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An interacting 2 0  system of electrons in a strong magnetic field with filled Landau levels 
and in a centrally symmetric external impurity potential (or in a potential of some 
other type) is analyzed. Localized collective neutral magnetoplasma and spin excitations are 
analyzed. For IR-active magnetoplasmons in the presence of an isolated Coulomb 
impurity, for Landau-level filling factors v= 1 and 2, there are two localized states, in different 
parts of the spectrum. One of these states is split off downward and lies below the lower 
edge of the continuous spectrum (the latter corresponds to a delocalized mode with an energy 
h,, which contributes the main peak in the absorption at cyclotron resonance). The 
second localized state is pushed upward. Depending on the sign of the impurity charge and 
on the filling factors v, this second state either ( 1 ) lies in the continuum, near its 
upper boundary (and is a resonant state), or (2) lies above (or well above) the upper 
boundary. At larger values of v, a large number of IR-active localized modes can appear in 
the spectrum. In a system with a finite density of impurities, these modes correspond 
to peaks in the IR absorption. The results derived here agree qualitatively with experimental 
data. 

1. INTRODUCTION When interparticle interactions are taken into account sys- 

Some distinctive features in the position and width of a 
cyclotron-resonance (CR) line of 2 0  carriers in a strong 
magnetic field have attracted much interest (see Refs. 1-5, 
for example, and the papers cited there). Experiments by 
Richter et aL3 on Gas heterostructures selectively 6-doped 
with either donors or acceptors revealed that the number 
of lines in the CR spectra and the behavior of these lines 
varied as functions of the Landau-level filling factor 
v=nhc/eH<2. A CR structure consisting of several (at 
least three) lines has also been observed for 2 0  electrons in 
a silicon MOS structure4 containing charged impurities of 
both signs. In an electron system (a  single-component sys- 
tem) with a parabolic dispersion law, interparticle interac- 
tions do not produce a shift or broadening of the CR line, 
because of translational in~ariance.~ In order to explain 
these effects, it is thus necessary to take the interparticle 
interactions and the impurity potential into account simul- 
taneously. 

Yang and ~ a c ~ o n a l d '  linked the features observed in 
the CR spectrum in Ref. 3 with one-electron transitions in 
the spectrum of a positively or negatively charged impu- 
rity. These features were modified as the result of (1) the 
random field of other impurities and (2) the existence of a 
finite density (v= 1) of free 2 0  electrons. Interactions of 
these electrons were taken into account in Ref. 7 in the 
self-consistent Hartree approximation. So far we do not 
have a clear picture of the CR spectrum in the presence of 
an isolated impurity (or in a localizing potential of some 
other nature), uncluttered by the existence of disorder. 

tematically, we should speak in terms of calculating the 
spectrum of localized collective magnetoplasma excita- 
tions. Our purpose in this paper is to construct a picture of 
this sort for the entire spectrum of localized excitations, 
including spin excitations, with various values of the 
angular-momentum projection M, (not exclusively for IR- 
active magnetoplasmons with M,= 1 ) . 

We are interested in a situation which is amenable to 
an essentially exact analysis: that in which there are filled 
Landau levels in the 2 0  system. A theory of magneto- 
plasma and spin collective modes in a 2 0  electron system 
with filled levels was derived in Refs. 8-10 (see also Ref. 
11, which was a study of a two-component electron-hole 
system). Excitations of this sort are associated with tran- 
sitions of a particle from high-lying Landau levels to the 
nearest vacant levels, and they can be thought of as neutral 
electron-hole (e-h) excitations, i.e., 2 0  magnetoexcitons. 
This situation differs from the problem of a 2 0  Wannier- 
Mott magnetoexciton in that exchange interactions must 
be taken into account.' The effect of the field of impurities 
on collective modes was studied in Refs. 1 and 2 in the 
self-consistent Born approximation; the results were found 
to be insensitive to the sign of the impurity charge. To take 
account of the effect of an external potential on collective 
modes in the present paper, we take the approach which 
was taken in Refs. 13-15 in the problem of the localization 
of 2 0  magnetoexcitons and multiparticle e-h complexes at 
an impurity in a strong magnetic field.') 
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2. LOCALIZED MAGNETOPLASMA AND SPIN EXCITATIONS 

2.1. Statement of the problem; classification of states 

Let us consider an interacting 2 0  electron system with 
an interparticle interaction potential U( lrl-r21 ) in a 
strong magnetic field H with heavily filled Landau levels 
against a uniform, positive neutralizing background. There 
is a centrally symmetric localizing potential V( I r 1 ) in the 
system. The general approach of this paper and the quali- 
tative results are valid for a fairly general potential V( ( r / ) . 
In the specific calculations (Sec. 3) we consider the Cou- 
lomb interactions 

The upper and lower signs in the expression for V(r) cor- 
respond to an ionized shallow donor D+ and a charged 
acceptor A- (we assume that the impurity is directly in 
the 2 D layer). In the A- case we assume that the electron 
is in a deep acceptor level and that the external potential 
V(r) corresponds to a (generally dynamic) interaction be- 
cause of the small adiabatic parameter. 

