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The S-matrix approach and the Green’s-functions technique are used to analyze the interaction of
an electromagnetic field with a metallic particle. A diagram technique is developed for the
description of electrodynamic phenomena in inhomogeneous media. The results of the classical
Mie theory of light scattering and absorption by a sphere are duplicated. Itis shown that the
photon—photon interaction (term quadratic in the field in the Hamiltonian of the metallic
specimen + electromagnetic field system) increases anomalously near the frequencies of the
surface plasmons in the particle. This leads to renormalization of the wave functions of the
photons interacting with the particle, transforming them into excitations of the polariton type
with poles as functions of the frequency. As aresult: a) the cross sections for three-photon
processes on the surfaces of small particles (e.g., second-harmonic generation) are anomalously
large even in weak electromagnetic fields, b) the cross section for inelastic scattering of light by a
small particle is of the same order as the elastic-scattering cross section.

1.INTRODUCTION

The interaction of an electromagnetic field with macro-
scopic particles of a dispersed phase are usually described by
classical electrodynamics. In some situations, however, this
approach cannot be used. These include the calculation of
the cross sections of a number of inelastic electromagnetic
processes, such as Raman scattering of light, where one must
resort to quantum-mechanical relations of the “golden rule”
type. A quantum-mechanical approach is needed essentially
also in the calculation of the photoeffect in small particles.

There are also less known cases when the use of the
classical approach can lead to errors. Thus, in the simplest
multiphoton processes on the surfaces of small metallic par-
ticles, the photon—photon interaction, which can certainly
be neglected in a uniform medium, becomes extremely sub-
stantial at frequencies close to those of the surface plasmons
of a particle. This leads to a strong renormalization of the
wave functions of the photons participating in the process:
the plane electromagnetic wave indicative of the photon is
transformed in the particle into an entirely different function
having a pole dependence on the frequency. This gives rise to
additional poles in the cross sections of many multiphoton
processes. Similar phenomena are observed in certain two-
photon processes—for example in inelastic scattering of
light by a metallic particle.

There exists in addition one more curious phenomenon,
not accounted for at all in classical electrodynamics, and
similarly connected with multiphoton processes. Even the
simplest three-photon processes on the surface of a particle
can be realized via different channels that are experimentally
undistinguishable. Allowance for the interference of proba-
bility amplitudes corresponding to all channels of the pro-
cess is absolutely indispensable. None is made in the classical
approach.

We investigate in the present paper the interactions of
an electromagnetic field with particles of a disperse phase by
using the method of quantum Green’s functions, which
makes it possible to surmount the above difficulties. This
method has by now given such good account of itself that it
requires no promotion. We therefore skip the appropriate
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words and the tremendous bibliography devoted to its use
for research into a great variety of physical phenomena. At
the same time, we wish to point out that when the Green’s
function method is used to describe electrodynamic phe-
nomena preference is given to the use of photon propaga-
tions via Maxwell’s equations rather than an initial Hamilto-
nian followed by traditional construction of a diagram
technique.' It seems to us that this is no accident but is con-
nected with the fact that only the transverse part of the elec-
tromagnetic field is quantized, while the Coulomb forces,
which are wholly responsible for the existence of a con-
densed medium, are introduced via an interaction potential.
This circumstance does not raise serious difficulties in the
study of processes in a homogenous medium, where the lon-

gitudinal and transverse effects are completely separated
and the choice of a gauge for the photon propagator is not
decisive. In homogeneous media, however, the dielectric-
constant gradients make it possible to transform a transverse
field into a longitudinal and vice versa, leading to the so-
called retardation effects characterized by a parameter wR /c
(o is the field frequency, R is the characteristic dimension of
the inhomogeneity, and ¢ the speed of light). This raises
ultimately a number of difficulties in the development of a
diagram technique. In the present paper we overcome these
difficulties and show how to use a consistent quantum-me-
chanical S-matrix approach to describe the electrodynamics
of a metallic particle of a disperse phase.

In the next section, starting from the known connection
between the S-matrix and the Hamiltonian of the interaction
of an electromagnetic field with a particle, we construct a
diagram representation for the amplitude of elastic scatter-
ing of light by a particle. With this as an example, we shall
show how to find the photon propagator, the polarization
operator of the particle, and an expression relating the scat-
tering amplitude with the photon propagator. Furthermore,
using the technique of expansion in vector spherical har-
monics, we solve an integral equation for the photon propa-
gator and calculate the differential cross section of elastic
scattering of an optical photon by a particle, reproducing
thereby the classical results of the Mie theory.? In Sec. 3,

© 1993 American Institute of Physics 497



using the technique of Lehmann expansions,' we show how
to obtain a classical expression for the cross section of light
absorption by a particle. We finally proceed then to solve
problems in which quantum theory is indispensable: 1) cal-
culate the probabilities of three-photon processes on the sur-
face of a particle—Sec. 4, 2) calculate the cross section of the
inelastic scattering of light by a particle—Sec. 5, 3) analyze
the photoeffect in a small metal particle—Sec. 6.

In our entire discourse we use the jellium model to de-
scribe the behavior of the particle, i.e., we assume that the
particle is metallic, but its electrodynamic properties are due
to a gas of conduction electrons contained in a self-consis-
tent well produced by a positive ion background. All the
calculations of the irreducible polarization operators are
made in higher-order perturbation theory in electron—elec-
tron interaction. The described limitations and the specific
choice of the model simplify substantially and shorten the
discourse, but are not of fundamental importance.

Except in the final results, we use everywhere a system
of units with A =c = 1.

2.ELASTICSCATTERING OF LIGHT BY A PARTICLE

In this section we use the calculation of the differential
cross section for light scattering by a particle as an example
to show how to develop a diagram technique for the investi-
gation of electromagnetic processes in an inhomogeneous
metallic sample.

It is assumed that the electromagnetic properties of the
sample are due to a conduction-electron gas that interacts
via a Coulomb potential and is located in a field u(r) pro-
duced by a uniform positive ion background. The electron
density n(r) of the sample is specified in the form
n(r) = nyn(r), where n, is the average conduction-electron
density, 7(r) = 1 inside the sample and to zero outside.

We represent the total Hamiltonian of the sample +
electromagnetic field system in the form

H=Hy+ H,

where the Hamiltonian

1
Hy = mf;ﬂ(r)dr - fu(r)p(r)dr + gwka; 19,1

describes the non-interacting conduction electrons con-
tained in the field u(r) and the free transverse electromag-
netic field; p(r) + ¥ (r)¥(r) is the electron-density oper-
ator, p(r) =ig™* (r)Vy(r), is the electron-momentum
density operator, where ¥ * (r), and ¢(r) are the electron
creation and annihilation operators; m is the electron mass;
a,', anda, , are the creation and annihilation operators for a
photon with a wave vector k, a polarization A (4 = 1,2), and
a frequency w = ck. The Hamiltonian of the electron inter-
action with one another and with the electromagnetic field is

2
H, = %f&p(r)Q(r, r')op(r')drdr’

2
- £ [pmamur + £ [ po)a2war, (1)

where Q(r) = |r| 7', 8p(r) = p(r) — n(r), eis the electron
charge, and A is the vector-potential operator

A®) =,
k, 4
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2 + —ike jkr
w—'V eky l(ak‘ )‘e ! + ak‘ Ae‘ ),

V is the normalization volume, e,, is the polarization unit
vector and satisfies the relations

ke,ml =0,

e 181 = Our
The connection between the photon elastic scattering

amplitude #, which determines the probability of the pro-
cess

W= anglzé(w‘. - w),
with the S matrix is

(aSaf) = 8, — mid(w; — w)T,

where i and f label the initial and final states, and the angle
brackets denote averaging over the ground state of the Ham-
iltonian H,,. The S matrix is defined in the standard manner'

S = Texp(—ifH’(r)dr}

-0

< 2
= E f dt, f dt,.. f dt, Tt )H (1) H (), (D)
where T is the chronological-ordering operator and
H' (1) = exp(iHyr)H, exp( — iH,7).
To calculate # we expand the S matrix in a perturba-
tion-theory (PT) series in terms of H,. In first-order PT we
have:

2
Tv=ov feiaexp(—lkir)‘_’/)aﬁ(r, r")egexp(ik r')drdr’, 3)

where w = w; = w;, and &Z .4 (r,r') is the potential of the
photon—particle interaction

2
SPaﬂ(r, ry=-— e; 6aﬂ6(r - r’)n(r)

i@‘)m‘—la(r = 1')3,47(r). (4)

We have used in (4) the relation

g(w) =

between the dielectric constant € () of the particle material
and the polarizability a(w) with the classical plasma fre-
quency w, = 4(mnqe’/m)'? of the electron gas.

