Spectral properties of the Hanle effect for a strong monochromatic wave
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Spectral features of the Hanle effect are investigated for the monochromatically excited
atomic system J=0-J=1. Explicit expressions for the spectrum of the Hanle signal are found.
It is shown that the Hanle signal spectrum like the fluorescence spectrum of a two-level

atom contains both elastic and inelastic components. There may be up to seven peaks in the
spectrum of the inelastic component. An analysis of the fluorescence spectra is presented

in terms of dressed-atom states.

1. INTRODUCTION

A knowledge of features of the Hanle effect'? is of
great importance in the laser spectroscopy of multilevel
atomic systems since it is an analog of transitions between
excited states which are becoming mutually coherent. A
simple, albeit very useful, system relevant to the interaction
of radiation with atoms is the two-level atom.’ In the in-
vestigation of the Hanle effect, the transition J=0-J=1
plays such a role and is considered in the present paper.

The typical experimental geometry for the Hanle effect
is shown in Fig. 1: the incident wave is linearly polarized
along the observation axis of the fluorescence signal. In
zero magnetic field the signal is absent since the radiating
transitions from the m;= +1 sublevels cancel each other
out as a result of interference. In a magnetic field these
transitions begin to evolve with different frequencies, pre-
cession of the polarization appears, and fluorescence is ob-
served.

The Hanle effect was observed in a monochromatically
excited atom by Rasmussen, Schieder, and Walther* at an
intensity small in comparison with the saturation intensity.
The theoretical analysis of Avan and Cohen-Tannoudji’®
applies to a wave of arbitrary intensity; even so, they did
not investigate the spectral aspects of the fluorescence. This
was not even done in Ref. 6, where the thermal motion of
the atoms was assumed to be a decisive factor and, as in
Ref. 5, attention was given only to the total intensity of the
scattered radiation.

The resonance fluorescence spectrum for a monochro-
matic wave of arbitrary intensity was first obtained by Rau-
tian and Sobel’'man’ for an open two-level system and by
Mollow? for a two-level atom. To describe the Hanle effect,
we have used the results of Refs. 9-11, which are based on
the atom-photon density matrix formalism of Scully and
Lamb.?

2. BASIC EQUATIONS

In the present section we present the basic equations
which describe the interaction of resonance radiation with
atoms subject to a constant magnetic field and laser radi-
ation (see Fig. 1). In the rotating wave approximation and
the dipole coupling approximation the Hamiltonian of the
system under consideration has the form (in rad/s)
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H=AR+ 2 vj3},8j0+ QR+ 3 (V,R+VERy,)
j,U 4

+ z i(8joR U ;o8 j0—E1Ro U}, (1
],

where a, is the annihilation operator for photons in the jth
mode with wave vector k;, with polarization o (left is “+”
and right is “—”’) and frequency w;. In these expressions
Ap=wy—wp, Vj=0;—wy, @y is the transition frequency,
and w; is the frequency of the laser wave, which is linearly
polarized parallel to the y axis (see Fig. 1). The third term
in Eq. (1) describes the action of the magnetic field on the
atoms; here () is the Larmor frequency. The fourth term
describes the interaction of the atoms with the laser wave,
which we will represent in the form of a sum of waves of
left and right polarization with electric field intensity E,.
Here we have put V,=—uE,U;/2#%, where p, is the
matrix element of the dipole moment at the transition
|0) - | o). Here the vector |0) describes the lower state of
the atom, and |o), the upper state, which is | +) for
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FIG. 1. Typical experimental setup for observing the Hanle effect.
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my==+1 and |—) for my=—1. In the calculations we
assume |V, |=|V_|=V. The quantity U;=U;(r) de-
scribes the spatial mode factor;

gj0=.u00( 21rcoj/cf1v) 2

is the coupling constant, and v is the quantization volume.
In the description of the atomic system we make use of the
matrix R, which has the form

l100 1 0 0
R=3[0 1 0|, R=[0 -1 0],
00 —1 0 0 0
0 0 1y 000
Rty=[{0 0 0], R*={0 0 1], 2)
0 0 0/ 000
0 0 0y 000
Ryj,=|0 0 0|, Rz_=|0 0 0.
100 010

—iy 0 Vs -V, 0
0 —iy 0 0 *
iy iy o -r_ vy, -
v, 0 -V, A* 0o 0
M=|-V% 0 44 0 —-A, O
0 V. —V_ 0 0 A*
0 el A 4 0 0 0
o 0 0 o —v_
0 0 0 V* 0 0

where A, =w;—woFQ+iy/2, §=2Q+1iy, and y is the
spontaneous relaxation rate. Since the atomic subsystem is
closed, the total probability is conserved, and the system
(5), which is linearly dependent, must satisfy the condition
Tr(p)=1.