We assume that the magnetic field is strong: 

eH 1/2 e2 1 /2 

h,=fi-)Eo= 
m * ~  (f) -, E ~ H  r H = ( g )  , (2) 

where Eo is the characteristic energy of the Coulomb in- 
teractions. We can thus ignore virtual transitions of parti- 
cles between Landau levels due to the interactions, since 
the corresponding effects are small quantities of order12916 
Ed&,< 1. 

We first consider the general situation in which the 
first n + 1 Landau levels with spin 1. (the zeroth level up 
to the nth, inclusively) are filled, as are the first I+ 1 levels 
with spin t . The filling factors of the levels are v,  = n + 1, 
and v,  =I+ 1 with v = v,  + vt . For definiteness we assume 
that the lower zeroth Landau level has a spin projection 1 . 
The low-lying excitations are associated with a transition 
of an electron from a filled upper level to the nearest vacant 
levels. In the absence of interparticle interactions, and in 
the absence of an interaction with the impurity, the ener- 
gies of the excitations are determined by the orbital and 
spin splittings of the Landau levels: h,=&H/m*c and 
h,=g*p&Z. When interparticle interactions are taken 
into account, dispersion arises, and zones of finite width8 
-Eo form (see also Refs. 9-12). In this situation the states 
are classified on the basis of an exact quantum number, the 
magnetic m~mentum",'~ k, which determines the expecta- 
tion value of the distance (reh) = ~ e , ] &  between the par- 
ticles in an e-h pair. 

When the external potential V( I r 1 ) is also turned on, 
the states of the excitations are classified on the basis of the 
exact quantum number M,, the projection of the angular 
momentum. In the strong-field approximation (the indices 
of the Landau levels n, and nh are conserved), we charac- 
terize the states by means of the oscillator quantum num- 
ber M=M,- ne+ nh (see also the discussion below). The 
moment M is related to the difference between the squared 
radii of the e and h cyclotron orbits by 

For each M there is an infinite set of levels, and the 
spectrum of excitations consists of a continuum and an 
exciton band2) corresponding to sparsely distributed states 
of free magnetoexcitons. In addition, in the field V(r) there 
are some split-off localized modes (cf. Refs. 12-15): dis- 
crete levels outside the continuum and quasidiscrete two- 
particle states (resonances) in the exciton band. In the case 
of an impurity potential, these resonances lie near the one- 
particle excited levels of an electron at an ionized donor 
(or of a hole at a charged acceptor). 

2.2. Effective Hamiltonian; contribution to the energy of 
excitations 

We consider an excitation associated with a transition 
of an electron from a filled Landau level pa' (pot takes on 
the values nl  and It ) to one of the nearest levels with 
quantum numbers ka  (kg= n + 11 or I +  1 .t ) . To de- 
scribe one-particle states (in the ~ = f [ ~ r ] / 2  gauge) we use 
a complete set of factorized wave functions 
#nm(r) = ( r  I nm) of free particles in a magnetic field19 (see 
also Ref. 20). The quantum number n determines the in- 
dex of the Landau level and the energy h , ( n  + 1/2), while 
the oscillator quantum number m, with respect to which 
the energy is degenerate, is related to the angular- 
momentum projection m, by m,= n - m. 

It is obviously convenient to go over to the hole de- 
scription of the filled levels: 

+ + arl , -+brl  , r=O ,..., n, a,, ,-.b,, , s=0  ,..., 1, (3) 

where akum is the Fermi operator which annihilates an 
electron with quantum number m in Landau level ka. We 
wish to stress that, for clarity, we are not changing the spin 
quantum number in (3). After this step, a state with filled 
levels becomes the vacuum state, which we denote by 
I vac) . 

The most general type of neutral excitation with oscil- 
lator quantum number M (M=mh-me) at the given 
Landau levels for M>O is described byl1.l3 

(for M < 0, it is necessary to interchange indices, m 9 m 
+M, on the operators a+ and b+).  The coefficients A(m) 
and the eigenvalues must be found from the solution of the 
secular equation. Retaining in the complete Hamiltonian 
only those terms which conserve the numbers of particle in 
the pa' and ko levels after this switch to the hole descrip- 
tion in (3) ,  and measuring the energies of the excitations 
from 

where a,= .t 1, we find a Hamiltonian which describes the 
excitation (4) : 
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+ C Vkma,&makum- 2 ~pm~&Im~pu~m. 
m m 

(5) 

The matrix elements of the interactions from (5) are de- 
rived in the Appendix. Here the operators 

represent the numbers of electrons and holes in levels ku 
and pa1, while 

pm'rm 
Frp- ): Urm,pml 

m 

represents the renormalization of the one-particle spec- 
trum: the contribution to the eigenenergy of a particle in 
level p due to exchange interactions with the filled level 
with index r<p (see also Ref. 16). In the case r=p, FPP is 
the binding energy of a 2 0  magnetoexciton of zero mo- 
mentum in Landau level p (Ref. 12). The quantity U(q) in 
(6) is the Fourier transform of the potential U(r); 
~ = ~ ~ & / 2 ;  and L:(x) are the Laguerre polynomials. 

