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We present an exact solution of the problem of a particle in a zero-range potential perturbed by a 
circularly polarized high-frequency ultrastrong electromagnetic field. We show that no 
stabilization effect is present in this problem, that is, the probability of particle ionization 
continuously grows with the strength of the field in the electromagnetic wave. In the case of an 
ultrastrong field there is only a slight decrease in the growth of the ionization probability per unit 
time (the ionization rate) in comparison with the case of a weak field. For an ultrastrong field of 
strength Fwe find that the ionization rate w is proportional to F 213. The results and conclusions 
are generalized to the case of ground states of atoms in high-frequency ultrastrong fields. 

In connection with the interaction between ultrastrong 
electromagnetic fields and atoms there has been energetic 
discussion recently of what is known as the stabilization ef- 
fect (see, e.g., the review in Ref. 1 ) . The essence of the effect 
is that at a fixed frequency of the electromagnetic radiation 
the ionization probability first increases with the amplitude 
of the field strength of the electromagnetic wave and then, in 
the range of ultrastrong fields, begins to decrease and tends 
to zero as the field strength tends to infinity. Such a depend- 
ence occurs not at just any frequency of the radiation but at a 
value considerably exceeding the ionization potential of the 
given system. The higher the radiation frequency, the more 
dramatically the stabilization effect manifests itself. 

The reliability of such results is doubtful because usual- 
ly the solution of this problem requires a number of various 
additional ass~mptions.~ The ionization of the ground and 
excited states of the hydrogen atom by a high-frequency field 
of arbitrary intensity outside the scope of the standard per- 
turbation theory has been investigated most thoroughly. 

Two types of stabilization are distinguished. The first 
has to do with the atomic ionization probability per unit time 
(the ionization rate), that is, with an analysis of how the 
imaginary part of the energy of the particular bound state of 
the atom depends on the field strength in the high-frequency 
limit. At the same time, of course, the dependence of the real 
part of the energy of the atomic state on the field strength is 
studied, namely, the dynamic Stark shift in the high-fre- 
quency ultrastrong field with respect to the edge of the con- 
tinuous spectrum. (The average vibrational energy of a free 
electron in the field of the electromagnetic wave is added 
both to the energy of the bound atomic state and to the ener- 
gy of the edge of the continuous spectrum, thus cancelling 
out in the difference of these two energies.) 

The second type of stabilization concerns to the total 
ionization probability over the duration of the laser pulse in 
the regime of strong ionization saturation. Basically, the ion- 
ization rate is the primary characteristic. But from the prac- 
tical viewpoint, for the sake of comparing with experimental 
data it is important to know the ion yield over the entire 
period during which the laser pulse acts. 

As for the hydrogen atom, a stabilization effect for the 

established by various approximate methods and by direct 
numerical solution of the appropriate time-dependent 
Schrodinger e q ~ a t i o n . ~  But it leaves open the possibility that 
stabilization is a consequence of boundary conditions, that 
is, that an atom is placed in a closed volume of finite dimen- 
sions, in which case an electron sink is clearly absent. An- 
other viewpoint meriting attention is that for any atomic 
system with the field strength tending to infinity and a fixed 
radiation frequency we must obtain a limit coinciding with 
that of a constant ultrastrong electric field acting on the sys- 
tem. In the latter case there can be no stabilization. 

An example of the results of such calculations is shown 
in Fig. 1 taken from Ref. 4, which gives the dependence of 
the ionization rate for the hydrogen atom on the intensity of 
radiation of frequency w = 0.65 a.u., a value higher than the 
ionization potential w = 0.50 a.u. We see that at low radi- 
ation intensities the rate grows with intensity, reaches a max- 
imum at I,  = 1.1 x 10"j W cm-2 (the atomic intensity for 
the given radiation frequency), and finally decreases, tend- 
ing to zero. The curve in Fig. 1 was obtained in Ref. 4 by 
expanding in Floquet states, i.e., the Floquet Hamiltonian 
was diagonalized numerically, and the basic approximation 
consists of truncating the diagonalized matrix after a finite 
number of elements. We believe that the stronger the field, 

ground and for the excited and excited states is 
FIG. 1. The ionization rate for the ground state ofthc hydrogen atom YS 

observed in both the ionization rate and the total ionization the intensity of linearly polarized radiation of frequency = 0.65 a.u. 
probability over the duration of the laser pulse. This has been according to calculations done in Ref. 4. 
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the greater the number of Floquet states that must be taken 
into account in calculations. This leads to doubts about the 
reliability of the conclusion arrived at in Ref. 4 regarding the 
occurrence of stabilization. 

