Effect of an electric field on the ionization of atoms by electrons
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A method is developed for calculating the probability amplitude of the ionization of atoms by
electrons in an electric field. The wave functions of the initial and final scattering

channels are calculated in the approximation of a “frozen” ion core. The effect of the electric
field on the ionization amplitude is taken into account in the first order perturbation

theory for the Green function. Estimates are made of the distortion factor 7,(E), and it is
shown that near the ionization threshold at a field strength E of order of 10-100 kV

! the value of 7n1(E) can be large.

The kinetics of electron-atom collision processes in an
electric field are due to the effects of polarization of atoms
and the distortions in the waves of the impinging and scat-
tered electrons. As shown in Ref. 1, for atomic excitation
by electrons these effects separate in the expression for the
scattering amplitude. The distortion factor can be calcu-
lated separately as a correction to the amplitude of scat-
tering on a Stark state. And to calculate the scattering
amplitude in the basis of Stark functions one can use meth-
ods well-known from the literature.?

Several difficulties emerge in the problem of electron-
induced ionization of an atom because the wave function of
the initial and final scattering channels belong to different
Hamiltonians.>* Extending the respective methods used
in calculating the ionization amplitude’ to this process in
an electric field leads to incorrect accounting for the field
effect.

Kang and Foland® developed a method for calculating
the amplitude of electron-induced ionization of the hydro-
gen atom using the Coulomb functions as a basis. This
method makes it possible to allow for exchange effects cor-
rectly and is free of the deficiencies inherent in other cal-
culation methods.

Here we expand this method to the case of ionization
of complex atoms and within the new method take consis-
tent account of the effect of the field on ionization.

Let us consider the ionization of an atom whose initial
state has a configuration VI, where /" is the configuration
of the ion core, and /" represents a peripheral, or optical
electron. We write the wave function representing the elec-
tron plus atom system as an expansion in the atomic states

DL (£):
V=2 V9(&)¢,(r), (1)

where ¢, (r) is the wave function of the incident electron,
and the sum incorporates integration over the continuous-
spectrum states.

Next in wf,“)(g) we isolate an electron in the (nl’)
state using the well-known formulas’
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where C-M M, m and C‘LMSM are the Clebsch—-Gordan coeffi-
s

cients, \I’Llsl(51,...,§N+1,...,§N) is the wave function of the
ion core, with the coordinate of the ith electron replaced by
the coordinate of the (N +1) electron, ¥, (§;) is the wave
function of the optical electron, and the sum over m is
understood to be over the quantum numbers M L My,
Ms, , and my .

Let us assume that only valence electrons participate in
ionization. This means that the subscript “n” in Eq. (2) is
assigned only to the wave function of an optical electron.
In this case, to find the discrete and continuous spectra of
states ¥, (§;) it is expedient to employ the method of the
“frozen” ion core,®® which guarantees that the W, (&;)
are orthogonal to the ion-core functions. We write the
Hamiltonian in Eq. (1) in the form

H=H+Ky +V} +KA+V¥+V(r§), (3)

where Hi; is the the ion-core Hamiltonian, K ; and K, the
kinetic-energy operators of the optical and incident elec-
trons,

zet X &

+ 2 Bkl

the potential energy of the interaction between the optical
electron and the core,

*E Ir—&|

the potential energy of the interaction between the incident
electron and the core, and
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the potential energy of the interaction between the optical
and incident electrons. We substitute (2) into the Schro-
dinger equation, multiply the left- and right-hand sides of
(1) by the conjugate wave function of the ion core in the
ground state, ¥* 1,5,(§1,--»6n), and integrate over the

§1,62,-6N"

M ( l)N+1—i
L
%%C’”L"’r Mg, N+1
x [dgy- - dew ¥ 15610

X [Hi+Ky 1+ Vo + KA VLV ()]
X\I’Llsl(gl""! §N+l’-"’gN)Wnl’(gi)¢n(r)
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Next we isolate in (5) the term with i=N+41:

2 % Cff;fn, MS my W[(%S'— €)
XALS\ML Mg | LiSIM M)V (§n41)6n(r)
+H(LSIM M | LySIM Ms DKy W (En41)
X n(r)+(LiS$IM7 My | L1SIM Ms,)