We set Eq. (4) in correspondence with diagram a) of
Fig. 1, which shows in graphic form the PT series for #". In

1 + dna(w) =1 — wo/w

I | !

er+ +/\i~x|ka
A@ﬂ/\(ﬂi}@an@rm@a

/\OﬂnﬂOﬂMOM/»OﬂNOW

7 -

FIG. 1. Perturbation-theory series for elastic-scatterings amplitude.
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second-order PT there appear two terms. The first of them is
connected with diagram b). The corresponding analytic
expression is:

2 -]
Ty= - %n‘_/ (e) S, PR 0)

m
xexp( —tklrl)exp(ﬂ(f rz)exp(zlwr)ei, o5, ﬂdrl drydr.

Simple estimates show that the contribution of this diagram
contains the small parameter (ro/R)(w,/®) (r, is the
Thomas-Fermi screening radius and R is the characteristic
dimension of the sample) compared with the contribution of
diagram a). We neglect hereafter the contribution made to
the amplitude by diagrams containing a momentum-mo-
mentum correlator. In second-order PT, there appears on
top the diagram b) one more component of £

2 L
2
T2=- (E) W:’;(TPI("]' p!(r 0))

X{TAy(ry, 1) Ag(ry, 0))e; uéy. -geXp(— k1))
X exp(iK; rp)exp(iwt)dr, dr,dr.

Recognizing that p(r) = n(r) + 8p(r), we can represent it
as a sum of two diagrams: ¢) and d). Diagram c) corre-
sponds to a contribution

2
2
7, = %"I—,(fr;) f n(n)n(r)Gy(, r')

X€; 48 ‘ﬂexp(-zkir)exp(tk (')drdr’, (3)

where
(;’;ﬂ(r, r) = i_f(TAa(r, T)Ag(r's 0))e*dr

is the free-photon propagator in a transverse gauge. Con-
nected with the diagram d), which contains an integrated
propagator line, is a small parameter e which we shall omit.
We shall also disregard analogous diagrams of higher orders
of PT, of the type d) containing the small parameter A./A
(A is the wavelength of the incident radiation and A is the
Fermi wavelength of the electron).

A very interesting term appears in third-order PT in the
amplitude # and is represented by diagram e). Its contribu-
tion to £ is:

2 ®
T, = - 3—”—Ve2(%) :f (ToL(r, D)’ (1), 0))
x ez O(r,, 1) [ (To!(r,0 )P, 0))
X &4 dr'exp(— & r)exp(i, '), epdr, dr).

The explicit forms of the irreducible polarization operators
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—i f (Tpi(r, D) (r', 0))e"dr

Pl 1) =
= —:0—5?'2 [n(r’)é(l‘ - r')]y
. (6)
Pt 1) = =i f (Tp'(r, D)pl(r', 0))e* dr

-0

i 9 ,
o, [n(r)o(r — )]

will be derived in Appendix A. These operators make non-
zero contributions to # only in an inhomogeneous medium,
and it is precisely they which describe the transformation of
a longitudinal field into a transverse one and vice versa. Us-
ing (6) we can represent the diagrams f) of # in the form

2 (& 2 & f 92
~ov\m o2 n(r)n(f)mQ(l‘rf)
X eiaeﬁexp(—ﬂ(ir)exp(zkf r')drdr’.

This term can be combined with (5) by introducing into the
problem a new propagator

’ ’ 1 62 !
Dgp(r, r'y = Goaﬂ(r, r)y — = m Q(r, r')

1 ,
= (6aﬂ - :D—Z- VaVﬁ)

>(exp(—iw[r -rph __1 J‘ 4n
Ir—r| @)%Y K2 - ?

k k
X (6,,,3 - izé] expl—ik(r — r')ldk, (7)
w

in which, with some experience, it is easy to recognize a free-
photon propagation in a gauge with a zero scalar potential. It
is just a propagator in this gauge which will play the princi-
pal role hereafter.

In higher orders of PT there appear, beside the elements
already considered, also diagrams describing an added com-
plication of the Coulomb line. In particular, in fourth order
there appears the diagram h), which contains an irreducible
density—density polarization operator

i f (TP (r, D! (r', O))e"dr

- 00

.‘7300(r, r)

') ')
2 or, [n() ar,

3 - r)]. (8)

1
mw

The explicit form of the correlator &, will also be derived
in Appendix A.

The rules for decoding the elements of the diagrams of
Fig. 2 will help us with the now feasible summation of the PT
series. It is easy to guess that to this end it suffices to replace
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’2:: _ ) !'h_ _ N2 1 - ]
~n = ;}-,ehe"“'; ~N = E,‘e‘e‘h; nw =)= |r=r|7%

(=ei W =-5i 3=%‘ ’W‘=Ggﬂ("")=i_'8““("')‘ﬂ("'°»"md”

3 = .(Pap(r, ry=- é B -r); ¢ = z:f (Ty(r, T)py(r’, O))e"dr ;

FIG. 2. Rules for interpreting the diagram elements.

O = Poo(r. ) = if (Tp(e, Dp(r, O)pe=rds = — # V[0V, 8(c — )] ;

O =Py r) = —ifTo . 90, Oe=dr = L9/ [ney(e - o1 ;

D =Po(r. ) = =if (Tp(r, Do (r', O)peedr = Z‘;—Va(n(r)d(r -m.

the internal lines in diagrams (f), (¢), (h), and (i) of Fig. 1,
respectively, by the propagators Go, G,g, Gon, and G,
defined in Fig. 3. It is easy also to obtain from Fig. 3 the
system of four integral equations satisfied by these propaga-
tors (the parentheses denote integration over the internal
coordinates)

2
Goo = Q@ + eXQ PyyGoo) — % (Q PG
Gap = Cop + (CyPGp) = é(Goay@ y0Gop)>

2
= S (QPyGp) + €HQ PyGoa)s

Goa
&
Gao = = 5 (GogPpoGoo) + (ogy P.,G,0)-
The graphic forms of these equations are shown in Fig. 4.
A fundamental simplification of the procedure for sum-
ming the selected classes of diagrams is obtained by intro-
ducing a new propagator Dz, which is connected with G, ,
G0, G.p, and G, by the relation
’ ! i ’
Daﬂ(r, r') = Gaﬂ(r, "-% VaGoﬁ(r, r')
i ! ’ 1 ’ ’
= @ VEGao(T: 1) — 5 VY, V4Gpo(r, ). 9)

We establish first the identities

.Goo= anre + O+ arCIOWE AN + o = RRAP

Gug= "W\ + Mk +M+ MU D+ -+ = Ady,
'

Gog = D+ A + b = o

Gao =+ AR+ MO R+ =

FIG. 3. Determination of four auxiliary propagators.
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P (r, r') — % V, P ') =0,

m (10)
—iwP (r, ') + 2 Vﬂfpﬂa(r, r') =0,
which are obtained by using the continuity equation
P g
a divi=0
and the relations
p() = f Poa(rs 1A (r))dr, + f Poo(T, 1) V(ry)dr|,
, 1
J(®) = m f@ao(r, r)v(r)dr, + @aﬂ(r, rl)Ap(rl)drl,

which connect the charges and currents induced in the sam-
ple with an electromagnetic field characterized by vector
and scalar potentials A and V. Using (9) and (10) it is easy
to show that the sum of the diagrams of interest has the form
shown in Fig. §, or:

T=e, f exp(—ﬂ(,.r)@aﬂ(r, ry) exp(ik, regs drdr,

+ e’l.afexp(—ﬂ(ir)QD 28 rl)Dﬁy(rl, r,)

X P (Fy» T3)e,; exp(iK, ry)drdr drodr,, (11)

g = e+ Onne + g Dene

!
W = A b A D asea,
anme = I Dwww + auu Dame,

H

e = AW aRP  + AWhvaRe |
FIG. 4. System of equations for four auxiliary propagators.
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]
AAS = AN+ ANSAAA

FIG. 5. Connection between the elastic-scattering amplitude and the pro-
pagator in a gauge with zero scalar potential and equation for this propa-
gator.

where Z 4 is defined by expression (4), and D is the solu-
tion of the equation (see also the last line of Fig. 5):

D, = DYg + (DS, P,,D,p). (12)
Equation (12) coincides with the well-known (see, e.g., Ref.
1) equation for the Green’s function of the Maxwell equa-
tions in a gauge with a zero scalar potential. We were able to
derive (11) and (12) without introducing potentials quan-
tized in this gauge. Were it possible to introduce properly
such operators and to express correctly the Hamiltonian in
their terms, our exposition would be noticeably shortened.
We have heard of no one able to do this distinctly. Our at-
tempts in this direction also ended in failure.