The photon field operator P is defined on the basis of
the operator p, , by taking the trace over the atomic states.
The equation of motion for the slowly varying component
of this operator to second order in the perturbation theory
expansion over the coupling constant g has the form®!!

P= z [Ajo,jo’ (afaPaja, —Pajora}-t,)

J,o,0’

“+ Bja,ja’ (aja,Pa;,——a};aja,P) ]. (7)
In this equation the terms which describe four-wave
mixing (see Ref. 9) are absent. This is because the geom-
etry of the Hanle effect is such (see Fig. 1) that the con-
ditions for wave synchronism in the four-wave mixing of
the scattered photons with the incident wave are absent.

977 JETP 76 (6), June 1993

The components of the atomic density matrix p are
defined as follows:

Poo={R3p)s Poo={R}RoP)

p+—=(RLoRo_p), poo={RoR5pP)-

We define the atom—photon operator p,_ of the atom
+field system, for which we have the standard equation of
motion:*12

(3)

(4)

where the operator I'(p,_,) describes relaxation processes.
For the atomic density matrix p, disregarding the interac-
tion with the quantized modes, we have the following equa-
tion of motion:

Ipo—f= [H;pa—f] +iT(pa—r)s

ip=Mp, (5)

where p"=(p i, P__, Poos Poss P+o Po—s P—os Pt — >
p_4), and the matrix M has the form

0 0 0
—V_ 0 0
V. 0 0
0 o vV
o —r* o |, (6)
o v, 0
—A_ 0 -
0 & 0
-V, 0 -8

In the problem under consideration, along with the
average (a},a;,) =(a;,a;,P)=n;, (the occupation num-
ber of the photons with wave vector k jo)s the correlators
(a;:,, ,a ja) (o050") are also important. As was noted in
Ref. 9, for these correlators the wave synchronism condi-
tion need not hold.

The equations of motion for the photon occupation
numbers and the quantum correlators of photons of differ-
ent polarization are

d
. ”a=aana+Ba<a:'aa> +Aaa+h'c"

7 (8)
d. . +
= @k, = (ay+a)(a}a) +Bono+Biny
+Apo+AY,, 9)
where a¢l,=Am,—Ba,, and B,=A4,,,—B,,» and it is as-
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FIG. 2. Dependence of the elastic compo-
nent of the Hanle signal on the magnetic
field for A;=0and V/y=0.1 (1),1 (2), 3
(3), 5 (9.

] J

sumed that o05~0’. Here and in what follows the index j is
dropped since, as it turns out, the spectrally degenerate
modes are coupled.

The coefficients 4 and B are defined as follows:

A, =iN|g, X (2e3p 10— ZaaP 4 + —ZasP+ - ) (10)
B, ,=IN|g,|*(—zupo+zaprotzaep—1), (1)
A, _=iNg_g% (zi3p_o—2up_ 4+ —2asp-_), (12)
B, _=—iNg_g% (zsp_o+2s6poo+2zasp+—),  (13)

where pj; is the stationary solution of system (5),
zjy=det(Z;;)/det(Z), Zj; is the jkth minor of the matrix
Z=M+vI (here I is the unit matrix), v=w0—w;, and N
is the number of atoms. The corresponding coefficients for
o=“—" or o and o’ reversed are obtained by making the
replacements Q— —Q and V -V _.

3. DESCRIPTION OF THE HANLE EFFECT

The proposed theory allows one to describe the Hanle
effect, i.e., fluorescence in the system shown in Fig. 1. We
have obtained equations for the occupation numbers of the
photons of left and right polarization n_ and n_, the flu-
orescence spectra of which are determined by the quanti-
ties & , , and & __, where & 5,y = A, + AY, . Here
the Hanle signal is determined by the occupation numbers
of the photons of linear x-polarization, and the fluores-
cence spectrum, is determined by 7, . Making use of the
relations between the creation operators of circularly and
linearly polarized photons, we have the following relations
between the photon occupation numbers:'®

(14)
_ + +
ny=n,+n_+{ata_)+(ata,). (15)

The x-polarized photons are observed in the y direction,
and the y-polarized photons, in the z direction (see Fig. 1).
Thus, for an optically thin medium

ny=n,+n—(ata_)—(ata,),
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15 Q/y 20

ny<cdy=od 4ol _—A o —oA_, (16)

nody=od A+l A . (17)

The total intensity of the Hanle signal is J, < [n,dv or
J,« [ o dv, respectively.