In Ref. 5 the same problem was solved by the Kramers- 
Henneberger method. The method, which consists in going 
over to a system of coordinates that oscillates together with 
the free electron placed in the field of the electromagnetic 
wave, is exact. However, actual calculations use the high- 
frequency expansion, and even in this approximation results 
are achieved only numerically. Figure 2 shows the depend- 
ence of the ionization rate for the ground state of the hydro- 
gen atom on the intensity of radiation of frequency w = 5 
a.u., which exceeds the atom's ionization potential. The pat- 
tern is similar to that of Fig. 1, but I, = 200 a.u. = 7.2 X 10j8 
W cm-'. Thus, the higher the radiation frequency, the 
greater the atomic intensity. Again, we cannot exclude the 
possibility that as the intensity grows the number of terms in 
the high-frequency expansion increases, which lowers the 
reliability of the results. 

Note that the diagrams depicted in Figs. 1 and 2 belong 
to the case of linearly polarized radiation. With circularly 
polarized radiation the stabilization effect manifests itself 
even more strongly. 

Reiss6 employed the so-called strong-field approxima- 
tion, which consists in taking the wave function of the final 
state in the form of a Volkov solution. This means that in the 
final state the effect of the atomic potential on the emitted 
electron is ignored. The statement is justified by the postu- 
late that the stronger the electromagnetic field the weaker 
the role of the atomic potential in the final-state wave func- 
tion. Figure 3 shows the dependence of the lifetime of the 
hydrogen-atom ground state, which is the inverse of the ioni- 
zation rate, on the intensity of linearly polarized radiation of 
frequency w = 1 a.u. We see that the stabilization effect is 
present, with I, = 1.8 x 10" W cme2. This agrees with the 
above statement about the frequency dependence of the 
atomic intensity. However, the extent to which the strong- 
field approximation is applicable cannot be considered well 
established. 

FIG. 2. The ionization rate for the ground state of the hydrogen atom vs 
the intensity of linearly polarized radiation of frequency o = 4 a.u. ac- 
cording to calculations done in Ref. 5. 

l l w ,  fs 

FIG. 3. The lifetime of the ground state of the hydrogen atom vs the 
intensity of linearly polarized radiation of frequency w = 1 a.u. according 
to calculations done in Ref. 6.  

Thus, the fact that the ground state of the hydrogen 
atom in a high-frequency ultrastrong electromagnetic field 
is stabilized cannot be considered theoretically proven. In 
contrast to this, there is convincing theoretical reasoning 
concerning the mechanism of stabilization of highly excited 
states, reasoning based on the idea of Raman scattering of 
radiation through states in the continuous spectrum and re- 
turn to the highly excited states. This reasoning was devel- 
oped by Fedorov7 and also in the work of other researchers. 
There are simple analytical estimates for the ionization rate 
and the values of atomic intensity as a function of the fre- 
quency and energy of a highly excited (Rydberg) state of the 
atom. 

The strong-field approximation discussed above has 
been used by Reiss8 to calculate the probability of ionizing a 
particle from a zero-range potential by a low-frequency cir- 
cularly polarized field (the radiation wavelength was 10.6 
pm) .  No stabilization was observed. However, a possible 
explanation could be too low a frequency, corresponding to a 
practically quasistationary electric field. Besides, at ultra- 
high values of the field strength F the probability of ioniza- 
tion, per unit time, from a zero-range potential in the strong- 
field approximation is, according to Ref. 9, proportional to 
F 'I3. AS the reader will see, this dependence contradicts the 
one established as a result of the exact solution with the cor- 
rect asymptotic behavior E-F' '~  (Fig. 4), which raises 
doubts about the applicability of the above approximation 
for arbitrary field strengths. 

Finally, as the data from the literature imply, the nature 
of the dependence of the ionization rate is greatly influenced 
by whether the polarization of the radiation is linear or cir- 
cular. 

In this paper we have attempted analytically to solve 
the question of the possibility of stabilization for a particle in 
a zero-range potential perturbed by a circularly polarized 
monochromatic field of an arbitrary strength and frequency. 

As is known, for the case of circular polarization there 
is an exact transcendental equation to determine the com- 
plex-valued energy,I0." that is, to determine, among other 
things, the ionization rate as twice the imaginary part of this 
energy. The equation was obtained in Refs. 10 and 11 in the 
following form: 
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FIG. 4. The ionization rate for a particle in a zero-range potential vs the 
intensity of a circularly polarized wave (the Reiss intensity parameter z is 
laid off on the horizontal axis) with wavelength /Z = 10.6 pm, according 
to calculations done in Ref. 8. 

Here E is the complex-valued energy of the unique quasista- 
tionary level in the zero-range potential perturbed by the 
circularly polarized electromagnetic field, Ei the level's un- 
perturbed energy (for more details see Ref. 12), F the ampli- 
tude of the field strength of the circularly polarized electro- 
magnetic wave, and w the wave frequency. Here and in what 
follows we employ a system of units in which 
e = h = m ,  = l .  