Up to now, all the equations written by us depended in
no way on the shape of the sample. Our task will now be to
solve them for a spherical particle of radius . We begin with
Eq. (12). We use the technique of expanding in eigenfunc-
tions a vector wave equation in a spherical coordinates—
functions L, M, and N. These functions are introduced by
the relations®

L} (w, 1) = El)—V[z[(wr) Y, (n)]

= le(n) -&l)— % zfwr) + Vil + 1) ?ul_r zl(wr)Blm(n),

M: (@, 1) = rotlrz{wnY,, (n)] = VIT + D)z{wr)C,,(n)

1
= 1ot NE (0, 1), (13)
N (@, 1) = %rot M} (w, )
(1+1 1 d
= %2 z{wr)P, (n) + VI + 1) or ar [rzfwn]B,, (n),

where n = r/rand z, (x) are spherical Bessel functions. The
vector spherical harmonics P, B, and C are connected with
the normalized scalar spherical harmonics Y,,, (n) as fol-
lows:

P, (n) = nY, (n),

=—7' =
B, (n) = M) VY, (n) = [nC,, (n)],
Cp(m) = —lZl—i__l)_ rotrY, (n) = —[nB, (n)].
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To start with, we obtain an expansion in the vector spherical
harmonics for the free-photon propagator D 04 contained in
Eq. (12) and having the explicit form (7). We use the well-
known expansion®

exp(iw|r — r’ A 1
ﬁr——_ﬁﬁ% = 4’”‘"% 1+
X (M, o(@, )M, 5@, ')

+ N}, (o, N, @, 1)

+ I+ DLy, (@, DL, g0, 1] (<),
(14)
exp(iw|r — r'|)
[r—r'|
= 4mio Y, Y, (N) Y}, (0') lifwr)h(or )8 — r)
Im
+ jlwrafwn)b(r — r')], (15)

where a superior bar denotes that the corresponding func-
tion is one of the complex-conjugate spherical harmonic
Y *.,j, isaspherical Bessel function, 4, is a spherical Hankel
function of the first kind, and 8(x) is the Heaviside unit step
function. To make the mathematics clearer and more lucid,
we omit some of the arguments and indices in the intermedi-
ate calculations and restore them in the final results.
Differentiating (15) we obtain

32 exp(iw|r—r']) _ , .3 P N TReNAl
argorg  Jr=r[ i 3, (L OLH()OC" = 1)

+ LAOLY(r)6(r= 1)
_ 4m'w2z (LADifon) Y (') — L)k er)Y ()] ngd(r = ).
(16)

Substituting (16) in (7) and taking (14) into account, we
see that the terms containing the products L, ZB in (16) are
canceled out in analogy with the terms in (14). The remain-
ing terms in (16) can be simplified by using the relations

hixi) (%) = hx)ifx) = = il x? (17)
and (13):
> (LAD)ifwr) — L (hfwn)] Y @)

= > P ()Y (n') [hfwn)ifwr) — jlwrhfwr)]

= (wl;-)z nd(n — n').

Taking (7), (14), and (16) into account we obtain ultimate-
ly (rg?'):

, . 1 : —
DYg(r, 1) = 4.7uwlz T+ 1) Mimaler DM hag(@r )
{
i ' 4 ' ’
+ Njp @, NG, g@, )] = w—’;nanﬁa(r -r).  (18)
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In a uniform medium with dielectric constant ¢ the frequen-
cy w should be replaced by p = wv/e. The corresponding pho-
ton propagator will be designated D, (r,r’). It satisfies the
equation

Dl(r, 1) = Dgﬁ(r, r') + aw? f Dgy(r, r)Dg(ry, r)dry. (19)

We shall now demonstrate a simple and very effective
method for instantaneously solving an equation such as (12)
for a density distribution 7(r) = 6(a —r). We do every-
thing in symbolic form, without invoking a specific type of
Green’s function, and adhere only to definite rules according
to which a free Green’s function acts on functions in terms of
which the exact solution is expanded.

Assume that the free propagator can be represented as
an expansion (r<r')

D(r, ) = Y Afw)f{, Ngfw, r'),
1

where f; and g, are regular and singular at r = 0 solutions of
the free wave equations. These can be j, (wr)Y,, (n) or
h; (wr)Y,, (n) in the case of a scalar propagator, or M/, N/
and M*, N” in the vector case. We must solve Eq. (12),
which we rewrite in the form

D(r,r') = DO(r, r') + awszo(r, rn(r)D(ry, r')dr,. (20)
Obviously, D must be sought in the form of a signal freely

propagating in the medium and a sum of reflected waves
whose defining functions must be regular at the origin

D(r, ') = D(r, 1) = >, AP)R,ffp» Offp, T).  (21)

We have to find the reflection coefficients R, . Let us formu-
late the rules according to which a free propagator acts on
each term from the right-hand side of Eq. (21)

fDo(r, rn(r)DP(ry, r')dr,

= =5 (0 - D) - 3 AL@AP (@, (P, W les],

(22)
f DO, r)n(r)fAp, r\)dr; = ﬁf,(w, r)
- Afw)gfw, Wign, (23)
where
Wligl = fr?(r)g(w, Df(p, )dr = —fﬂgfdr (24)

and 7 = 1 — 7, and agree to let henceforth the function con-
taining @ precede the function containing p. In the deriva-
tion of (22) and (23) we used the relation 7 = 1 — 7 and Eq.
(19). Integration over all of space yields the first term on the
right-hand sides of (22) and (23), while the second term
results from integrating with respect to r with a factor 7.
Substitution of (21) in (20) yields

R, = W[gl g[]/W[glfI]- (25)
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Equation (25) yields together with (21) the complete solu-
tion of the problem.

In the vector case of interest to us nothing changes as a
whole. The properties (22) and (23) are obviously valid.
Further, the function M contains only the harmonic C,
which is perpendicular to the harmonics B and P contained
in N. The Green’s function can be divided into two indepen-
dent parts, the equation for each being solved separately,
literally as was done above. The Green’s function satisfying
Eq. (20) is therefore (r< 7' <a):

, . 1
Daﬂ(r’ r') = Dﬂaﬁ(r. r') - 4nlp% m

x [Rf"M’l.m’a(p, nMj. 4T
+ RY N}y o, DN, 4(p, T)] = D? + DR, (26)

An integral type (24) is calculated in Appendix B. The re-
flection coefficients are:

ot - PIMEMEDT _ hpa) (py(pa) — wy(wa)]
P owii M1 idpa) oy (pa) — wyy(wa)l ’

o = VOGN h(pa) oy pa) — pyya)]
P wiNt N1+ i) lwy(pa) — pyy(wa)l®

im

z;_y(x)

v, (%) = 'Zﬁ)— -i- L inpez o1,
We have obtained the Green’s function for the case when
both arguments r and r’ lie inside the sphere. It is easy to
extend the results to other cases, for example 7, ¥'>a. We,
however, have no need for this.

To calculate the elastic-scattering cross section it re-
mains to calculate the sum of the two integrals in (11)

(e,ef)fe(a — rjexp[—ir(k; — kf)]dr

+ aw? f 6(a — r)f(a — r')e;,egD 4(r, ')

xexp(—ik;r + ﬂ(f.r’)drdr’. (27)

We begin with a transformation of the second in}egral, in
which we substitute D’ and replace 6 by 1 — 8 (where

0=1-0):

f6(a - r)e‘.aengﬂ(r, r')exp(—ikr)dr

exp(—ikr)

ol O
- f o(r - a)eme/ﬂDgﬂ(r, r'’)exp(—ikr)dr. (28)

The first term in the right-hand side of (28) is canceled by
the first term of (27). We have therefore for (27)

awzf [66'D5g — 86" Dogle emexp(—iks + ik r')drdr’. (29)
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Owing to the factor 66', the 8-like term in D? makes no
contribution to (29), and the contributions from the M- and
N- parts of the propagators can be calculated separately.
Since the two calculations are alike, we carry out only one of
them—for the part of D containing the functions M. Substi-
tuting in (29) the part of D that depends on M, we obtain

—f@’emejpbgﬂ(r, r’)exp(—ikg + &k r')drdr’

. 1 1 aqf '
= —4mp2 W+ eiae,ﬂfﬂ M’pexp(ik; )

X dr’f@\? hexp(—ik;)dr
= 4n ~y, i b
pE [1(1 + 1)]2 WIEMOI WM ]

