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The spectral and angular distribution of surface-wave radiation due to the elastic reflection of
particles from the interface between two nonabsorptive media is obtained. It is suggested
that the number of charged particles reflected from the surface may be estimated from the

surface waves emitted by the particles

1. The excitation of electromagnetic surface waves by a
charge in uniform rectilinear motion was discussed in Ref.
1, which predicts a marked increase in intensity for small
glancing angles between the velocity of the particle and the
surface of the substance. It is known, however, that for
glancing angles less than the Lindhard angle, a charged
particle does not penetrate a single crystal but is reflected
specularly from its surface.” A particle incident at small
glancing angles on the surface of an amorphous substance
will also suffer specular reflection;® an upper bound on the
value of the glancing angle for the specular reflection case
has been obtained in Ref. 4. Thus, at small glancing angles
a fast particle does not pass through the surface of the
substance but rather is reflected from it. Therefore at small
glancing angles the result of Ref. 1 on the surface-wave
excitation intensity has nothing to do with the real physical
situation, and so it is of interest to investigate surface-wave
formation for specular reflection of particles from the sur-
face. In the following we call this quasitransition radiation.
It should be noted that the problem of surface-wave exci-
tation due to a charge moving parallel to the surface has
been examined in Refs. 5 and 6; the correspondence be-
tween the classical and quantum mechanical treatments of
surface-wave formation due to the scattering of charged
particles from a metal surface has been discussed in Ref. 7.

2. Suppose a particle of charge e travels in a medium of
permittivity €, and is specularly reflected from the plane
interface with another medium, of permittivity €, (see Fig.
1). In elastic scattering of a charged particle, the tangential
velocity component v remains unchanged whereas the nor-
mal component # changes sign. The current density then
has the form

J(rt)=e(B+2)8(x—vt)8(y)8(z—ut)O(—1)

+e(T—u)8(x—v)8(»)8(z+un)O(2), (1)

where ©(¢) =1 for t>0 and ©(¢) =0 for ¢ <O0. It is conve-
nient to write down the Fourier transform of the field of a
surface wave decaying into the interior of the medium as
follows:

I;’l,z(r,t) = f do f dzqflyz(q,a))exp(iqR —iot+Y,,2),
(2)

672 JETP 77 (4), October 1993

1063-7761/93/100672-05%$10.00

where vy, = Vg*— (w/c)’€ 5, 712> 0.

By solving Maxwell’s equation for standard boundary
conditions and the current (1), the Fourier components of
the fields of interest can be obtained in straightforward
fashion. For the surface TE-wave we have

E1,2= (xiv12(4/¢) +72)E1,22
Hy,=(gJ—q.d,) (0/c) (€1,/¢") Ey 2,

where 7;, l,, I, are the unit vectors of the respective axes
and E,,= (€,/€,)E,, with

B = (e/T)u(g*— (0/c*)€xqu) @)
T lantar) (et + (o—g))]

3. Let us evaluate the spectral and angular distribution
of the surface-wave power flow in the medium €, through
the plane perpendicular to the motion of the particle (i.e.,
the plane x=x):

(3)

AE,=(c/4m) fw dtfw dyJ.rm dz[ Ey(r,),Hy(r) ] .
— — 0
(5)

Substituting (2) into (5) and integrating over ¢, y, and z
we find

[Ey(q.0),H, (¢ —0) ]
=mc | do | & faﬂ '
AL, vcf a)f 1 7 Y2(q,0) +72(¢’',— o)

X exp(i(gx+45)x0)6(gy+4,).
(6)
Using (3) and (4) in integrating (6), and changing from
integration over d’q to integration over dg and dg
(d’q=qdqdp), one finds

e2
g5 [ o [ do [ aa [ ag

Eu’o cos(@) (¢ — (0/c*) €,qv cos(@))?
&72(13u*+ (0 —gqv cos(9))?)>

exp(i(gx+45)xo)
XG(q0)G(q* )’

where @ is the polar angle, in the XY plane, between the
wave vector ¢= (g,,g,) and the X axis. In Eq. (7) we have