For spin-flip transitions, u#u', the Hamiltonian (5) 
exhausts the contribution to the energy of excitations (4) 
in first order in Eo. The same is true of the 01 - 11 tran- 
sition without spin flip if v, =O. In other cases we need to 
take account of the additional contribution of interparticle 
interactions, - Eo, due to "mixing" of excitations (see also 
Ref. 9): 

Binary interactions of the form 

make a contribution in this case. The result of the mixing 
is particularly simple in the case v, =v,  , as in the situation 
without an impurity.9 In this case, excitations 

are correct combinations. They correspond to an singlet 
exciton with S = O  and to the spin state of a triplet exciton 
with S= 1 and Sz=O. Corresponding to the two other spin 
states of the triplet exciton with Sz= + 1 are the excitations 

For triplet excitations, there is no binary exchange inter- 
action, while the interaction for a singlet excitation is dou- 
bled [the Kronecker delta 6,,1 in curly brackets in (5) is 
replaced by 0 and 2, respectively]. 

2.3. Magnetoplasmons and spin excltatlons with M=O: 
contribution to the response to a uniform alternating field 

It follows from the selection rules that magnetoplas- 
mons with M=O are responsible for the CR {these are 
singlet magnetoplasmons in the case v, =v, [see (9) and 
Eq. ( 12) below with n = I ] ) .  It also follows from the selec- 
tion rules that excitations B L , ,  ,,, M=O ( vac) (which exist 
if v, #v, ) are responsible for spin resonance. Looking 
ahead to an application below, we will pursue this point, 
making use of the explicit expression for the Hamiltonian 
for interactions with a uniform alternating field of an elec- 
tromagnetic wave of frequency w which is propagating par- 
allel to the magnetic field (the z axis) and which has a 
left-hand circular polarization uf (this is the wave which 
causes the transitions corresponding to the resonances): 

++= 1 (qX+ir jy) ,  6+= C (ujx+iujy). ( 1  1) 
J J 

Here the operator 

represents the kinematic momentum of particle j, and uj  
are the Pauli matrices. For ii+ and 8, we have 

and, for v, #vt , 

&+Ivac)= ,bZ ,lvac). 
m 

(13) 

To within a constant factor, the states in ( 12) and ( 13) 
describe 2 0  magnetoexcitons of zero m~rnen tu rn ,~~~ ' '~ '~  

where No=Y/2dH,  and Y is the area of the system. 

3. ENERGIES OF LOCALIZED MODES 

In this section of the paper we present results calcu- 
lated for the binding energies of excitations localized at a 
donor D+ and an acceptor A- for two cases: 1) filling of 
a spin-polarized lower Landau level v, = 1, Y, =O (v = 1 ); 
2) filling of two levels with different spin directions, 
Y ,  = v, = 1 (v= 2). These results were found by numerical 
diagonalization of the NX N matrices of Hamiltonian (5) 
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(N=5&100). For the energies of localized levels of spin 
excitations (if there is no exchange interaction), we 
thereby obtain an accuracy - or - IO-~E, for 
magnetoplasma excitations. Delocalized states of the con- 
tinuum are of course determined only to within a much 
larger error. For example, for a 01 -0t spin excitation 
the errors in the determination of the lower and upper 
boundaries of the continuum at N= 100 are 0.7Y0 and 6%, 
respectively15 (see also Figs. 2 and 3). 

3.1. Fllled lower Landau level: v, = 1, v, =O 

3.1.1. Spin excitations: the 01 + Ot transition. The 
Hamiltonian Ho, o, in (5), which describes spin-flip exci- 
tations, differs from the problem of bound states of a 2 0  
magnetoexciton in that there is a shift of the origin on the 
energy scale. When this point is taken into account, the 
results of Ref. 13 can be extended to the case of spin exci- 
tations. 

For definiteness we consider a positively charged do- 
nor D+. By virtue of the t+ -t symmetry, the results for 
a negatively charged center A- are found by making the 
replacement M +  -M. That this is true can also be seen 
from the explicit expression for Hamiltonian (5) with ka  
=Ot and pal=O1 . 

For each M > 0 from the continuum (whose lower and 
upper boundaries are h, and h,+ Eo, respectively,8), a 
localized discrete level is split off downward. The ground 
state is a localized M = l  mode with an energy 
h,-0.1 189Eo. As M increases, the position of the dis- 
crete level descends monotonically toward h,. Further- 
more, for M)5, it is possible to distinguish in the spectrum 
some impurity resonant levels, which lie in the continuum 
near one-particle excited levels of the donor, Vo,,, 
m= 1,2,, ... (&'the Appendix). The number of such levels 
increases with increasing M (when the e-h interaction is 
weakened), and their width decreases. For M < 0 there are 
localized discrete levels in the spectrum above the upper 
boundary of the continuum, and there are also some reso- 
nant localized levels. The position of the upper discrete 
level tends toward h ,+2Eo with increasing I M I. 

