscillatory
nature of the free-precession decays in the Lee—~Goldburg
experiment with £5££,, on the basis of an effect of two-spin
interactions on the dynamics of the system. In a study® of
free-precession decays in the system of '°F nuclei in CaF,
it was found that the oscillations in the free-precession
decays are caused by transverse local fields which arise
because of the isotropic part of the dipole-dipole interac-
tion. Taking into account (along with the longitudinal lo-
cal field h, caused by the three-spin interaction) a local
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TABLE 1.

Orientation [ Theangle [ M{-10%, ps™? M{D 105, us™? MP-107, us™>
[100] 54,713° 3,305 0 -1,402
[100] 52,8° 3,698 0,849 -4,787
[111] 50° 0,166 0,943 —0,831
[110] 46° 0,856 7,057 -13,684

two-spin longitudinal field 4,, which is determined by the
zz part of 7, we rewrite Eq. (22) for a Markovian spec-
tral diffusion as follows:

dF(hhyt) (3 (3
—T=l<h+§h2)F(h,h2,t)+l(§_a)
X [ —hoF (Bhyt) +hoFo() + FP ()]

Fo(t) = F(hhy,1)
+ T

) (25)

where a is a parameterl) of order unity,

Fo(t)=f°° f‘” F(h)g(hYF (kg dhydh,  (26)

and

ng)(t)=J.°° fw hog(hy)g(h)F (h,hy,t)dhydh.
- o0 — w0 (27)

Here g(h) is the distribution of the longitudinal (parallel
to H,) local field determined by the three-spin interaction,
and g(h,) is the NMR lineshape function, which is due to
the zz part of the two-spin dipole-dipole interactions and
which is given by

1 h2
g(hy)= — , 28
£ = =2~ a
where
(2) 1 2 £\2
M{P =5 (13 cos? £)*M;, (29)

and M, is the second moment of the NMR absorption line,
which is governed by two-spin dipole-dipole interactions.
The expression in square brackets in (25) describes an
exchange of polarization between layers,’ i.e., between sets
of spins which are in different fields /# and A, at the time ¢.
This process is driven by the exchange part of the two-spin
dipole-dipole interactions. This expression vanishes when
we set F=const, in which case the exchange of polariza-
tion is halted because the polarizations in different layers
become equal.!” This expression also vanishes when it is
multiplied by g(4)g(h,) and then integrated over % and A,
(Ref. 17). The latter circumstance is evidence that the
resultant polarization is conserved in the course of spin
exchange. A similar term does not arise in the three-spin
kinetics because the Hamiltonian (13) has no interaction
which conserves the resultant polarization.
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We should stress that the two- and three-spin interac-
tions are taken into account in Eq. (25) on the basis of the
clearly defined one- and two-spin local fields, not by means
of a memory function,'® as in Ref. 15.

Integrating Eq. (25) with the initial condition
F(h,h,,0)=1, we find

¢ (Fo(t') (3
F(h,hz,t)zf dt’[—-—OT +i<5_a)[h2F0(t')+F§2>
0

X ()] exp

1
i(th+ahy) —;] (t—t')}

+exp

l'(h+ah2)t—7£_]. (30)

To pursue the calculations we need the function g(h),
which can be written as follows:

o«
g(h)=f°° Gy(1exp(—ih)dr, (31)
where
S —ix\Vnst VS~
Gy(t) = p{exp(—i#73 't)STexp(iF3 't) }_ (32)

Sp{S*S~}

The quantity 5" is the three-spin part of Hamiltonian
(13). A Gaussian function is a good approximation of the
function G,(#), which is governed by the zz part of the
ordinary two-spin dipole-dipole interactions.® As we men-
tioned back in Sec. 2, we have G;(t)7G;(—t). Making
use of this circumstance, we find

(33)

MP?
(l—l 6

MPP
G3(t)=exp(— ) ] ),

where M{> and M{> are respectively the second and third
moments of g(#). From (31) and (33) we find

1 M M
h)= 1— h h
st \/an§3>[ 20097 " ey }
h2
Xexp(— ) (34)
Y

The function g(h) satisfies the following relations:
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|7 stan=1,

- o

fw hg(h)dh=0,

fm Kg(h)dh=M5", fw Kg(h)dh=M$>.
- " (35)

The nonzero third moment M$> arises because of the
asymmetry of g(h), which we mentioned back in Sec. 2.
Using Eq. (30) and definitions (26) and (27), we find
a system of integral equations which completely govern the
kinetics of the system of spins under consideration here:

1 t , , , 3
Fo(1) =7 fodt Fo(t—t')E(t )G(t,)[l—a(f—a)

(3 o p(2)
+t(§—a)fodt’F1 (t—=1)

XE(")G(t')+G()E(1),

XM;z)t'T

- (36)

where
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FIG. 1. Experimental and theoretical free-precession decays re-
sulting from!°F nuclear spins in a CaF, single crystal. Solid
lines—Experimental free-precession decays.!” Dashed lines—
Theoretical values of |Fy(¢)|. a—[100]||Hy, £=§,=54.73",
7=300 us, b—[100]||H,, {=52.8°, 7=400 us, a=0.4; c—[111]
H,, 7=400 us, a=1.0, £=52° for the solid line and £=50" for
the dashed line; d—[110] Hy, 7=300 us, =0.9, and £=41.3°
for the solid line and £=46° for the dashed line. The values of the
moments M5, M$>, and M{> and of the time T* are given in
the text proper.

t
F§2>(t)=iM§2)f dt'Fy(t—t')E(¢')G(t')
0

at’ 3
—_— = (2) 2402
X - (2 a)(M2 a‘t l)]