XKW (En41)8(0) + (LSIMY M5 | V|
XL\SIMpMs )V (En41)n(r)
+(LSIM M | V| LiSIM L Mg )W (§x41)
Xéa(r) +{(L:S\M} M, | VLS M Ms )

X W (En41)9a(r)]

(_I)N-H—i
- LM ~SMg
- i¢§+l En: %CMLIm’C;slm" ;}N-i-l
X fdgl- dEy Vs (Eppenky) (H—8)

XYWL s (E1ses ENg1sees EN)Ynr (§)n(r). (6)

To obtain an equation for ¢,(r), we multiply (6) by

W* »(En+1) and integrate with respect to &y, ;. The result
is
o Cotre NEL,5 + 6= B K,

+{LySIM M | V| LiS1M L M5 )], (r)
+2 20t Cuppon, Vel VIS0 =0, ()
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where €, is the eigenvalue for state ¥, satisfying the equa-
tion

M
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Let us denote the energy of the incident particle by
£,=€p, S1+£4_E' As a result from (7) we obtain the fol-
lowing equation:

[K,— &+ (LiSiM M | V| LiSiM L Ms) 1¢,(r)

== T g | V| ¥,0) (1) (9)

The Clebsch—Gordan coefficients disappear when the ini-
tial state of the atomic electron is specified.

Equation (9) differs from the ordinary equations of
multichannel scattering theory in that it contains the ma-
trix element of the operator ¥, sandwiched between ion-
core wave functions.

If we allow for exchange between the incident electron
and the core, the homogeneous part of Eq. (9) contains an
exchange term:

[K,—&,+(LiS\M 1 Ms | V;| LiSi\M Ms ) ]d,(r)
N
+ 2] (—1)N+1_'fd§1' - dENY s,
i=

p=1 |€p_r|

X \I’Llsl(gl ,...,r,...,gN)qu(é‘,-) =0.

X (815 &N)

(10)

Thus, the movements of the incident and atomic elec-
trons in the ion-core field are described by a single Hamil-
tonian and, hence their wave functions form a orthonor-
malized system.

The solution to Eq. (9) in integral form can be written
in the usual way:

$(r) =" (1) + X fdr’ GO (r,r')

XAWgir | VW) $n(r’), (11)

where ¢f10)(r) and the Green’s function G;O)(r,r’) are the
solutions of appropriate homogeneous equations with the
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potential (LS\M M | V| LS\M LMs). The asymp-
totic behavior of G; Y(r,r’) for r>r' is given by the func-
tion
2mu ( )+ €Xp ik,r

A r
(see Ref. 2), with ¢{"=¢'*).

The inelastic scattering amplitude can be expressed in
the following way:

, 2mu _
A =T [ 70 (W | VW (e

(12)

Here the upper and lower indices designate the initial and
final states of the incident and atomic electrons, respec-
tively. This formula differs from the one in Ref. 6 in that
here the ¢,(r’) are not Coulomb functions.

Exchange between the impinging and valence electrons
can be allowed for in the same way as is done in Ref. 6. In
this case instead of W (§y1) and ¢,(r) we must take

1
\I/(§,r)=72= (W (En11)n(r) £ ¥ n(r)dn(Eni1) ]

(13)
Then Eq. (9) transforms into
[K,—&,+(LiS\M 1 M, | V7| LiS\M 1 M5 )] 6,(r)
== E [(\qu”l V' Wn1’>¢n(r) :t\l’,,p(l')
X ¥ | V) ]. (14)

Correspondingly, instead of (11), the solution to Eq. (14)
is given by the function

fdr' G;O) (r,r’)

X <\l’q1n| Vl \I/nl'>¢n(r’)

S =¢V(r) + X

+ J‘dr’ GO (0, )W, (1) (W | V| $,) (15)

Then the exchange part of the ionization amplitude can be

written as
(— )‘
[ e

X (\I’qw | Vl ¢,,)\P,,1,(r' )dl".