From the expressions for the spontaneous sources one
can easily obtain the relation

f.:fw,dVOCpW,, (18)
which has a simple physical explanation: the fluorescence
is proportional to the population of the excited level. Thus,
for the intensity of the fluorescence signal we have the
relations

Ji<piitp——pr_—pP—+, (19)
Jy<piitp—t+pi_+p_y- (20)
This result was obtained earlier by Avan and

Cohen-Tannoudji.’

As is known,? the resonance fluorescence spectrum of a
two-level atom contains an elastic, or unshifted, compo-
nent which is proportional to §(v), and an inelastic com-
ponent which describes scattering with change of the fre-
quency of the quantum. This picture is also valid in the
present case:

-Maa’= ‘M;]a' + dmel

00' ’

(21)
o =l ™ (22)
The elastic component & ;10’ is given by the expression

A, =27Ng g PooPorod(¥).

The elastic component of the Hanle signal &/ ;‘, con-
sequently, is given by the expression

(23)

-"{i]=277N|8+P+0—8—P—0|25(")- (24)
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FIG. 3. Spectral dependences of spontaneous sources for photons with a) x-polarization, b) y-polarization, c) left polarization, and d) right polarization,

for A;=0, V/y=2, and Q/y=1.

4. FLUORESCENCE SPECTRA

In weak electromagnetic fields V' <y, the unshifted
component dominates in the Hanle signal, just as in the
spectrum of a two-level atom.® It is for this reason that the
dependence of the intensity of the elastic component on the
magnitude of the magnetic field shown in Fig. 2 (curve 1)
agrees with the dependence of the total scattering intensity
in the absence of saturation derived in Ref. 5. In very
strong magnetic fields ((1/V>1) the elastic component
can predominate even for saturating electromagnetic fields.
This is because the magnetic field spreads the levels so far
apart that the excitation becomes weak and sufficiently
strong mixing of the excited and ground states does not
take place, as a result of which a shifted component ap-
pears in the scattering spectrum, and in strong fields the
spectrum has a multipeak structure. In general, the ratio
V/|A .| may serve as a parameter of the separation of the
spectrum into an elastic and inelastic component: for
V/|A,_| €1 the first of these dominates, and for
V/|A.|>1, the second. Note that in saturating fields,
such that Q =v2V holds, the inelastic component vanishes
(see Fig. 2). It may be supposed that this is a manifestation
of the intersection of quasi-energy levels: as is well known,
in an intense electric field the atomic levels split and un-
dergo a shift—the high-frequency Stark effect. In the prob-
lem considered here, for Q ~Vv2V the level shifts due to the
Zeeman effect in the one case and to the high-frequency
Stark effect in the other turn out to be the same and, ap-
parently, intersection of levels is observed for the inelastic
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component,’ albeit under unusual conditions. This effect
also takes place when the laser radiation is detuned from
resonance (A;50), but for a different ratio between ()
and V.

Figure 3 shows the inelastic components of the polar-
ization spectra for both linearly and circularly polarized
photons under identical conditions. The spectrum of the
photons with y-polarization (the same polarization as that
of the pumping wave) is close to the Mollow spectrum
since the magnitude of the magnetic field is relatively
small. For this reason, the Hanle signal is small in com-
parison with the spectra of the other polarizations. The
variation of the spectrum of the Hanle signal as a function
of the magnitude of the magnetic field is shown in Figs. 4
and 5. From Fig. 4 it can be seen that the Hanle signal is
small for both weak ({2<y) and strong fields (2>»7). In
the first case this is because the levels are spread apart only
slightly and emission is strongly suppressed by interfer-
ence. In the second case, conversely, the levels are too
greatly spread apart and the degree of excitation of the
working transitions is diminished. It can be seen from Fig.
5 that in the intermediate region {} ~ V"> y the Hanle sig-
nal reaches its greatest values.