X (e,C(ny))(e; C*(np), (30)

where n; and n, are unit vectors in the directions of k; and
k,, respectively. In the derivation of (30) we used relations

(B3) and (B7) of Appendix B. The D® contribution is cal-
culated similarly:

2
fee'e emeﬂexp( —iKr + ik r')drdr’ = —4mipy, [l(l " 1)]

2 i g WIMM A .(i

Combining (30) and (31) we have

dni(4n \ig WIMIMA) .
W (pz _ wz) 2 W[(M"I\Tl j)] (e,.C(n‘.))(efC (“,'))- (32)

In the derivation of this equation we used the relation

WIMM % wiMM /)] — w(M"M b w(MM /)

pw p2_w2

=L[1(1+1)]2

which is a consequence of (B1) and (17). The contribution
of the N-part of the photon propagator has a similar struc-
ture

ani(_4n \'g WIQVRY)] .
P3) (pz _ wz) Z WINAN )] (e;B(n))(e/B (“f))- (33)
Substitution of (32) and (33) in (11) yields
i(@a) [py(pa) - wvfwa)
TI= Zm 2 h{wa) [pzp/(pa) - wy,(wa)
X (&,Cppy(n)))(es Cin(®p)
wy(pa) — py (wa)
ww,j(Pa) @) CBimMD)E B ). (34)

We are now able to calculate the differential scattering
cross section. The transition probability per unit time is

dW = 2z|T|%dp,
where
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szdnf
(21)

is the number of final states of the photon per unit energy.
The scattering cross section is obtained from d W by dividing
it by the flux density 2777~ '. The differential cross section
takes ultimately the form

do wV |

dn, ~ (n)} 19

This result is fully equivalent to the classical Mie theory of
scattering of an electromagnetic wave by a sphere.

3.LIGHT ABSORPTION

We show now how to calculate in our approach the
cross section for light absorption by a particle.

The probability of absorbing a light photon of frequen-
cy w; = w is determined by the golden rule

W =21 |Tel% - ),

where the connection of the amplitude ¢ with the S matrix
is
Wid(w — @)y

<0|ak‘SIs)= (35)

the summation is over all the excited states of the electron
gas of the particle, and w, denotes the corresponding excita-
tion energy. The contribution to W in first-order perturba-
tion theory comes from the second term of the Hamiltonian
H;:

47262

(4
Wi = iy %katesd | Pallesl @ — 0, (36)

where

(Pa(K))os = —i0] [ ¥+ OOV e dr|s),

Before summing the perturbation-theory series in (35) we
change over in (36) from electron-momentum density oper-
ator matrix element p to the electron-density operator ma-
trix element p(r) = ¢ * (r)¢(r). To this end we consider
the commutator matrix element of the Hamiltonian H with
the plane wave exp(ikr), where k is the wave vector of the
incident photon. Obviously,

o1 [ 1, e1drls) = —w 01 [ pr)ear]s).
On the other hand, direct calculations yield
. k2 .
o1 [ 11, 1ars) = 5= (01 [ p(ryars)

+ -’%(Olfe"k’(kp)drls).

Equating the last two expressions and applying the operator
ex.a Via to both sides of the resultant identity, we have:

(a) + 2"2 ) e Vi a(Olfp(r)e‘k'drls)

= o 01 Meparls
+=(0| f (&) " (kp)dr|s). (37
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The second term in the right-hand side of (37) is made zero
by symmetry. This can be easily verified by considering the
identity

f <p0(r)(e,g')e‘k‘kﬂvﬁ<p;_(r)dr = —kge,, f (Vapo(n)r, @ (r)dr
- k%, , f po(r)r e~ ¥p, (rdr, (38)

where ¢, and @, are single-electron wave functions of the
ground and excited states. Both integrals in the right-hand
side of (38) are vector functions whose directions are speci-
fied by the only vector k of the problem. Both terms of (38)
are therefore zero, i.e., (ke, ) =0

To sum the perturbation-theory series in (35) we intro-
duced the density—density polarization operator of the sys-
tem
=i f (0] Tp(r, 1)p*(r', 0)|0)e*dr, (39)

- 00

Mo (r, r' |@)

where p(r,7) = e p(r)e ~"#" and T is the chronological-

ordering operator. It is easy to obtain for the Fourier trans-
form of Iy, (r,r'|w)

Mok, w) = frloo(r, r'|w)exp[—ik(r — r')]drdr’

a spectral representation of the Lehman type

Im Moo (k, @) = 7Y, ()o@ — @), (40)
s

where (p; )os = (0| fp(r)e = *dr|s). To this end, we consid-

er the correlator
Mok, £, 1) = K0| Tp(k, 1)p* (k, ')|0),
ok, 1) = [ v, ow(r, neKar,
v, 1) = Aty (e i,

We expand I1, in the eigenstates of the electron gas of the
particles

iy, (Olp(k, ls)slp* (k, £)]0),
S
iy (0lp* (k, ) |sKslp(k, 0),

1>t

Mgk, 1, ') = f<p-

A transformation to Schrodinger operators yields
i exp(= 0 2)(PosP o
S
i, exp(i )P} )osP )
s

7>0

Mok ) = c<or

wherer=t—t', 0w, =E, — Eyand H |s) = E|s). For the
Fourier transform of Iy, (k,7) with respect to 7 one readily
obtains

Hyo(k, @) = i3 fexp[—i(ws = o = B)t](pg)osP )s0d"
s 0

0
+iy fexp li(w, + @ — )1 (P} )os(P 1) 504"

§ —o0
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2 s )s0 + PosPr)so)

=25
s s

+ @Yoo = P osPrsol - (41)

Expression (40) is obtained by taking the imaginary parts of
both halves of (41), using the identity

1 T
— 3 = Wsé(w - ).

2 _
o -

Im

Now, using expressions (40) and (37), we can write for the
probability of absorption of a photon with allowance for all
orders of perturbation theory:

2
2 k?
W = oV (w + '27) ek'aekﬁvk'avk_ﬂlm Mok, w). (42)

At frequencies w €2mc? it is natural to neglect, as we shall,
the second term in the parentheses in the right-hand side of
(42).

Changing from the Heisenberg operators in (39) to op-

erators in the interaction representation, we readily obtain
for Iy, (r,r'|w) the expression

«©
if(Tp’(r, )p*!(r', 0)S) exp(iwt)dr,
where p’ (r,7) = exp(iHy)p(r)exp( — iH,7) and the
primed angle brackets indicates that only connected dia-
grams need be taken into account in the perturbation-theory
expansion of the S matrix. The perturbation-theory series for
I, is shown in Fig. 6. Within the framework of the approxi-
mations used in Sec. 2, summation of the series yields

fSDod(r, rl)Daﬂ(rl, ry)

Iy (r, ' |w) =

2
’ / e
Moo(r, 1) = Pyg(r, 1) + )

X Ppy(ry, 1')dr dr,. (43)
Using the explicit form of the irreducible polarization opera-
tors Z,, and Z ., obtained in Appendix A, as well as the
procedures of the preceding section, the operator I, (k,»)

can be readily rewritten in the form

4 a3 1
Hoo(k,w) — -3-_8—+4—

N‘ON

"_1
w? K®
X f [Ee'ugﬂ(r, r') — 66'DRy(r, 1),

Xexp(—ikr + ir')drdr’. (44)

Tl = O + O + CowdD
O+ DD

FIG. 6. Perturbation theory series for density—density propagation opera-
tor.
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The integrals in (44) are again calculated by expanding the
propagators in terms of the vector spherical harmonics (13).
The M-parts of the propagators make no contribution to
1o (k,w). The contribution from the B-parts of the N-func-
tions is likewise zero. The final result is quite compact:

2
Iy =3 wfek'aekﬁvk‘avkﬁ

I + 1)(2 + 1) f(ka)
PY@a) — wy(pa)

3 — Do’
(pay’ »

xIm (e—l)k?—

(45)

Equation (45) coincides with the results of the classical-
electrodynamics calculation of the cross section for light ab-
sorption by a sphere. In the dipole approximation, (45)
leads to the known Rayleigh equation:

e —1

zwa
e+ 2

o, = 4ra Im

4.SIMPLEST THREE-PHOTON PROCESSES ON THE
SURFACE OF APARTICLE

In this section we use our formalism to calculate elec-
trodynamic processes which cannot be correctly described
in the framework of classical electrodynamics. We shall deal
with the simplest three-photon processes on surfaces of
small metallic particles. Why is classical electrodynamics
inadequate here? First, even processes such as mixing of two
photons (including second-harmonic generation) can be ef-
fected by various methods which are in principle indistin-
guishable in experiment. We must use then the rules estab-
lished by quantum mechanics—sum the probability
amplitudes corresponding to each channel of the process,
and calculate its probability as the squared modulus as the
summary amplitude. The so-called cross terms that appear
in this approach describe the interference of partial ampli-
tudes and are lost in the classical calculation method. Sec-
ond, no account is taken in classical electrodynamics of the
mutual interaction, via the polarization of the medium, of
the photons taking part in the process. Effects of this kind
can be completely neglected in a homogeneous medium be-
cause the photon—photon interaction constant e* is small.
These effects are no longer small on the surfaces of small
metallic particles near the frequencies of the collective elec-
tronic excitations. The photon is said to go off the mass
shell—the wave functions of the photons participating in the
process cease to be plane electromagnetic waves, and have a
pole dependence on the frequency. Therefore the cross sec-
tions of many electrodynamic processes near these poles are
larger by many orders.