For a state with M=O which is associated with a spin 
resonance, there is no interaction with the spin- 
independent and otherwise arbitrary external potential. 
The frequency of the spin resonance is thus independent of 
whether the system contains nonmagnetic impurities (and 
interparticle interactions), as was to be expected. 

3.1.2. Magnetoplasma excitations: the 01 - 1 1 transi- 
tion. Setting ka= 1 l and pa' =01 , considering the first N 
terms in expansion (4), and using the Hamiltonian HI, o, 
from (5), we find, for M>O, for example, a secular equa- 
tion of degree N: 

I nam;kalm') ~a&,, ,bk+,,~,  I vac), 

where E(M) is the energy of the excitation relative to h,. 

matrix elements of the Hamiltonian are (we are using 
Fol = Ed2,  and we are also assuming ml>m) 

These matrix elements are calculated with the help of 
(A3) and the explicit expressions2' for_the matrix elements 
of the direct [Uip/)(s)] and exchange u&~/)(s) interactions 
in the zeroth and first Landau levels [see (A8) and (A9)I. 
The contribution of the direct interparticle interaction to 
the off-diagonal elements u::+~( 1 m' - m I ) falls off ex- 
ponentially with increasing 1 m' -m 1 ,  while the contribu- 
tion of the exchange interaction, Urn,,, ( 1 MI ), falls off al- 
gebraically. The energies of the localized levels of a 
magnetoplasmon at an ionized donor [which we denote by 
(D+, MP)] are shown in Fig. la. Let us explain the re- 
sults. 

We first note that energies O-0.5Eo correspond to the 
continuous spectrum.8 Since we have 

the states (D+, MP) with M <O are excited states. Some 
of the M < 0 levels are resonant levels with a finite line- 
width; they lie in the continuum (near its upper bound- 
ary). The M <O levels lying above the continuum are ex- 
cited levels of the discrete spectrum. For (MI % 1 they 
correspond to a hole bound to a D+ and a rather remote 
electron. The energy corresponding to the highest-lying 
levels is 

States with M>O contain local levels in the contin- 
uum. There are also some discrete levels below the contin- 
uum boundary. For M23, there is more than one such 
level (for 5<M<8 there are three discrete levels). The 
lowest states correspond to an electron which is bound to a 
center with quantum numbers n = 1 and m = 1. For M) 1 
when the mixing of different m-channels is only a minor 
effect, the energy of these states is given by the diagonal 
matrix element 

As M- w it tends toward the value -0.25Eo in accor- 
dance with a power law in M. 

A second discrete level of (D+, MP) lies near the 
lower boundary of the continuum. At small values of M 
(at which the contribution of the exchange interactions is 
large and positive), this level falls in the continuum and is 
a resonant level. It corresponds to an electron with n= 1 
and m =O. For M> 1 the energy of the level is determined 
by a diagonal element, which is given by (here we are using 
Eo-F01- V1,0=0) 

For an interaction with a positively charged donor D+, the In the limit M- w it vanishes algebraically. 
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For the states with M=O, which are responsible for 
the CR, there are two localized (D', MP) levels. One lies 
under the lower boundary of the continuum and corre- 
sponds to the ground state. The other lies above the upper 
boundary of the continuum and corresponds to an excited 
state. The reason for this behavior is that the difference 
6 e 0 '  - Vo,,- V,,,, which determines the energy of the 
interactions of a hole and an electron with a center, is large 
and positive in the m=O case ( S V ( ~ ' ~ ) = O . ~ E ~ ) ,  while it is 
large and negative in the m = 1 case (6 V(1I0) = -0.25Eo). 
These results are governed by the structure of the wave 

FIG. 1. Energies (in units of Eo, measured with respect 
to fio,) of localized states of magnetoplasmons with an 
oscillator quantum number M for Y ,  = 1 and v,  =O. For 
modes which are bound at an ionized donor (D+, MP), 
Fig. la shows states with -3(M<10; for modes bound 
at an ionized acceptor (A-, MP), Fig. lb shows states 
with - 10<M<3. The energies were found through a nu- 
merical diagonalization of the 50x50 matrices of the 
Hamiltonian (5) with ku= 11 , pu'=Ol (for M=O, 
these would be 100X 100 matrices). The levels in the 
energy interval 0-0.5E0 lie in the continuum and are res- 
onant levels. The arrows mark IR-active modes with 
M=O. 

functions for Landau levels other than the ground level 
(see also Ref. 7). For the other m-channels, the values of 
6 V(,'O) are comparatively small and negative [see (A3) and 
(A4), and they do not cause splitting off of localized levels. 