It is well known that the resonance fluorescence spec-
trum can be interpreted as transitions between quasi-
energy levels which are formed as a result of the action of
an electromagnetic wave on the atomic system (states of
the dressed atom). The quasi-energy spectrum in the sys-
tem under consideration can be easily obtained from ex-
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FIG. 4. Spectral dependence of the inelas-
tic component of the Hanle signal for
A;=0, V/y=2, and Q/y=02 (1), 10
(2).
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pressions for the poles of the retarded Green’s
functions.>'* It is found by solving the cubic equation’

e(e—AL)(e—A_)—|V |} (e=A_)
—|V_|%e—AL)=0. (25)
For ¥V, V_, Q>A we find an approximate solution of this
equation:
o? A o?
£0=A(1+W)’ £i=:!:W+§(l—3—W2), (26)

where W=(|V |2+ |V_|*+ Q)% A=A —iy/2.

A state diagram of the dressed atom of the system
under consideration is shown in Fig. 6. From the diagram
it is clear that seven lines should be visible in the spectrum
of the scattered radiation since three of the ten transitions
are spectrally degenerate. Note in this case that the spec-
trum of transitions is determined by the real part of the
eigenvalues of the matrix M. It follows from expressions

o .15

(26) that when the laser wave is in exact resonance with
the transition frequency (A;=0) the quasi-energy spec-
trum becomes equidistant and it should be possible to ob-
serve five lines in the emission spectrum. This is in agree-
ment with the fluorescence spectra in Figs. 3-5.

Despite the cumbersome form of the spectrum of the
Hanle signal, which is given by Egs. (16), (10), and (12),
in some limiting cases relatively simple expressions can be
obtained.

For the case of very strong magnetic fields Q> V, y, A,
the spectrum of the inelastic component consists mainly of
two peaks and can be approximated in those regions where
it is significant by a superposition of Lorentzians:

4y y y

inel __
&£ ~Ng2?zT (V—Q)2+7/2/4+(v+ﬂ)2+72/4'
(27)

Note that, as in the Mollow spectrum, the Hanle signal in

FIG. 5. Spectral dependence of the inelas-
tic component of the Hanle signal for
A;=0, V/y=2,and Q/y=1 (1),2 (2), 5
3.
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FIG. 6. Energy level diagram of the J=0-J=1
atomic system in a constant magnetic field under the
action of a strong laser wave, showing shift and split-
ting. The lines corresponding to transitions 3, 5, and 7
are spectrally degenerate with the frequency of the
laser line.

weak fields is proportional to ¥* (the elastic component in
this case is proportional to ¥2) and expression (27) is also
valid for V>v, but only when ¥V «€{). Comparing these
results with the fluorescence spectra of the two-level atom,?
we can easily see that the Larmor frequency in this case is
analogous to the large detuning of the radiation from res-
onance for a two-level atom.

Let us consider the limit in which the intensity of the
incident wave is very high, when ¥V is much greater than ()
and ¥ for the case of exact resonance A;=0. In this case
the spectrum of the Hanle signal consists mainly of four
side components and can be approximated in the following
way:

. O? 3y/8
inel _
ot ~N32Wf (v—2W)2+9/%/16
3v/4 3y/4
T oW 972/16 T (v W2 +9/7/16
3v/8 28
T 2w 1972/16| (28)

It can be seen from this expression that the height of the
inner peaks is twice that of the outer ones. As in the Mol-
low spectrum for this case, the widths of the side compo-
nents are one and a half times larger than the width of the
central component, which in this case is small since its
contribution is inversely proportional to V*,

5. CONCLUSION

Our study of the spectral features of the Hanle effect
for the monochromatically excited J=0—J=1 atomic sys-
tem has shown that, as in the fluorescence spectrum of a
two-level atom, the spectrum of the Hanle signal contains
an elastic and an inelastic component. There can be as
many as seven peaks in the spectrum of the shifted com-
ponent. In intense electromagnetic fields the shifted com-
ponent predominates, but this requires that the magnetic
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fields not be too strong: the Larmor frequency must be
smaller than the Rabi frequency. For a weak incident wave
or in very strong magnetic fields the scattering becomes
Rayleigh.

It should be noted that our analysis is correct only for
optically thin media, i.e., it does not take absorption of the
scattered radiation into account. In optically thick media it
is necessary to consider the entire system of equations (8),
(9), not just their free terms.

The resonance fluorescence spectra for a strong mono-
chromatic wave have been well investigated experi-
mentally.ls'17 Recently, Zhu et al.'® have observed reso-
nance fluorescence with a multipeak structure by irradiat-
ing atoms with intense biharmonic radiation. An experi-
mental study of the spectral features of the Hanle effect for
a strong monochromatic wave is a technically similar prob-
lem, and therefore should be feasible.

The authors express their deep gratitude to A. N. Sta-
rostin for helpful discussions and support in this work.
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