We consider the transformation of two photons into one
on the surface of a metallic particle, of two photons into one
and the inverse process. It is known that the Furry* theorem
denies such processes in a uniform medium. This hindrance
is lifted here, owing to momentum nonconservation due to
the absence of translational symmetry in the system.

The amplitude #; , , _; which determines the proba-
bility of transformation of the two photons (subscripts 1 and
2) into a third (subscript 3) in accordance the rule

W= m|T,,,.5%, + 0, — 0y,
is related to the S-matrix by
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+ _ .
(g 2,912,501} = Zd(@, + 0 = 0T, 45, 5

where ®,, ®,, and w; are respectively the energies of the
photons incident on the particles and of the scattered one. To
calculate # | _,_; we expand the § matrix in a perturba-
tion-theory series. The first nonzero contribution to # ap-
pears in second-order perturbation theory

_ e 2 2 2t
2m? @V Vo,V VoV

x{(e,e,)e; ﬂf?oﬂ(r, 1 |wg)exp(—ik r — k,r+ ksr)drdr,

Ti12+3 =

+ (ene3)e, .ﬂf@ﬂo(r’ 1) |w))exp(—iK,r) + ikyr; — K, r)drdr,

+ (e ey)e, ﬂf@ﬂo(r' r|wyexp(—ik,r, + Kyr, — K, r)drdr,}.

(46)

The diagrams corresponding to (46) area), b) and ¢) of Fig.
7. The diagram d), which appears in the third-order, con-
tains the parameter (7,/a) (wy/®) which is small compared
witha), b), and ¢) and we shall disregard it. The estimates of
Sec. 2 allows us to neglect the processes described by dia-
grams i), j), and k). Finally, the Ward identities, which es-
tablish a correspondence between the form of the photon
mass operator and the form of the vertex part, allow us to
disregard diagrams of type 1), which describe the renormal-
ization of the photon vertex. The last fact is important, since
it permits renormalization of the wave functions of the real
photons involved in the process independently of one an-
other. We shall use the devices of Sec. 2 to sum the perturba-
tion-theory diagrams for the amplitude #. The summation
results are shown in Fig. 8 in two perfectly equivalent man-
ners. The renormalized photon wave function @ is defined in
Fig. 9. Figure 10 shows the form of the mixed polarization
operator I, .

The physical cause of the renormalization of the wave
functions of photons emerging from one and the same vertex
(see Fig. 7) is the local interaction of the photons on the
particle surface. In linear electrodynamics, where photon—
photon interaction is neglected, the outer photon ends are
not renormalized.*

It remains now to write an analytic expression for the

sz‘”z 5 %
@@W+@@®<
m WN@WOC

@i}@g

FIG. 7. Perturbation-theory series for the amplitude of transformation of
two photons into one.
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o, 0, ®, ] o, @,
7- }gw + A(%:%J + «é:»wa
=>O):p + :p(t%:p + t:aoiﬁzo

FIG. 8. Two equivalent expressions for the total amplitude of transforma-
tion of two photons into one.

amplitude of the process. For example, the contribution of
the first diagram of Fig. 8 is

e / 2
91 = - m Wfoku(r)°kz(r)

X g, (r, 1, I“’s)ek], oEXP(k3r)drdr,. (47)

The renormalized photon wave function ® is determined, in
accordance with Fig. 9, by the expression

[2n
Qk'a(r) = Z,T/{e/c,ae—m - é f T ﬁ(rl)n(rl)Gga(rl, rydr,},
(48)

where

k_k
N -3 4n a’y —ik(r—r'
Goy(r, ) = (2m) sz_w2 [607— k2]e e

is the free-photon polarization in a transverse gauge and

—ikr 2

€ —ikr’ ’ ’ ’
fey(ry) = el - ;fek,a‘-’ e ) (r', 1))dr’. (49)

The operator I, is given, according to Fig. 10, by

Iy, (r, 1) = Pogr, 1) + é f @Oﬂ(r, r)

X Dg (ry, r?)@ya(rz, r')dr,dr,.

The integrals in (48) and (49) are easy to calculate by
using the representation (26) for the propagator D as well as
the following expansions for a plane electromagnetic wave
and for a free propagator in a transverse gauge G 0g:

FIG. 9. Construction of renormalized wave function of a photon incident
on a particle.
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le= D = D + O + O

FIG. 10. Definition of mixed polarization density-momentum operator.

—i , 1 .
e = 4y (-,)l_lam.__l_) (€ CrmIM], (K, )

+ ie B, (NYN), (1)},
. 1
Ggﬁ(r, r'y =6(r' - r){47nwz m
X (M}, (@, )M ], 5w, ')

+ Njpy o(@, DNT, 5@, )]

47 T+ ri-t
+ vl £ 20+ (py*2 VTP, o)

+VI+18,, (] VB, 50"
- Vi + lf?lmﬁ(n')] + e(r - r'){4.7tiw2 7(‘1—_:_'-1—)’
X[Mf‘m'a(w,r)}\? {mﬁ(w’ r')

= n o 4o YIOF D (M-!
+ NE (@, 0N, @, + w_’; 1% r

2A+1 ,l+2
X VT By, o(0) = VIF 1P, ()]
XIVT P, g(n') + VI+ 1 B, g1,

where n = r/r. As a result we can obtain for @ the expres-
sion:

N )
%a® = GV o2 2 Hed [\/l(_l+—l)

l &,Com(ny)

H@d) - pypd M Imap: )

i ekBlm(nk) .
T o@a) - wy (pa) Nim,o (P> r)]

.wtz)l\/l+1 r l_l_
al pr

— 2T
w? 20+1

- - &B ()
x VTP, () + VI+ 1B, (n)] .

pyy(wa) — w’/’,-(Pa)
(50)

In the limiting case of low frequencies we have

A. A. Lushnikov and V. V. Maksimenko 506



2 w?+w?
ok(r) = Z,“;?{wz _ 52(1 _ IE) €
, w? 2, )
- IW (kr)e, — 51 ;TT-——_—)‘ ek,
(51)

where & = (wo/y3) (1 — 377) is the frequency of a dipole
surface plasmon in a spherical particle and g = 7°/3, where
¥ = w,a/V3 is the width of the dipole plasma resonance and
is due to transfer of the plasmon energy into the transverse
electromagnetic field (called the radiation width). Next
o= [Fwo(1 — -177/) g= 357/5 andy = JF @oa are the cor-
responding values indicative of the quadrupole surface plas-
mon. It is instructive to compare expression (51) with the
expansion of a plane electromagnetic wave, to verify the
strength of the photon wave-function renormalization used
by us, especially near plasma-resonance frequencies in the
particle.

We shall not write down the unwieldy expressions for
the amplitude for the general case, and confine ourselves to
the results in the long-wave limit. Obviously, ,# has three
poles due to the possibility of excitation of a surface plasmon
by each of the photons participating in the process

a3w%e o /"?‘ [ w% +o?