Figure lb shows results for the energies of magneto- 
plasmons localized at a negatively charged acceptor 
(A-, MP). The low-lying states have quantum numbers 
M(0. A hole with n=m=O bound to the center corre- 
sponds to the lowest discrete level. For M < 0 and I M I > 1, 
the positions of this level are determined primarily by the 
diagonal matrix element 
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x ( ( M I )  - -0.5E0. (19) 
M--m 

The second low-lying discrete level of (A-, MP) differs 
only slight from that in the (D+,  MP) case [because 
VO,, = V,,,; see (A3)-(A5)]. 

The positions of the two localized (Ap, MP) IR- 
active modes with M=O are different from those in the 
(D', MP) case: The splitting off of the lower discrete 
level, which is determined primarily by -6V(01°), is con- 
siderably larger ( -- - 0.35Eo), while the upper level falls in 
the continuum and becomes a resonant level. 

3.2. Two filled Landau levels: v, =v, =1 

When mixing of excitations, 01 -+ 11 and Ot -+ 1 t , is 
taken into account, we obtain singlet magnetoplasmons 
with S = O  and triplet spin excitations with S= 1, Sz=O. 
Corresponding to two other spin triplet states with Sz= * 1 
are the transitions 01 -+ 1 t and Ot -. 11 . Only a single 
excitation with M=O is electric-dipole-active (Subsection 
2.3). Triplet excitations with M =0, .t 1 are (exceedingly 
weakly) magnetic-dipole-active in the Voigt geometry, i.e., 
in the case in which the radiation is propagating across the 
magnetic field in the plane of the 2 0  system. In practice, 
however, triplet excitations with M=O can be observed 
only when spin-orbit effects are taken into account. These 
effects cause these excitations to become weakly electric- 
dipole-allowed (the small factor involved here is - 

We will not reproduce here the calculated energies of 
the localized states for this case.22 We will simply point out 
some new features (not seen in the case of a filling v= 1 ): 

1) Since the positive contribution of binary exchange 
interactions is doubled for singlet magnetoplasmons, the 
local levels in both the (A-, MP) and (D+, MP) cases 
shift up the energy scale. 

2) There is no positive contribution from binary ex- 
change interactions for the triplet states. As a result, the 
lower edge of the continuum shifts downward and corre- 
sponds to an energy -- -O.llEo (a roton minimum in the 
k#O case). The upper edge of the spectrum is again at 
0.5Eo (Ref. 9). This point must be taken into account in 
classifying the low-lying localized levels as discrete or qua- 
sidiscrete. 

3.3. Spectrum of an impurity cyclotron resonance 

Let us examine the contribution of localized magneto- 
plasmons to the response of the system at the frequency w. 
For the absorption coefficient for left-hand-polarized radi- 
ation, a+ (w) ,  we have [see (10) and (12)] 

a + ( w ) a ~ ( ( M = O , k ~ ~ + ( ~ a c ) ( ~ 6 ( w - w ~ ) .  (20) 
k 

The quantity I M=Ok) in (20) is the set of magnetoplasma 
states with M=O (in the case v, =v, , these are singlet 
states), which includes both discrete levels and the contin- 
uum. In our case we have k= 1, ...,N: the states which are 
found through a diagonalization of the N X N matrix of the 

Hamiltonian. The contribution of a state to the response is 
thus determined by the dimensionless quantity 

i.e., (to within normalization) by the projection onto the 
state of a magnetoexciton with k=O [see ( 14)]. Here A$;, 
are the expansion coefficients in (4).  For singlet excita- 
tions, the right side of (21 ) contains an additional factor of 
1/2, which incorporates the filling of the two Landau levels 
1 and T . 

Figure 2 shows the energy distribution of the values of 
f k  (normalized to the number of states considered, N)  for 
v= 1; Fig. 3 shows the corresponding results for v=2.  The 
response is dominated by the fundamental delocalized 
mode corresponding to the lower boundary of the contin- 
uum (with a momentum k = 0 in the absence of an impu- 
rity). For NB1 we have fk=O/N z 1 for it, and its energy 
tends toward h, from above (Figs. 2 and 3 with E=O). 
The other delocalized modes fill the energy interval 
04.5Eo densely in the limit N- a, and for them we have 
fk-0. The calculation for finite values of N corresponds 
qualitatively to a system with finite dimensions L mrH. 

Modes localized at an impurity, (D+,  MP) and 
(Ap, MP), have finite values of f k .  These values can be 
calculated accurately even at small values of N. In a system 
with a finite impurity density nimP (cmP2), lines split off 
from h , ,  with intensities a fknimp, with a width deter- 
mined by the scatter in the constants of the interaction 
with impurities, correspond to these impurities in the CR 
spectrum. As the magnetic field is strengthened, the split- 
ting off of the impurity lines from the mode with energy 
h, increases in proportion to H"~. The positions of these 
lines depend on the sign of the impurity charge [in the 
(A-, MP) case, they are shifted down the energy scale] 
and on the level filling factors v (as we go from v= 1 to 
v= 2, the levels shift up the energy scale). The transition 
matrix elements f k  for (D+,  MP) are larger than those 
for (AP, MP), because the oscillator strength for the 
main transition decreases with the energy near h, (Figs. 2 
and 3). 

