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The plasmon mechanism of Cooper pairing of almost-free "light" carriers in a wide 2 0  band is 
considered in the framework of standard superconductivity theory in the intermediate-coupling 
approximation. The model used is that of a layered metal with quasi-two-dimensional electron 
spectrum and a narrow band near the Fermi level, with exchange of virtual quanta of low- 
frequency collective excitations of the charge density of almost localized "heavy" carriers in a 
narrow 2d-band (acoustic plasmons), which are hybridized with dipole-active oxygen 
vibrational mode (optical phonons) in the entire volume of the Brillouin band. It is shown that 
when account is taken of the multilayer structure of cuprate metal-oxide compounds and of 
multiparticle Coulomb correlations (of the type of "local-field" effects), such a mechanism can 
ensure quite high values of the critical temperature of the superconducting transition temperature 
Tc and describes correctly all the main properties of high-temperature superconductors, such as 
the nonmonotonic dependence of T, on the density of the doping impurity or on the oxygen 
content, the rise of Tc with increase ofthe number n of the cuprate CuO, layers in the primitive 
cell of the crystal with a tendency to saturation at n> 3, the anomaly of the oxygen isotopic effect, 
and others. 

1. INTRODUCTION 

1. It is known' that high-temperature superconductors 
based on cuprate metal-oxide compounds (MOC) have 
many unusual physical properties, including: a )  anomalous- 
ly high critical superconducting (SC) transition tempera- 
ture~ '-~ Tc =; (30-125) K at optimal composition, b)  an 
anomalously weak isotopic effect (IE) which tends to de- 
crease with increase of Tc (Refs. 7-10), c )  a nonmonotonic 
dependence of Tc on the density of the dopant and on the 
oxygen content, i.e., on the density of the carriers (holes, 
electrons) in the conducting CuO, layers,"-l5 d )  rise of T, 
with increase of the number n of the cuprate layers in the 
primitive cell of the  crystal^,'^-'^ e) correlation between the 
maximum values of Tc and the frequencies of the "oxygen" 
vibrational modes for various classes of cuprate MOC,'9.20 
and others. 

It will be shown below that all the above as well as other 
features of high-temperature superconductivity (HTSC) in 
cuprate MOC can be explained (at least qualitatively) on 
the basis of a simple model, proposed in Refs. 2 1 and 22, of a 
layered metal with overlapping and partially filled wide and 
narrow two-dimensional ( 2 0 )  bands near the Fermi level." 

2. In an anisotropic spectrum of collective electron exci- 
tations of a two-band quasi-two-dimensional metal with 
light (I) and (h)  carriers (electrons, holes) there exists a 
low-frequency ( If) oscillation mode of the h-carrier charge 
density, with a quasi-acoustic dispersion law, called acoustic 
plasmons (AP), the possible existence of which had been 
discussed earlier23-26 as applied to transition metals and 
their compounds, semimetals, and semiconductors. 

In contrast to metals (or semiconductors), however, 
which have relatively wide bands (valleys) and a quadratic 
spectrum of degenerate I- or h-carriers, when the AP mode is 
bounded on the high-momentum side by a region of strong 
Landau quantum d a m ~ i n g , ' ~ . ~ ~  in layered metals with very 
narrow 2 0  bands, for which the spectrum takes the form 

Wh Eh(k,, k,) = - (cos k,a + cos k,,b), 4 ( 1 )  

where Wh is the band width, and a and b are the lattice 
constants in the plane of the layers ( a z b < c ) ,  the AP 
branch lies higher than the upper boundary of the region of 
strong Landau damping by h-carriers in the entire volume of 
the Brillouin zone (BZ) under certain conditions (particu- 
larly when 

where E ,  is the high-frequency (hf) dielectric constant of 
the crystal. 

In other words, in the strong coupling approximation, 
which corresponds to h-carriers almost localized on the sites 
of the crystal lattice and consequently to a periodically inho- 
mogeneous distribution of the electron density, the h-plas- 
mon spectrum at, ( q )  is a periodic function of the quasimo- 
mentum having the period of the reciprocal lattice (similar 
to the phonon spectrum). Therefore the real part of the ef- 
fective permittivity Z.(q,w) of the metal is negative in the 
energy region 

in the entire range qI1 <2k,, of importance for I-carrier 
Cooper pairing (k,, is the Fermi momentum of the degener- 
ate I-carriers). That is to say, attraction appears in the 
screened Coulomb interaction (SCI) and is due to exchange 
of virtual AP: 

where V ,  is a matrix element of unscreened Coulomb repul- 
sion. 

This attraction, due to the "dynamic rescreening" ef- 
fect on account of the retarded electron-plasmon interaction 
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(EPI), contributes to the superconductivity and is charac- 
terized, in view of the Kramers-Kronig relation for the re- 
sponse f u n c t i ~ n ~ ' . ~ ~  t- ' (q,w) by the dimensionless coupling 
constant 

where Y ,  is the density of states (DS) on the Fermi level in a 
wide 2 0  band (of width W , )  Wh ), and the angle brackets 
(...) denote averaging over a weakly rippled cylindrical Fer- 
mi surface (FS). The increase of A,, compared with the con- 
stant A,, of the electron-phonon interaction (EPI) leads on 
the one hand to an increase of Tc and on the other to a sup- 
pression of the IE (see Ref. 21), in qualitative agreement 
with the experimental 