(7
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FIG. 1. Geometry of a particle reflecting from an inter-

face. The interface coincides with the XY plane. A
charged particle moves along the X axis in the medium ¢,
(z>0) and is reflected elastically from a medium with €,
(z<0). The point of observation has the coordinates

introduced the notation ¢* = (q;, — ¢,), gx=¢ cos @,
G(q,0) =€,7,+ €7, As is well known, surface waves obey
the dispersion relation G(g,0)=¢€Y,+€,¥,;=0, and the
condition for the existence of surface waves is €€, <0,
€,+¢€,<0. Since the integrand in (7) oscillates as a func-
tion of g, it follows that the integral is nonzero in the
region g, = —gq,. Except in the resonant denominator
G(¢*,—w), which vanishes for a surface wave, we may
take g, = —g, everywhere in (7). Near this value, we
perform a series expansion of G(¢* —w) in g, and retain
the first nonvanishing term to obtain

G(g*% —0) = —4x(q,+qx) (e171+€72) /7172 (8)
Substituting (8) into (7) and using the limiting relation
sin(xo(gx+4;))
—————=78(qx+45),
(@t ) (@tq.)

valid for large values of x;, we can perform the integral
over dq;, and we obtain

d2E2 e2

w’e, | €| tl—(v/c)cos(cp)ez\} a6 l

(x0.¥0); q is the wave vector.

_id
AE2=2—;2— fdw J- do f dg
Ewloy (g — (/) exqv cos(@))?
€9(Vau* + (0 —qu cos(@))?)?
: (9)
XG(q,w)(€17’1+52'}’2) '
To integrate (9) over dg, we use the relation
i 8(g—qo)
Re G_-i——z_O_wa(G)_F_&—G_ (10)
81 1 ggp=0

to obtain the spectral-angular distribution of the surface-
wave power flow in the €, medium:

1

dwdp — 27

(1_(v/c)cos(<P)VI +€2) + 2I€1+‘?2|

|61 €

. (11)
Bz (e1]€1] +€]€])*

A similar argument yields the spectral-angular distribution of the power flow due to the quasitransition surface-wave

radiation in the €; medium:

u%e;| €6 | | 1— (v/c)cos(@)e;

d2E1 e2

2
€1+ €

1

a’a)dq3=2'n'c3 [ ( [Tlez

2
2
1—(v/c)cos(<p)Vel+€2) +C2|€1+€2|] le1+€;

(12)

|3/2(€1|61|+€2|€21)2'

The power flows in the two media are in opposite directions, the resultant flow being directed away from the particle
reflection point. In a transparent medium the energy losses of the particle are limited to radiative losses, so that the
spectral-angular distribution of the particle energy losses is given by
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2

(13)

€1+€2
PE 28 u?| €6, [l—-(u/c)cos(q))ez e, )
dadg "7 (1 (v/c)cos (@) I €1€; )2 e 1 lelel+elel|”
—(v/¢)c
¢ V€1+€2 e+

We note that the minimum radiation, from Egs. (11)-
(13), is observed at the angle @ ;,:

1 €16,
P min = arccos (c/v)e—2 ate)

In the nonrelativistic limit the spectrum simplifies to

(14)

d2E1 ez uzel If%egl (15 )
dodp 27mc |6+ (€| €] + €| €] )?’ 2
d2E2 € 2 156
d Ell_ €y ’ ( )

Note that Egs. (11), (12), and (13) are obtained under
the assumption that no absorption takes place in the media
€, and ¢, for the wave zone

(0] €16, 1
[ro=re(n)] (?) Vel+ez>

[r.=(x,,0,2) is the position of the particle at time ] for
distances from the trajectory which are large compared to
the radiation formation length / r (see Ref. 8):

(16)

|r0—re(t) | >If

1 =2mv/o|1—- ,f 1€
=2 w‘ —ccos(<p) €1+62‘.