In a system with finite nimp the main absorption line 
also shifts and broadens. In this connection we note that 
for delocalized states the approximation of isolated impu- 
rities is not strictly valid, and the presence of other impu- 
rities must be taken into account in secular equation ( 15), 
(16) at 

The effect of the random field of many impurities may 
cause (among other things) Anderson localization of col- 
lective excitations. However, for excitations bound at one 
impurity, the length scale is on the order of a few times r,, 
and the approximation of an isolated impurity is valid un- 
der the condition vimpg 1. 
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FIG. 2. Distribution with respect to the energy (mea- 
sured with respect to tiw,) of the transition matrix ele- 
ments fk/N, f k = I ( ~ = 0 k l + + I v a c ) 1 2  [see (21)], nor- 
malized to the number (N) of states in the basis taken 
into account (for N= 100). Figure 2a shows results for 
magnetoplasma IR-active modes with M=O in the pres- 
ence of an ionized donor D+; Fig. 2b shows correspond- 
ing results for an ionized acceptor A-. The level filling 
factors are Y,= 1 and Y,=O ( Y =  1). The arrows show 
(D+, MP) and (Ap, MP) modes which are localized at 
an impurity. The exact boundaries of the continuum are 
shown by the vertical dashed lines. 

-0,4 -0,2 0 0,2 0-4 0.6 ' 0,8 
Energy level, Eo 

4. CONCLUSION havior of the corresponding wave functions near an impu- 
rity center and at distances not too far from the center is For two cases of filled zeroth Landau levels, v= 1 and 

v=2, we have derived the energies of collective magneto- essentially indistinguishable from the behavior of the wave 

plasma and spin excitations bound to a positively or neg- functions of discrete states15 (as for ordinary quasistation- 

atively charged Coulomb center. In addition to the split-off aq levelsu). 

discrete levels (low-lying and excited), which lie outside For IR-active magnetoplasmons with oscillator quan- 

the continuum, we have observed a large number of reso- tum mmber M=O (with an angular-momentum projec- 
nances which fall in the continuum of delocalized excita- tion M,= + 1 ), having filling factors v= 1 and v=2, there 
tions (near one-particle donor or acceptor levels). The are two localized levels, which differ greatly in energy. In 
wave functions of the resonances are not normalizable; for general, the magnetoabsorption spectrum must consist of a 
broad resonances, they contain oscillating tails of substan- main peak near h,, corresponding to a delocalized cyclo- 
tial amplitude. For narrow resonances, however, the be- tron mode, and to impurity peaks, to the right and left of 3, 
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Energy level. Eo 

I b I 

Energy level, Eo 

h, . A magnetoabsorption spectrum with this structure 
has been observed4 for the CR of quasi-2D electrons in 
silicon MOS structures (in which case there are charged 
impurities of both signs) in strong fields for filling factors 
v= 1 - 2. In quasi-2 D GaAs heterostructures selectively 
doped with donors, with v=1-2, a low-energy peak has 
been observed3 (as a knee on the CR), in addition to the 
main CR peak. That low-energy peak is, we believe, due to 
the excitation of a low-lying (D+, MP) local magneto- 
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FIG. 3. The same as in Fig. 2, but for singlet magnetoplasma 
IR-active modes with M=O for v,= 1 and v, = 1 (v=2 ) .  

plasma mode. The absence of an additional line to the right 
of h, in this case [the upper (D+, MP) mode] may mean 
that the corresponding dipole transition matrix element is 
small (Figs. 2a and 3a), and the line is not resolved in the 
spectrum. In addition, the impurities in these structures lie 
at a finite distance ( -25-300 A in Ref. 3) from the layer 
of 2 0  electrons. As a result, the impurity potential is weak 
in comparison with that in the case discussed here, in 
which the Coulomb center is directly in the layer of 2 0  
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 electron^.^) For GaAs heterostructures which are selec- 
tively doped with acceptors, one observes, in addition to 
the main CR peak, an additional peak to the right of h,. 
The latter peak is associated with the excitation of an up- 
per (Ap,  MP) local mode. The absence of a peak on the 
left of kc in this case [corresponding to the lower-lying 
(Ap,  MP) local mode] probably means that (in the one- 
particle picture) this excitation corresponds primarily to 
the ls-+2p+ transition from a 1s initial acceptor state 
which lies high above the Landau level and may not be 
filled.' In the experiments of Refs. 3 and 4, there was a 
substantial redistribution of oscillator strength between the 
magnetoabsorption peaks as the field H increases further 
under the condition v < 1 (under conditions to which the 
theory of this paper does not apply). For GaAs hetero- 
structures doped with acceptors, a single peak with a fairly 
narrow line remains in the spectrum.3 These effects have 
yet to be explained. 