7 = —
1423 6m oV \[0,V \JozV w}— 21+ ig)
w?+w? @, w3(e,e;)(e,ny) + @ *(e,e;)(esn,)
0l - %l - ig) ?3 wi-wXl-ig)
.\ wl+w? o wl(e,e;)(e,n,) + @ %(e e,)(e;n,)
w-o1-ig)?s w? - o1 - ig)
w% + o w% + @2 w4
W?-0¥1-ig) |wi-w?1-ig)?
« w3(e;n5)(ee5) + @ 2(eges)(en;)
wl -0l + )
02+ 32w, wiem,)(ee,) + » X(ege,)(en,)
_ 3 @y ©3(831)(€1€) 382)(&1M2
wi-w¥(l+ig)? w2 -0l -ig)
~ w2+ w2
wl-wXl-1ig)
y w?+w? ) wi(e;n;)(e,ey) + @ (e e5)(e,n;)

w2 - ol -ig)» w2 - o1+ ig

0l +w? o wZ(egn,)(ee,) + @ *(eze,)(en;)
0 - w1 +ig) ?2 w? - o1 - ig)

Here n = k/|k |. The three poles cannot be realized simulta-
neously. The maximum signal is observed if two plasmons
are excited at once. Analysis of the expression for # shows
that this occurs in the following cases: 1) The incident pho-
tons excite dipole and quadrupole plasmons, while the emit-
ted one excites no plasmon whatever; 2) one of the incident
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photons excites a dipole plasmon and the emitted a quadru-
pole one, or vice versa. In the first case (v, =@, v, ~®), for
example, the power emitted by the particle in the direction of
the unit vector n, as a result of an elementary 1 + 2— 3 act
as determined by the expression

P _7(20e| (@) _(5+3)’
dnk3 2| mc? ¢ W+ w

9 >*0 »*
@ -6 +a% @ -2+ 5

X [(ek;e"z)(e",n"z) + (ek|ek2)(ek3n,‘2)]2,

where /, is the electron classical radius, while Q, and Q, are
the energy densities in light beams with frequencies w, and
w,, respectively.

It is easy to perform similar calculations for the inverse
of the above process—transformation of one photon of fre-
quency o, into two emitted photons with frequencies w, and
w; (0, = w0, + w3). The maximum signal is observed if: 1)
W0, =By, O3=0, 2) 0,y =0, O;=0, 3) 0, =0, O,~0,
4)w,~®, w;~. The calculation shows, for example, that
at v, ~o and w;~o we have

7 woe
1243 = @+ o)V w)V \/ 1% \/wv

aw
2w+ww2—52(1—ijg‘)

w

T a1 = i) ()M * (e ) N )
Integration over the states of one of the emitted photons (of
frequency w;) yields the following expression for the differ-
ential cross section that determines the probability of ob-
serving one of the photons of interest to us, incident in a
direction specified by a unit vector nk, in an energy interval
dE, near w,~o

d%o
dn,‘sz2
1 1 wa)’ 1 w3
=135 a - = = = — =
1 mcz(l")(c) g2 @+ w)( + )?
54
(@2 - 2% + & 9g?

1 2
"72 [(e €, 1) + (ekzek],13)3

13
+ 2(e, e e e e e
( kl kJ')'J)( k2 kS'AS)( kl kZ)],

where A is the photon polarization index.
The cross section of the process near w, ~@ and vy =@
is determined by a similar equation
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(w% - a)z)2 + 54?2

x%lz [(e"ze"z"g)(e".n"z) + (eklekz)(eks' lznkz)lz'
3

Numerical estimates show that for Ag or Au particles
with @ =200 A the cross section of the process 1+ 2—3
near the plasma resonances is 10~* of the cross section of
elastic scattering of light by the particle, while the power of
the signal connected with the transformation 1-2 + 3,
drawn from one particle, is 10 ~® W if pulsed lasers are used.
This permits complete observation of both effects in experi-
ment. A curious feature of the considered processes is the
total absence of scattering in the “forward” and “‘backward”
scattering of the light polarized in the scattering plane.

To conclude this section, we call attention once more to
the existence of two three-photon mechanisms of processes
on the surfaces of small metallic particles. The first was con-
sidered above. The second is connected with diagram d) of
Fig. 7. In the former case the probability of the considered
essentially nonlinear process, as seen above, is determined
completely by the characteristics of the linear electromag-
netic response of the particle. In the second there appears
inevitably in the process a particle polarizability that de-
pends on the external-field intensity, or a quadratic suscepti-
bility. The mechanism realized depends on the value of the
parameter (7,/a) (w,/w). For particles with & ~10°-10* A
in the optical range, the dominant mechanism is the one con-
sidered by us. An alternate approach to the description of
three-photon processes in small metallic particles, based on
a combination of Maxwell’s equations and the hydrodyna-
mics of an electron gas of a particle, was developed in Refs. 5
and 6.

5.GIANTINELASTIC SCATTERING OF LIGHT BY A PARTICLE

The renormalization of the wave functions of photons
in an inhomogeneous metallic sample, a phenomenon con-
sidered in Sec. 4, influences substantially the inelastic scat-
tering of light by a metallic particle. It is known that the
expression for the cross section of this process has a pole if
the energy transferred to the particle coincides with energy
of the surface plasmon in the particle.”® It is said then that a
surface plasmon can be excited in the particle in the dumped-
energy channel. Recognizing that the wave functions of the
two photons participating in the process cease to be plane
waves [see (50) or (51)], we see that plasmon excitation
and the appearance of additional poles in the cross section of
the process can occur also in the channels of both photons.
In the situation of greatest interest two poles are realized
simultaneously; for example, a quadrupole surface plasmon
of frequency cT)z\[-Z; w, is excited in the incident-photon
channel, while in the discarded-energy channel or in the
emitted-photon channel the plasmon is dipole with frequen-
Cy @ ~wo/V3 < @ in these cases the probability of elastic scat-
tering of light by a particle is higher by several orders than
customarily expected.

In the present section we calculate the differential cross
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section for inelastic scattering of light by a small metallic
particle with account taken of the renormalization of the
photon wave functions.

Let w; be the energy of the photon incident on the parti-
cle, , that of the emitted, and w =0, = »; — w, the energy
transferred to the electron gas of the particle. The probabili-
ty of the process is determined by the golden rule

W=21y [Tyl - o),
s

where the summation is over all the excited states f the elec-
trons and o, is the excitation energy. The amplitude # s is
connected with the S matrix by the relation

(Olalea;)s) =8 — Wi S(w; — wy). (52)
All the necessary preparations for the summation of the per-
turbation theory series for # s in (52) were in fact already
made in the preceding sections. Obviously,

4
e
wW=2 -'”? Im HOO(ki’ kfl‘”if)’

where

Mok, kflwif) = f le(r)O;!(r)Hoo(r, r'Iwif)Okl(r’)O;i(r')drdr’,

Iy (r,r'|@) is the density—density polarization operator of
the system, with which we deal in Sec. 3, and ® is the renor-
malized wave function of a photon in a particle and has been
investigated in Sec. 4.

We confine ourselves next to consideration of a small
particle, to shorten the calculations. Owing to the angular-
momentum conservation law, the multipolarity of the wave
functions of the surface plasmons excited either by photons
or in the channel of energy transfer to the particles cannot be
the same. The maximum elastic-scattering probability is re-
alized if: 1) The incident and outgoing photons excite re-
spectively a quadrupole (w; =@) or a dipole (v, =~®) plas-
mon, and no plasmon is excited at all in the ejected-energy
channel (0 = w; — w; ~w — @); 2) either the incident pho-
ton excites a quadrupole plasmon, the emitted photon ex-
cites nothing, and a dipole plasmon is excited in the momen-
tum-transfer channel (w =~ ). The probability of the second
process is easier to calculate, for it suffices here to deal only
with the pole part of the dipole photon propagator in the
particle [cf. the general expression (26) for a propagator]:

2 w? 5
@ - 0d)d® w? -1 - ig) ¥

D gr, 1) =

The explicit form of the function ® is given by (51). After
simple calculations the differential cross section of the in-
elastic scattering in the second case can be written in the
form

2 A = @) @ — @)

d?o _4
d(w/w)dnk/ 9 (27!)2 c P
(@& 4
C @2-wlaly
2
% |[@ - Y +aw? Pr
@-of-0? (@-0%-0%?
< g 2 53
@ -a) - g2 [ee)® + (nee)?l, (53)
]
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where n, and n, are unit vectors in the directions of the

incident and scattered photons, and 1, is the Compton wave-
length. The connection of the frequencies and the widths of
the dipole and quadrupole surface plasmons with the param-
eters of the particle is established by the relations of Sec. 4.
The influence of renormalization of the photon wave
functions on the cross section of the process is quite strong.
Expression (53) contains, besides the well-known pole in
the energy-transfer channel, a pole due to excitation of a
dipole plasmon in the particle, also an additional quadrupole
plasma resonance connected with the incident photon. In
the case when both poles are realized simultaneously, the

inelastic-scattering signalis g ~? times stronger than the sig-
nal connected with the familiar pole in the energy-transfer
channel. Since g = 4 (&a/c)®<1 (g=10~* for particles
witha=~10%A), the inelastic-scattering signal can become of
the same order as the elastic light-scattering signal.