We can allow for the effect of the field on the ionization
amplitude in the same way as is done in the case of
excitation.! In first-order perturbation theory the Green’s
function in the field is

Ak (:tl)

ng exch =

(16)

Gq(r,r')=G;°>(r,r')[1+ fdr" V)G (") |,
(17)

where
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aeEr

Vf(l‘")=—";'r-,

with a the dipole polarizability of the ion, and E the elec-
tric field strength.

As shown in Ref. 1, the field contributes considerably
to the final scattering channel, where in the case of ioniza-
tion there is the ion core and two electrons in a continuous-
spectrum state.

Owing to the long-range nature of ¥V, the field pro-
vides its greatest contribution to the distortion of the
scattered-electron wave at distances r” greater than the
range of the scattering potential ¥ (r”). Then for G‘(lo)
X (r”,r') we can employ an asymptotic expression in the
limit #»”> 7' similar to that for G;O)(r,r’) in the limit
r>r'. As a result the Green’s function in the field has the
form

2mp (- )*exp(t 'r

Gy (r,r’ )———hr [14+7.(E)],

(18)

where

(=) exp(ik'r)
e (E)= ——r J- ¢y (1)gl"|Vy|ql'y — —dr

(19)

In the formula for the distortion factor 7, (E) the
difference from the case of excitation! is that the matrix
element of the scattering matrix is taken over the Stark
functions of the continuous spectrum and instead of a

. N )%
plane wave the integrand contains ¢}<, ”,
For the amplitude of ionization in the field we arrive at
the following formula:

kk'
Anq tot—

[1+nk,<E>1[ f¢ ()
X (W g | V| Wi ("

+ [ 850 W V10 () ] (20)
where the integrals are evaluated in the basis of Stark func-
tions.

To estimate the distortion factor 17, (E) we proceed as
follows. Since integration in (19) is done over the outer
region, the function ¢ can be chosen as the solution of the
equation with a Coulomb potential:'®
C(l+1+in)

ani (2ikr)'e™

ér(r) —e—nT/2 ;

XF(I4+1+in, 214-2,—2ikr)P/(cosdy,), (21)

where n= —puZe?/h*k. Then the formula (19) for the dis-
tortion factor yields

2 r2+i .
ﬂk(E)=——Z2"i e"‘”’z(TTm)fez'k’(aeE)
XF(2+in, 4, —2ikr)P,(cos¥y.)d(2ikr). (22)
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Using the properties of hypergeometric functions,”’ we can
evaluate the integral in (22) analytically. Then
__l‘l' nm/2 |F(2—in)|
n(E) = e T (aeE)
XF( 1 —in,3,2ikro)Pl(COS'8kr). (23)

Here we have allowed for the fact that n <0. Next we
represent the hypergeometric function in the form of a
series and use the properties of gamma functions.!! As a
result we arrive at the following expression for the distor-
tion factor::

1(E)=6 h’—‘; "2 (aeE) P, (cosdy) \n*+1 {in

T i g9 (1+in)z(1)
X(sin(imm)) 0T T
(2+in) (1+in)z,
3IT(5) - ] (24)

where zo=2ikr,.

Let us consider the extreme cases of slow and fast
scattered electrons and estimate the distortion factors in
both.

(a) n—0 (k- ). In this case formula (24) implies

1
M(E) =6 15 (aeE) Py (cosdue) T3y (25)

ra)’
Since the polarizability of the ion core is insignificant,
M(E)~10%E, and at E~10-100kVcm~' we have
M€l
(b) n> o (k—0). In (18) we introduce the notation
in= x. Then the definition of » implies zo= — 2ryky/x, with
ko=4m*ue*/h?. The series within the square brackets in
(24) can be written in the form of a sum,

¥ (14+m/x)B™
mT3+m)’

m

548 JETP 77 (4), October 1993

where B=2roko. In the limit of x— « the sum is equal to

B, ( \8koro ), where J5( {8kor, ) is a Bessel function.'?
As a result we arrive at the following formula for the
distortion factor:

M(E) =6 £ (@eE) Py (cosd)

X (2m) ' 2n¥B= 10, ( |[8kyro). (26)
When the scattered-electron momentum is low,

kay<0.01, the factor n*? can balance the insignificant
value of the ion-core polarizability a. In this case the dis-
tortion factor n7(E) has a strong effect on the ionization
amplitude.
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