There are the interesting questions of how many local 
impurity IR-active modes with M=O there might be and 
what their energies might be when a larger number of 
Landau levels are filled. For v= 3 or v=4, in which case a 
charged Coulomb impurity is directly in the layer of 2 0  
electrons (or fairly close to it), we can expect the appear- 
ance of three localized magnetoplasma states with M=O. 
For a D+ donor (or an A- acceptor), two (one) of these 
states lie at energies above h , ,  while one (two) lies at an 
energy lower than h , .  This conclusion follows from the 
energies of the electron- and hole-impurity interactions in 
different m-channels, 6vE1)= V2,m- Vl,m,  at Landau lev- 
els with indices n = 2 and n = 1. In the first three channels, 
with m =0, 1, and 2, the values of 6 vE1) are comparatively 
large and have different signs for m = 0, 1 and m = 2 (see 
the Appendix). This situation may cause splitting off of 
three local modes. The formation of a larger number of 
IR-active localized magnetoplasma modes (their broaden- 
ing is also being taken into account) agrees qualitatively 
with the experimentally o b s e r ~ e d ~ - ~  broadening of the CR 
spectrum with increasing v. 

Finally, let us examine the possibility that bound states 
of two collective excitations would form at a charged im- 
purity. When the origin for the energy scale is shifted, the 
problem of two spin excitations, 01 -OT ( a  bispinon), is 
exactly equivalent to the problem of the impurity-bound 
biexciton in zeroth Landau levels.13 The results of Ref. 13 
show that in the case of identical particles with parallel 
spins (electrons in the case of a D +  donor; holes in the case 
of an A- acceptor), no stable bound states arise. For ex- 
citations corresponding to transitions between the zeroth 
and first Landau levels, on the other hand, bound states of 
bimagnetoplasmons arise, apparently for both A- and D+.  
For the A-, the levels should be relatively low. The exist- 
ence of such impurity-bound states is in agreement with 
the formation of bound states of two free 2 0  
magnetoplasmons.27 

After this paper had been submitted for publication,5) 
the paper of Cheng et appeared, reporting an experi- 
mental study of the spectra of impurity transitions associ- 
ated with D- centers (see also the previous footnote3)). 

That study was carried out in strong magnetic fields, H < 9 
T, on GaAs/GaAlAs quantum wells with an 
adjustable density of excess free electrons, 
ne,=2 . 101°-2.8 10" crnp2. A significant effect of the 
free electrons on the spectra of impurity transitions was 
observed28 only for v >  0.3. The length scale of the wave 
functions of D- centers becomes comparable to the aver- 
age distance between free electrons. In this situation, the 
spectra of magnetooptic impurity transitions can be de- 
scribed successfully in terms of collective magnetoplasma 
excitations (not in terms of transitions of two-electron D- 
centers). The results of the present study (see also Ref. 29) 
yield a qualitative (and, to some extent, semiquantitative) 
understanding of the basic spectral features observed in 
Ref. 28: 

1) For nex > 8 . 101° cm-2 (v  >0.37 for H = 9  T),  a 
broad line (a CR knee at energies below h , )  appears in 
the magnetoabsorption spectra near the CR line. The in- 
tensity of this knee increases with a further increase in n,, . 
We attribute this spectral feature to a low-lying localized 
magnetoplasma mode (D', MP) (Figs. 2a and 3a). In 
the limit v-0, this mode becomes a triplet T-transition of 
a D- center (see Figs. 2 and 4 of Ref. 29) and is associated 
in the one-particle picture with the 2p- - 2s transition of a 
neutral donor. 

2) It was found in Ref. 28 that the line which arises 
from the D- singlet transition shifts toward higher ener- 
gies with increasing n,, (at first glance, this shift would 
seem to contradict the picture of screened impurity cen- 
ters). We attribute the positive energy shift of the impurity 
transition to an increase in the contribution of exchange 
effects with increasing v: a negative renormalization of the 
energies of the filled initial states and an increase in the 
contribution of binary exchange interactions [see (5)  and 
( 6 )  above]. The values which we found for the shifts of the 
upper (6:) and lower (6;) (D+, MP), magnetoplasma 
modes (with respect to the energies of the impurity tran- 
sitions from which they arise with increasing v), in units of 
e2/&rH, are, 6& =O. 19 and =0.20, for v= 1 respec- 
tively. For v=2 the increase in the contribution from ex- 
change effects makes the shifts larger, 6:==1=0.42 and 
6, =0.29. The values for 6: agree satisfactorily with the 
experimental shift of 13 cm-' at v e  1.3 (nex=2.8 . 10'' 
cm-2 in a field H = 9  T) ,  which is ',3-0. 10. The agree- 
ment between theory and experiment28 can be improved 
(at least partially) by incorporating quasi-2D effects, 
which reduce the energy scale of Coulomb interactions. 