In this connection, we wish to add the following. Tre-
mendous interest had attracted in its time the surface-en-
hanced Raman scattering of light by molecules adsorbed ei-
ther by rough surfaces of a number of noble metals, or on
surfaces of small metallic particles.” The anomalous Raman-
scattering signal was attributed in a number of models'*!! to
amplification of the electromagnetic field near the particle
or to a separate roughness of the surface on account of exci-
tation of a surface plasmon in near the frequency of the di-
pole surface plasmon. In practice this band is wider, ranging
from the infrared to the ultraviolet. The results of the present
section allow us to examine the problem from a different
point of view—to relate the enhancement of the field near
the particle not to excitation of a plasmon in the elastic scat-
tering channel, but with an anomalously high intensity of
inelastic scattering of light by the particle. In this case, as we
have seen (see cases 1 and 2), the enhancement of the field
should be expected in a wide spectral band: a) near the plas-
ma frequency, corresponding to a small spill of the incident
particle energy to the plasma and to excitation of plasmons
by both photons; b) far from the plasma frequencies, corre-
sponding to excitation of plasmons in the channel of the
spilled energy and the incident photon.

6.PHOTOEFFECT

Interest in the photoeffect in ultradispersed systems
was initiated in Ref. 12, where experiment revealed an
anomalous increase (compared with a planar surface) of the
photoelectron yield from metallic aerosol particles. The
characteristic of the photo-yield turned out to be very sensi-
tive to the size of the particles and to the state of their sur-
face, which provides a fair chance of using this effect for
diagnostics of atmospheric aerosol. We shall show in the
present section how this phenomenon can be described in the
framework of our approach.

Consider the absorption of a photon frequency w, ac-
companied by excitation of a hole of energy @, in the particle
and emission of an electron of energy o, = 0, — w,-

The probability of the process is determined by the
golden rule

W= 271[9]26(0)1 — w, — wy),

where the amplitude ¢ is connected with the S-matrix by
the relation
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(akISb::"kzbkz) = —Wid(w, - w, ~ w;)7.

In first-order perturbation theory, using (1) and (2), we
have

e 27[C *
g = - o /;;—‘7 ek| _afexp(—zklr)<pk3(r)Vazpk2(r)dr, (54)

where ¢, and ¢, are the wave functions of the photoelec-
tron and hole. We use relation (37) to eliminate, as before,
the gradients of the wave functions under the integral sign in
(54). Then, however, the second term in the right-hand side
of (37) is no longer zero. The reason is that in this case,
beside the vector k, there are other preferred directions
specified, for example, by the wave vector of the incident
photoelectrons. The direction of the vector integrals in the
right-hand side of (38) is not the same as the direction k, and
the relation

- i i 9«
w)J.’ek,avk,af‘Pz(r)eIkr‘Pl'(r)d" =m f‘l’;,(r)elkrek'a 3,;‘ py(0)dr,

(35)

which we have used in Sec. 3, does not hold in this case. It is
easily seen, however, that the second term in the right-hand
side of (37) contains a small parameter ka compared with
the remaining ones. If we confine ourselves to small metallic
particles, relation (55) can be used with accuracy up to
terms of order ka. We shall deal hereafter just with such
particles.

Using (55), we have in first-order perturbation theory:

ewy e -
== f ZJT‘—,-ekl,af«pka(r)raexp(—zklr)<pk1(r)dr. (56)

The manner of taking the higher perturbation-theory orders
into account is shown in Fig. 11. It is seen from this figure
that the summation prescription is the following: the plane
electromagnetic wave ¢, exp(/kr) in (56) must be replaced
by the function f, (r) defined by Eq. (49) of Sec. 4.

With allowance for all orders of perturbation theory,
the amplitude takes the form

ewl .
=7 ‘Pka(r)’ ;o K, ,a(r)<pk2(r)dr,
where we have in the dipole approximation

_ , 2nc w?
fk,a(r) - W{wZ - (';2(1 _ ZE) ek.a

502 — w%
TS - a2l - i)

(37)

i(kr)ek’ o

2
S B—— VR (58)
5lw? - o X1 - ig)] “

FIG. 11. Perturbation-theory series for photoeffect amplitude.
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Thus, with (57) and (58) taken into account, W is deter-
mined by the square of the matrix element r:

_ e 2 (59)

W = 2d(w, -—wz—w)w V( p ] |(er), 5%
The idea of calculating |r, ; |* dates back to Ref. 13. We

represent the square of the matrix element 7 in the form

6 o
(r2)2,3(g)y 3 = gff; f drdr(rr,) f W, (r, dt,
0

where v, is the density of the hole states in the particle, and
W, (r,t) is the probability of observing a hole at a point with
coordinate r at an instant of time # if the hole positionatt = 0
is characterized by the vector r,. W, (r,t) satisfies the diffu-
sion equation

9
31 Wi (6 0 = DAW, (r, 9 (60)

with the boundary condition

W, (r,t=0) =6 — r) 2@=1
) 4

2
na
where D is the diffusion coefficient of the hole in the metal.
We expand W, (r,t) in a series of Legendre polynomials

W, (r,f) = Y W,(r, )P, (cos D),
0 [

where ¢} is the angle between r and r,,, and integrate the equa-
tion over ¢

W, (r,t = o) —6(r — ro)é(a—_zrl
[ 4ra

= Dz [rz drrz d L(%Q]ull’l(cosﬂ), (61)

where u; = {& W, (r,t)dt. Introducing the function

Y, = fdro(rro)u, (r)P, (cos D),

and integrating (61) over r, with a weight (r,r) /7 we readily
obtain for ¢, the equation

Eww—w+nw——ﬂﬁﬁﬂ. (62)
The solution of (62) for 7 < a takes the form

Y = A[r['”. (63)
For 7> a we have

¥y () = B;rl, (64)

The boundary conditions for (62) are obtained by integrat-
ing (62) over a vanishingly narrow spherical layer near the
particle surface, and take the form

vi(r=a) =y} (r = a),
211 (W0 =a) - Wfr=a)] = -o5 (65
Using (63)-(65), we rewrite (62) in the form
}; da1+ DA = 25
We stipulate that
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3aA1 = 1/4nD,

whereas

1_22(21 + l)dl4, = 0. (66)

This makes it possible to confine ourselves in the expression

|r2'3|2 = E f‘Pl (r)dr

!
to the dipole terms, since the sum of the terms discarded in
this case is small in accordance with condition (66). Ulti-
mately,
-
Irp5l% = 45nv,D’
Multiplying W by the density of states of the emitted elec-
tron and hole and integrating over their energies, we have for
the differential flux density of the photoelectrons in the di-
rection of the unit vector n,

d%j &2 4 w?
__3 2 Q 1
dngd(Ey/hwy) ~ 457 1 D "I (G _ 502 1 g 452

where Q, is the energy density of the incident light and E; is
the photoelectron energy. The cross section of the process is
resonant if the frequency of the incident photon is close to
the frequency @ of the dipole surface plasmon in the particle.

An anomalously high photoyield of electrons from
small metal particles is observed experimentally also at inci-
dent-light frequencies lower than the frequency of the dipole
surface plasmon.'* The photoelectron spectrum has a maxi-
mum at frequencies ~0.08w, even on a flat metallic sur-
face.'> The cause of these anomalies is the abrupt change
over distances /=~A ) of the electron density and of the elec-
tromagnetic field near a particle boundary or a half-plane
edge.'*'® The wave vector k of the incident photon inside
the metal increases resonantly, owing to the renormalization
near the electromagnetic eigenmodes of the transition layer,
and can become comparable with / ~!. In this case the elec-
tromagnetic response of the electron gas of the sample is
described by two nonlocal dielectric constants—Ilongitudi-
nal ¢, (k,w) and transverse ¢, (k,w) (&, — &, ~kAp =~Az/])
(Ref. 17). The anomalies of the electron photoyield are at-
tributed to excitation, in the sample, of additional longitudi-
nal modes characterized by the condition ¢, (k,w) = O (Ref.
16). In our approach, the effects of nonlocality of the elec-
tromagnetic response of the sample are not manifested, since
they involve allowance for the next terms of the expansion in
the parameter (7,/a) (w,/@) when the irreducible polariza-
tion operators Z oy, Z 4., Z 4 arecalculated, and also with
allowance for diagrams containing momentum-momentum
correlators [e.g., diagram b) of Fig. 1].

7.CONCLUSION

Certain rules established by classical electrodynamics
are violated when it comes to describing multiphoton pro-
cesses near surfaces of metallic particles. The photon—-pho-
ton interaction, which is of low importance in a homoge-
neous medium, is enhanced by several orders of magnitude
near particle-gas collectnve excitation frequencies. For par-
ticles with radius 200 A, the gain is 108. As a result, the

A. A. Lushnikov and V. V. Maksimenko 510



|
I'=M=M+°94J\/\.