3 t
—Mé”a(——a) f drF{(t
2 0
—t")WE(t')G(t') +iMPatE(1)G(1), (37)

where
t 1,
E(t)——exp(—;—EMz aZrZ). (38)

To find short-term solutions of (36) and (37), we set
Fo(t—1t') =1, F{¥ (t—1t') =0 on the right side of (37). We
then have

F (1) =3iMPt. (39)

Using (39), and setting Fp(z—¢') =1 on the right side of
(36), we find
Fo()=1-3G M3P + M) 7. (40)
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To find a long-term solution of (36) and (37) we need to
take Laplace transforms in system of integral equations
(36) and (37). Omitting the details of the corresponding
calculations, we find that the asymptotic long-term behav-
ior of Fy(t) is the exponential function

Fo(t) =ae™ (6+i) (41)

where a, b, and ¢ are functions of the parameters M§2),
M, M, a, and 7. In particular, at the value £=¢£,,, in
the limit of rapid spectral diffusion (7M. 2i35
< 1,7(|MP )3 & 1), wefind

Fo(t) =exp[ — (MY +iMP7)7t). (42)
Expression (42) shows that when the function g(h4) is
asymmetric, under the condition M${» 540, there is a
change in the phase of the magnetization perpendicular to
the effective field, as was pointed out in Ref. 15.

Analytic solutions can be found in only these two lim-
iting cases. To compare this theory with the experimental
data of Ref. 15, we have numerically solved the system of
integral equations (36) and (37). The moments M and
MY, required for the calculations, were furnished by
Zobov and Popov;'® the two-spin second moment M52 was
taken from (29). Table I shows values of the moments
MP, M{®, and M$® for all values of the angle £ and for
all orientations for which calculations were carried out.

Figure 1 shows the results of a numerical solution® of
(36), along with experimental data from Ref. 15. The na-
ture of the free-precession decays according to our theory
is in basic agreement with the experimental data.'> The
oscillations in the magnetization are completely absent at
the magic angle (Fig. 1a). The asymptotic behavior of
| Fo(2)| at large and small values of ¢ [see (40) and (41)]
agrees with the conclusion of Ref. 15 that the NMR line-
shape is Lorentzian in the frequency region near the center
of the line, while it is Gaussian in the wings. As the devi-
ation from the magic angle increases (Fig. 1, b—d), the
oscillations become progressively more prominent, due to
the increasing contribution of the two-spin Hamiltonian
#, to the dynamics of the system. An important point is
that the signal does not reach zero at the first few minima
of the oscillations (Fig. 1d). As was mentioned above, the
reason is the appearance of a magnetization component
M, which does not vanish at the same time as M, in the
course of the free-precession decay.

As the spectral diffusion accelerates, the oscillations
disappear from the free-precession decay, and |F(?)| is
attenuated exponentially for #>7 [see (42)]. This agrees
with the experimental results of Ref. 16, in which mono-
tonic free-precession decays (without oscillations) were
observed in samples with an intense molecular motion at
arbitrary values of the angle &.

The values of |Fy(¢)| were measured in the experi-
ments of Ref. 15. The numerical solution of (36) and (37),
on the other hand, yields each of the polarization compo-
nents F,(¢) and F(¢). Figure 2, a and b, shows plots of
F,(t) and F,(t) for the value £=§,,.
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FIG. 2. Theoretical values of the polarization components of '°F nuclear
spins in a CaF, single crystal. a—F,(z); b—F,(1). [100]||H,,
£=§,,=54.73°, 7=300 us.

The theoretical free-precession decays agree qualita-
tively with the experimental data of Ref. 15, but there are
some important quantitative discrepancies. The apparent
reason is the approximate description of g(#) in (34),
which incorporates information® on only the second and
third moments of the line. We believe that a more detailed
description of g(4) is necessary; such a description may
have an important effect on the theoretical free-precession
decays at \/Mzmt > 1. Further progress in the theory
could be made by incorporating the contributions of all the
elementary spin processes to the dynamics of the system
through analysis of the Hamiltonian (13).

On the other hand, the extent of the agreement be-
tween theory and experiment may be affected by some sec-
ondary factors associated with the experimental conditions
of Ref. 15. To take account of effects of field variations, we
compare the experimental data with the function |Fy(#) |
(Fig. 1), which is defined by

Fo(t)=Fo(t)e~"T*. (43)

The time T*, governed by the field variations, was chosen
to be 1000 us, as in Ref. 15.

B. N. Provotorov and E. B. Fel'dman 683



The approach proposed here can also be taken to an-
alyze the Kkinetics of spin systems in multipulse experi-
ments.

We are indebted to V. A. Atsarkin, A. E. Mefed, and
K. T. Summanen for useful discussions and to V. E. Zobov
for furnishing data on the moments of the NMR line in the
Lee-Goldburg experiments and for stimulating discus-
sions. We are indebted to T. S. Nikulina and Z. B. Maiofis
for assistance in the numerical calculations.

We wish to thank the American Physical Society,
which awarded us a Sloane Foundation Grant, for its sup-

port.

DIt was shown in Ref. 9 that a is determined by the second and fourth
moments of the absorption line.

DThe numerical solution of (36) was multiplied by an exponential func-
tion in order to deal with effects stemming from the variations in the
field [see (43)]. In the [111] and [110] orientations, small changes (2-
4°) in the angle from the experimental values considerably improved the
quantitative agreement between theory and experiment (Fig. 1, ¢ and
d). Qualitative agreement is also reached at values of £ corresponding to
the experimental values.

3)Acc:ording to (35), the first moment of g(A) is zero.
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