3) The picture of impurity-bound collective magneto- 
plasma modes also agrees with the discontinuities 
observed28 in the slopes of the plots of impurity transition 
energy aE/av (as a function of v) at integer values of v. To 
explain this effect, we consider, for example, the situation 
in which only the lower spin-polarized Landau level 01 is 
filled (v,= 1, v,=O). As the OT level begins to be filled, a 
new branch of excitations appears. This new branch is as- 
sociated with impurity transitions of electrons with spin T 
when the index of the Landau level changes by unity. 
When interelectron Coulomb interactions are taken into 
account, this new branch of excitations mixes with excita- 
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tions of spin 1 electrons, leading to the formation of two 
branches of collective excitations (impurity-bound magne- 
toplasmons ) . As v, increases, the oscillator strength is 
redistributed between the two branches. When two Landau 
levels are filled, v ,  = vt = 1 (Y = 2), singlet and triplet exci- 
tations arise. Of these, only the singlets are IR-active (see 
the discussion above). Similarly, as the 11 Landau level 
begins to be filled the spectrum acquires a new IR-active 
branch of excitations. As the filling of this level increases, 
the oscillator strength is redistributed between the two 
branches of excitations. According to this picture, at inte- 
ger values of Y there should be discontinuities not only in 
the derivatives dE/av but also in the transition energies 
E(v) themselves. These features would be smoothed over 
in real systems, however, because of thermal activation of 
electrons to the nearest Landau levels with the opposite 
spin orientation and also because of the energy overlap of 
these Landau levels due to their broadening caused by dis- 
order. 

APPENDIX 

The interaction matrix elements from (5), calculated 
between the factorized electron wave functions 4,,(r), are 
defined in the standard way: 

ckm'= (nrmf I V(r) I nm) ( A l )  

(where I nlml;n2m2)+ = (n2m2;nlml ( ). In these calcula- 
tions we used explicit expressions for the interaction matrix 
elements at the zeroth and first Landau levels. For Cou- 
lomb interactions with a negatively charged center we have 
( Cz= Vn,m= Vm,n) 

For convenience, we reproduce here the first few values of 
V,,,, V,,,, and V2,m (in units of Eo): 

Note that V,,, and V2,, are not monotonic functions of m. 
The reason is the structure of the wave functions at a 
Landau level other than the ground level (see also Ref. 
20). 

The interaction matrix elements for electrons in the 
zeroth Landau levels and the matrix elements for the direct 
and exchange interactions in the zeroth and first levels [see 
( 16)] are given by 

(where we are assuming ml + m2 = mi + mi). Explicit ex- 
pressions for (A7)-(A9) are given in Ref. 21 for a Cou- 
lomb potential U(r). Those expressions are in the form of 
finite algebraic sums, which can be easily evaluated analyt- 
ically at small values of n and m, and which lead to accu- 
rate numerical calculations under the conditions n,m>l. 
The matrix elements Ukl(s) from (A7)-(A9) (for arbi- 
trary upper indices), at a fixed value of s, fall off algebra- 
ically with increasing k and I, while at fixed values of k and 
I they fall off exponentially with increasing s. For the ma- 
trix elements U&E)(s) which are off-diagonal in the prob- 
lem of the ground state of the 01 -01 excitation with an 
angular momentum M>O, for example, we have exponen- 
tial decay at s% M (s> 1 at M =O): 

This decay is approximately a geometric progression with a 
denominator of 1/2. 

 he connection of the localized ~ne-~ar t ic le~ '  collective excitations has 
been studied in Ref. 31. 

*)1n the case V(r) =0, and with the choice of a symmetric A(r) gauge, 
the states in the continuum can be classified on the basis of the projec- 
tion M, of the total angular momentum and on the basis of a continuous 
quantum number, the magnitude of the magnetic momentum k 
( [ k 2 , ~ ~ = 0 , ) .  In this case k unambiguously determines the energy of a 
magnetoexclton; i.e., there is a degeneracy in terms of M, in a magnetic 
field, because of the electrical neutrality of the e-h pair. 

3 ) ~ h e s e  results agree with the theoretical analysis7 of the energies of one- 
electron 1s-2p+ impurity transitions (in our notation, n=O, m=O-n 
=I ,  m=O) and2pP-2s (n=O, m = l - n = l ,  m = l ) .  Only the Hartree 
contribution of interelectron interactions was taken into account in the 
self-consistent approximation in Ref. 7, although exchange effects are 
important for a correct description of magnetoplasma excitations. 

4 ) ~ n o t h e r  2 0  system for which both interelectron correlations and an 
impurity potential are important is a negative donor center D- (i.e., a 
neutral shallow donor D' which has captured an additional electron) in 
GaAs/GaAlAs quantum wells. The D- sign realizes the limit v-0, 
which is, in a sense, the opposite of the limit discussed in this paper. 
Interestingly, the structure of the IR absorption of D- in a strong 
magnetic field (impurity CR) consists of the following: 1) one strong 
line, shifted up the energy scale from fw,, for singlet D- (Ref. 24, for 
example), and 2) two (theoretically predicted21325326) strong lines for 
the D- triplet. One of the two lies near fwC,  while the other is even 
further from tie, than in the case of the D singlet (it lies near the 
strong DO tran~ition:~ so it is difficult to resolve). 
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