FIG. 12. Equivalent representation of the amplitude of elastic scattering
of light by a particle as a transformation of a photon into a plasmon-
polariton.

photon goes off the mass shell near the particle surface in the
region of the plasma resonances, or else its wave function is
renormalized and ceases to be plane. Effects of this kind were
not considered in the classical theory, yet we have seen that
they are quite substantial. In addition to multiphoton pro-
cesses, they are manifested also in inelastic scattering of light
by metallic particles and enhance considerably the role of
the inelastic channel in the dissipation of the incident-radi-
ation energy. Incidentally, the photon wavefunction renor-
malization (connected with the H; term quadraticin A) we
have considered is not the only one encountered in the con-
sidered problems. Even elastic scattering of light (Sec. 2)
can be described by another (perfectly different) method as
a transformation of a photon into a plasmon-polariton—a
photon renormalized by a particle. The amplitude of this
process is shown in Fig. 12. The double wavy line shown
there is the function f* known from Sec. 4 or a plasmon—
polariton wave function. The description to use is a matter of
taste. Another feature of multiphoton processes, which does
not fit the classical description, is interference of the proba-
bility amplitudes corresponding to different methods of real-
izing these processes. Examples of this kind increase in num-
ber when the electrodynamics of multiparticle systems is
considered. All this had prompted us to develop, as an alter-
native to classical electrodynamics, the quantum approach,
whose main features were demonstrated above, to a descrip-
tion of electromagnetic processes in an inhomogeneous me-
dium.

In our approach it is possible to set the limits of validity
of classical-electrodynamics equations, such as the Mie
equations for elastic scattering and absorption of light by a
sphere. We have used for irreducible polarization operators
a representation based on expansion in the parameter
er/N 0= (ro/a)(w,/®) (F is the Fermi energy, N the
total number of conduction electrons in a particle, 7, the
Thomas-Fermi screening radius, and o, the classical plasma
frequency). If this parameter becomes comparable with uni-
ty, the classical equations will no longer hold. It is easy to
obtain an estimate of the limiting frequency w. For particles
witha~10> A wehave N'* =10%and e, N~ > =107 % ¢V,
corresponding to frequencies @ ~ 10'* Hz or to wavelengths
A~=~10"* m. Violations of the Mie theory should therefore
expected in the far infrared and in the microwave band.

APPENDIX A
We give here the explicit forms of the irreducible polar-

ization operators, shown in Fig. 2, of an electron gas of parti-
cles

Poo(r P'|) = i f (To'(r, p*(r', 0))edr,
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P o6 @) =i f (Tpi(r, Dp*! (1", 0))e“"dr,

P, 1 |0) = if(Tp’ (r, 0Pl (r', 0))e“dr,

where p' (r,7) and p, (r,7) are operators of the electron den-
sity and the electron-momentum density in the interaction
representation, and the averaging is over the ground state of
the electron gas.

In the random-phase approximation, the operator Z
takes the form

’ . * nl _ nl’ *7 0 !
Poo(r. I'|w) = -l%; PiOVapi () 5 P ),

(A1)

where @, , 77, , and g, are the single-electron wave functions,
occupation numbers, and energies, respectively. In all the
calculations we need not the polarization operators them-
selves, but integrals which are the products of & with cer-
tain functions ¥(r) of the coordinates. Such integrals are
defined by matrix elements ¥ (r) over the single-electron
wave functions. Simple quasiclassical reasoning shows the
matrix elements ¥, ;. are proportional to the Fourier compo-
nent Vr(z)]

Vi « fdt expli(e; — g1 V(r (%)),

where r(t) is determined by the classical equation of motion
of the electrons. For sufficiently small particles (a S/, [, is
the mean free path of the electron in the metal) the charac-
teristic time of variation of r(¢z) is estimated at t=~a/vy,
where v is the Fermi velocity, V. has a resonance at char-
acteristic energies £, — £ ~vp/a=~(ex/N'"?), where ¢ is
the Fermi energy and M is the total number of conduction
electrons in the particle. At frequencies w>&,/N'"? the en-
ergy denominator in (A1) can be expanded in powers of
(e, — €,.)/w. Retaining the first terms of this expansion,
Z .o can be represented in the form

P o ' |w)

= = & 2PV ) — m ey (P ()3 — Ty,

LA
(A2)

Integration by parts and the completeness condition of the
single-electron functions

;m(f)ﬁ(r') =d(r -r)
make it possible to express (A2) in the form
wi; V(- i)

+ %;:,:A(r')yp;(r’)an;d(r -r)

+L ; PV o3 () d(r — ).

Using the relation
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; n,(p3(r) = n(r),

we have finally:
P T'|@) = =V, [n(r')3(r = r')].
The operator &, is obtained similarly
Pog(rs T'|@) = =V, [n(0)(r — r')].
It is easiest to obtain the operator Z y, by using Eq. (10):
PR | ,
Pyl r'|w) = mva [n(r)V, S(r — r')].

APPENDIXB

We calculate here some integrals extensively used in the

main text. _
The integral W[MM] is calculated as follows:

WwIM*MY)] f drf(a — rMi, (@, )M} (p, 1)

[+ l)le (wr)y, (pryridr
0

2]
= 2 oy ey, o) -
_ [l + 1)a*z; (wa)y, (pa)

P2 — o2

wz)_,(wa)y, (pa)]

P¥,(pa) - oy (@a)l, (BI)

where y and z are arbitrary spherical Bessel functions and
() g

z (x) x’

Y.(x) = ln [xz; ()] =

The last equality is a consequence of the recurrence relations
for spherical Bessel functions. The integrals in (B.1) have
been tabulated.'® The calculation of W[ (N*N7Y)] is some-
what more complicated:

WINTN] = [afla - ING, @, DR, 1)
’p:) a+1 f Il + 1)z, (@n)y, (pr)dr

+ f % [rz; (wr)] % [ry, (pr))dr).
a

Integrating by parts the second term on the right and using
theidentity r(d 2/dr?) (ry,) = (d /dr) [P (d /dr)y,], wecan
transform the expression in the braces into

Jarua + ey - 5 2P L ) + 2 ()|, (B
a

Using the equation for y,

d
I+ 1)}’1 ’2 arlIl=P "2}’1,

we rewrite (B2) in the form
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d
2o ryl|r=a + pzfrzzlyl dr.
a

The integral is taken here in the same manner as in (B1).
Calculating it and using the identity

2 3 (or) = pryp_y(or) = by o0,

we obtain ultimately

WI(N*NY)] = ﬂp:)_l)

2
X ?q-_&‘:ﬁ [wzl (wa)yl_l(pa)

= pz;_ (wa)y, (pa)] + alz; (wa)y, (pa)

2
= LD, (way, (pa) v (pa) -

P2 — w? py,(wa)].

We now calculate two integrals used in the determination of
the cross section of elastic scattering of light [see Eq. (30)].
To this end we need the following integral representations®

i1, (r, k) = f &Xp,, (n)dn,
47i

.____.M = iKr,

VIig+ 1) im0 f & Cim(mye,

4ril!

il + 1)

We calculate the first integral

J M5, 06(a - ryde = vITFT) [ P
0

N (r, k) = fe““B,m(n)dn.

X (pr) f dnC, (n)e’x
= 4nVITF ) [ Pdrj, (or) (kr)C ()
0

Ari i
= - = WIM,M,)1C ).

T+ 1) (B3)

The calculation of the second integral is more complicated

f &*'NJ, (p, r)8(a — rydr = f 2drli(l + 1)
X J’—p(’;'l f P, (n)e*dn

+VITF Ty - 2 (7 (o) | B, (m)edn)

(P)

= 4mil~! f rdrl(l + 1) Lyn(r, k)

(rjl ()N, (r, k). (B4)

pr dr
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Expressing L and M in terms of P and B, we obtain the
coefficient of P:

a
-1
D) [artr 42 iy () + iy iy ()
0

-1
= 8L D ) o (kaa. (BS)
The coefficient of B is
il 1,/77———1 &)
frzd ua + 1)’-————‘( 'i’z’ r)
1d . d . . _ _A4ni!
+ -,3 dr [’71 (k)] dr [']I ()} = - m W[(Nllem)]
(B6)

Combining expressions (B4)—(B6) we obtain ultimately

41 + 1)a
f &XNY(p, IB(a ~ rydr = ok

x Jj (ka)j; (pa)P (1))

4mitl

V) W[(N )1 B ()

(B7)
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