Analyzing Eq. ( 1 ), we see that in contrast to the low- 
frequency limit w & Ei , where the nature of ionization (mul- 
tiphoton or tunneling) is determined by the adiabaticity pa- 
rameter (the Keldysh parameter) 

(see, e.g., Ref. 13), the ionization process in the high-fre- 
quency limit w & E, , to which we restrict our discussion, is 
determined by the Reiss intensity parameter14 

We start by studying the limit in which this parameter is 
small, 2 9  1. For weak fields we evaluate the integral in Eq. 
( 1 ) by the saddle-point method and arrive at the following 
expression for the ionization rate w = - 2 Im E: 

w = ( ~ / ~ ) ( - E ~ ) ~ ' ~ W - ~ / ~ F ~ .  (4)  

Of course, the same result can be achieved in a simpler way if 
we start with Fermi's golden rule, that is, remain within the 
first order of perturbation theory in the field amplitude, and 
use the condition w&Ei for the high-frequency limit. 

When the Reiss intensity parameter is low, z< 1, we 
obtain not only the imaginary part o fE  but also the real part, 
which, as expected, obeys the following relation: 

The high-frequency Stark shift in this case is equal to the 
vibrational energy of a free electron in the field of the circu- 
larly polarized electromagnetic wave. Note that Eq. (5) is 
valid both for small Stark shifts F2/2w2 < (E, I and for large 
Stark shifts F2/2w2 < IEi 1. Although in the latter case the 
dynamic Stark shift proves to be large, it is practically unob- 
servable since not only is the energy of the unique bound 
state shifted upward but so is the edge of the continuous 
spectrum (by the same quantity of the electron vibrational 
energy). The observable quantity is a correction term of the 
order of F2/w4. 

Now let us consider the opposite limit of very large val- 
ues of the Reiss intensity parameter, z )  1. This means, first, 
that we can ignore the term d q  in Eq. ( I ) ,  with the 
result that in the limit of a high-frequency ultrastrong field 
both the real and imaginary parts of energy E are indepen- 
dent of E, . After this simplification Eq. ( 1 ) acquires a self- 
similar form, which means we can isolate the dependence of 
E o n  the field strength Fexplicitly: 

Substituting this into Eq. ( 1 ), we arrive at the following 
transcendental equation for the complex-valued constant A: 

Since o does not appear in Eq. (7), the equation coincides 
with the one obtained in the limit of a constant ultrastrong 
electric field F perturbing a particle that is in a zero-range 
potential. 

Rotating the integration contour in Eq. (7)  in the com- 
plex u plane through an angle of - ?r/6 and introducing a 
real-valued integration variable x via the relation u 
= exp( - i77-/6)x, we find that the phase of the constant A 

can be established explicitly, 

where for the real-valued constant a we obtain the real equa- 
tion 

A numerical solution yields 

a = 0.350. 

Of course, the dependence given by Eq. (6)  is not uni- 
versal but is determined by the type of potential. For in- 
stance, in the case of the ground state of the hydrogren atom 
a similar dependence of the energy E of this state on the 
ultrastrong electric field F was obtained in Ref. 15: 

There is reason to believe that in a varying field F+ a, as well 
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FIG. 5. The ionization rate for a particle in a zero-range potential (in units 
of the radiation frequency o )  and circularly polarized radiation vs the 
Reiss intensity parameter z at different values of the binding energy E, of 
the unperturbed level. The curves were obtained by solving Eq. ( 1 ) nu- 
merically: curve I corresponds to E , / w  = 0.5, curve 2 to E i / o  = 1, and 
curve 3 to E, / w  = 2. 

the energy of the ground state of the hydrogren atom is de- 
termined by ( 11 ) rather than tending to zero (see Figs. 1- 
3 ) ,  that is, no stabilization is present. 

Figure 5 shows how the ionization rate w = - 2 Im E 
depends on the Reiss intensity paramater z = F2/w3  in the 
high-frequency limit w ) E, , calculated as a solution to Eq. 
( 1 ) for three values of E, . The reader can see that this de- 
pendence lacks a peak, that is, the ionization rate in an ul- 
trastrong electromagnetic field continues to grow with field 
the strength, although somewhat less rapdily. 

Thus, we can conclude that no stabilization effect is 
observed in the ionization rate for a particle in a zero-range 
potential perturbed by a circularly polarized high-frequency 
ultrastrong electromagnetic field (to say nothing of the case 
of a low-frequency field). There is every reason to believe 
that this remains true for the ground states of atoms (say, of 
the hydrogen atom). Thus, highly excited (Rydberg) states 
of an atom, which are absent in a zero-range potential, play 
the main role in the stabilization process. 

The authors are deeply grateful to N. B. Delone and M. 
V. Fedorov for valuable suggestions. 
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