In the case where the radiation formation length is large
[e.g., for a grazing particle when the observation angle is
@ = arccos((c/v) ‘/elez/(e,-f—ez))], the relations (11),
(12), and (13) become invalid. It follows that, by formally
taking the limit 8,=u/c—0in Egs. (11) and (12), it is not
possible to obtain the surface-wave radiation relations for a
particle moving parallel to the interface. This requires a
separate surface-wave generation analysis for the wave
zone, for distances less than the radiation formation length.

4. In order to obtain the spectral and angular distribu-
tion of surface-wave radiation at distances less than the
radiation formation length from the particle trajectory, it is
convenient to utilize a method employed in Ref. 1 in the
transition radiation problem. For simplicity, we will ana-
lyze the surface-wave generation process for the case of a
particle being reflected from a vacuum-medium interface,
i.e., we set €, =€< —1 and €,=1. For a particle approach-
ing the interface, the normal component of the strength
vector in the vacuum, E,,, is

(17)

674 JETP 77 (4), October 1993

’ Coyoc—2ie [ € \7* (0
B =—ie R S (5) [

wz
XP(_C\/G—I)

By cos(a(t)) +iB,e
. i | € B
Xexp(twt+? :p(t)+w7:), (18)

Vp(2)

where pB=v/c, a(t)=arctan(y/x—x,), and p(2)

= \I(x—xe)7+ }2. For a particle reflected from the inter-
face, the normal component of the field strength in the

”n

vacuum, E7,, may be obtained from Ej, by replacing 3, by
B; and changing the time integration limits to (0, ). The
remaining field components are given by

—i
By, = (I, cos(a) +1, sin(a)) E3,,

e—1
H; = \IT (I sin(a) —1,cos(a))E;,.

It is convenient to denote by F(¢) the argument of the
exponential in (18):

) | € Pt
F(t)=iot+i P p(t)+7—€_1 )

F,=Re F;F,=ImF.

(19)

In the near-field region |rq—r,| ~/ ¢, the integrand in (18)
oscillates and one can perform the integration using the
stationary phase method. The stationary phase point in
question there corresponds to the value f¢, for which
F;(t;) = 0. This implies

e—1
B, cos a,= —

(20)
where a; is the value of the angle a at time #,. The time
interval Az during which the radiation is observable is de-
termined from the relation |F,(¢) —F,(t,) | ~1. Hence, by
F; =0,wehave

At 1 [ p(t)

zFxV(DC sin2(as)

174

e—1
] 1)

€

In order that the integrand change little in the time Az, we
need

B.wAt,

- (22)

The condition (22) may be written in the form
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e—1 ¢ )
P(ts)<\—‘€—E§; (1—e+pBye). (23)

For 83,-0, the restriction (23) has little importance for the
use of the stationary phase method. Integrating Eq. (18)
we find

ie€?w—2i By cos as+iB,\/E
THE-1)(e—1) By|sin(a)|

—wz
Xexp(cq—(e_l))
Lo ( € B,
Xexp(zwts+t(co/c) 6_—_1p(ts) +-ﬁ)

(24)

E,(ro)=

For a particle which has been reflected from the interface,
the vacuum field E},(r,w) is obtained using the replace-
ment

Equations (24) and (25) hold for different regions in
space: Eq. (24) is valid for those observation points for
which the coordinates x;, y, lie outside the angle
—a<@<a,, where p=arctan(yy/x,) (region I, Fig. 2);
Eq. (25) is valid for observation points inside the angle
—a<@<a, (region II, Fig. 2), these being the only points
accessible to the radiation emitted at an angle to the x axis.
By calculating the power flow through the y=y, plane for
a surface wave due to a particle approaching the interface,
one obtains the spectral distribution of the radiation energy
per unit path of the particle for observation points outside
the angle —a,<@<a;:

&E, 220 e—1+€82
dodx ™ B (e—1)(€—1)? [I—e+eB

—20p,

Xexp(m }x—yo cot(ay)

where cot(a,) = e—1/ \/ETZCG—G—F 1. For observation
points inside the angle —a <@<a;, the energy distribution
will also satisfy Eq. (26). Analogously to Eq. (26), one
obtains a relation for the spectral distribution of the radi-
ation per unit path of the particle in the medium:

), (26)

&E, 2etew e—1+€p:
dodx B (e—1)(€—1)? [I—e+eB’

—2wpf

Xexp(me_—zllx—yo cot(ay)

Note that in the limiting case wB,t/ Jée—1 ~ 1, we have
from Eq. (26)

). (27)
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FIG. 2. Integration domains as used in the stationary phase method.
Region I: outside the angle range —a,<@<a;. Region II: inside the range
—a,<@<a,. The diagram corresponds to the case in which surface-wave
radiation comes to the observation point (x,,y,) following the reflection
of the particle at the point (0,0).

d’E, 2¢%€° e—1+ ezﬁf
do  Bce—1(e€—1) 1—e+eB:

). (28)

-2
Xexp( P, .x—yo cot(ay)
By ;}e— 1

In the other limiting case, At; < t, € e— 1/B,o, a coherent
particle-surface interaction takes place, analogous to that
for a particle moving parallel to the surface at a small
distance above.>® We note also that the relations (11) and
(12) may be derived from the general expressions (18)
and (19) in the limit of large distances from the particle
reflection point.

5. In summary, the physics of surface-wave generation,
for a charged particle reflected from an interface, depends
sensitively on the relation between the distance from the
particle (to the observation point) and the radiation for-
mation length. We may regard the radiation formation
zone as a surface-wave source. Generally speaking, such a
source is extended parallel to the projection of the particle
velocity on the interface. If the distance to the detector is
very large compared to the source size (or the coherence
length), then the source in question may be regarded as a
point-source [“small” formation zone, Egs. (11)-12)]. If
the distance to the detector is less than, or comparable to,
the source size [“large” formation zone, Egs. (26)-(27)],
then the surface wave is mainly emitted normal to the axis
of the source. Naturally, this gives rise to different angular
distributions of the surface waves being radiated, and one
can speak of two different kinds of radiated surface waves.
Also, the dependence of the radiation on the incident-
particle glancing angle is different: For large radiation for-
mation lengths, the intensity varies inversely as the particle
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glancing angle {=arctan(u/v), whereas for a small radia-
tion formation length the intensity is proportional to the
square of the glancing angle.

It is interesting to compare the surface-wave formation
intensity for a charge passing through the surface (transi-

tion radiation, intensity d%,,,) with that for the specular
reflection case (quasitransition radiation, d%,q,,). If the in-
cident particle characteristics are the same, the ratio of
these intensities has the form

2(e+1)2(( Je—1—B, cos(@) &) +B2) (1+ B2 —B2)

Flo.p) (dzEz"’)
Opr= d2E2,qtr

dZE 1,tr d2E2,tr

(dZE l.qtr) _e(dzEZ,qtr)- (290)

In the case when the incidence angle of the beam is
close to the Lindhard angle, the particles are partly re-
flected from the interface and partly penetrate through it.
If the radiation is incoherent, then a knowledge of the total
(transition-plus-quasitransition) radiation intensity en-
ables one to estimate both the number of surface-
penetrating particles, N,, and of those reflected, N,, by
measuring the radiation intensity W,(w,@) in the medium
and that in the vacuum, W,(o,p).

” N d’E, N dqu"
12(0,@) = p(dquw)u+ '(d‘Pda’)u,

where (dqu,,/d<pda)) 12 is given by the relations (11)-
(12), and (d°E,/dedw) 1,2 is the spectral-angular distribu-
tion of the transition radiation.? From Eq. (30), it follows
that the number of surface-reflected particles is

(30)

Wylo,p) Wilo,p)
€1d@E,\ (dE,
(d¢7dco)2 (d(pda)) |

N,= p— : (31)
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" e(Je—PBy cos(@) Je—1)2(( Je—1—PB, cos(p) \Je)>+€82)’

(29a)

The number of the interface-penetrating particles can be
estimated from the experimentally measured quantities
and W, using the relation

Wi (o) Wiop)
d*E,\ (d°E,
N (d(pdco)1 (d:pdco)2 .
P (6— 1) . ( )
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