3. It must be emphasized that the feasibility of a "plas- 
mon" mechanism of superconductivity was considered theo- 
retically long before the discovery30 of HTSC for transition 
metals and their alloys and corn pound^,^^.^'.^^ and also for 
degenerate multivalley semiconductors, semimetals, and 
layered semiconductor structures (Refs. 34-36) .3' 

This mechanism is being discussed of late as one of the 
possible causes of HTSC in cuprate MOC (see, e.g., Refs. 
3843) .  It must be borne in mind here, however, that in 
single-band layered metal, notwithstanding the quasiacous- 
tic dispersion law for long-wave plasma oscillations propa- 
gating across the layers (see Refs. 39 and 41), the energies of 
virtual plasmons in the region of large momentum transfers 
(of the order of the Fermi momentum k ,  ) exceed the Fermi 
energy E,, so that their contribution to the attraction near 
the FS, and hence in the Cooper-pairing mechanism, is sup- 
pressed by quasiparticle darn~ing.~'  

As shown in Refs. 34 and 44 (see also Refs. 21 and 42), 
in multiband metals or in multivalley degenerate semicon- 
ductors (semimetals) with I and h carriers the ECI effective- 
ness can increase substantially in the case of strong ion cou- 
pling, when the static permittivity of the crystal is E,,E, .In 
this case, owing to hybridization of the AP with the optical 
longitudinal (LO) and transverse (TO) phonons, the inter- 
electron attraction region broadens in energy all the way to 

w - m, 
where w,, is the LO-phonon frequency and ah is the plasma 
frequency of the h-carriers. In this case, however, the attrac- 
tion-region upper-bound momentum remains the same 

(see Fig. la)  if the spectrum of the degenerate h-carriers 
with Fermi velocity v,, is quadratic. The attraction region 
can broaden substantially if the h-carriers form a Wigner 
crystal and the spectrum of their collective excitations 
( phonons) becomes a periodic function of the quasimomen- 

4. In a layered metal with a narrow 2 0  band in an essen- 
tially nonparabolic h-carrier spectrum the AP spectrum re- 
mains by definition periodic in g,, (with a period 2 r / a ) ,  and 
the hybridization of the AP with the LO and TO phonons 
proceeds over the entire BZ volume (Fig. lb),  so that an 
attraction between the I-carriers in region ( 1) exists over the 
entire momentum-transfer interval O<9<2k, , where k ,  

FIG. 1.  Spectrum of hybrid phonon-plasma oscillations (solid curves) in 
a layered ionic crystal with w,,/o,, = 0.3 (E, /E, = 0.09) with a qua- 
dratic h-carrier spectrum (a) and with a nonparabolic (cosinusoidal spec- 
trum in a narrow 2 0  band (b) for oblique propagation of oscillations with 
a transverse wave number q, = r/2d (for a,= 2 and k , ~  d = 4) .  Oblique 
hatches show the regions of strong quantum Landau damping by h-carri- 
ers in which Im ~ ( q , o )  >O. Vertical hatches show regions of effective 
(retarding) attraction, in which Re B(q,o) <O. 

= is the Fermi momentum of the I-carriers and N, is 
their surface 2 0  density in the layer. We assume hereafter 
that in cuprate MOC the most effectively hybridized with 
the AP are those optical phonon modes corresponding to 
oscillations of the oxygen ions 02- in the CuO, layers. This 
explains, in particular, the experimentally observed the 
shift, and the broadening into the hf region, of the corre- 
sponding peaks of the "phonon" DS determined from tunnel 
 experiment^^^ or from inelastic neutron ~cattering~',~'  in 
transitions from non-superconducting or low-temperature 
superconducting phase of cuprate MOC to HTSC phases. 

The assumption of a predominant role of such a hybrid 
phonon-plasma mode in the mechanism of Cooper pairing of 
I-carriers explains also the linear connection, r e ~ e a l e d ' ~ . ~ ~  
by MOC Raman optical spectra, between the maximum 
values of Tc and the frequencies fi + z 2n-Ty ,  of the corre- 
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sponding vibrational modes, which is typical of the single- 
mode spectrum.49 

The monotonic increase of the h-carrier density in the 
course of doping of cuprate MOC by a non-isovalent impuri- 
ty or by changing the composition and the oxygen content5' 
leads, in the framework of the described model, to a non- 
monotonic change of T,, since the increase of the plasma 
frequency ah and the broadening of the attraction region 
take place simultaneously with an enhancement of the Cou- 
lomb repulsion on account of the decrease of the Bogolyu- 
bov-Tolmachev logarithm5, in the Morel-Anderson pseu- 
d ~ ~ o t e n t i a l . ~ ~  Such a T, dependence with a maximum at a 
certain optimal carrier density agrees q ~ a l i t a t i v e l ~ ' ~ - ' ~  with 
e~~e r i rnen t .~ '  

Finally, by taking into account the specific features of 
the Coulomb interaction and of the "local-field" effects, in 
multilayer structures with a spatially inhomogeneous elec- 
tron-density distribution in a direction perpendicular to the 
plane of the layers (along the cllz axis) we can obtain, within 
the framework of the proposed ECI model, high T, 2 100 K 
and the dependence of T, on the number n of the cuprate 
CuO, layers in the unit cell of the crystal, in good agreement 
with the experimental data for MOC of the type, 
Bi,Sr,Ca, - , CunO,, and T1, Ba,Can - ,  Cu, Ox ( m  = 1,2) 
(Refs. 16-1 8) ,  and also for (Ca, -, Sr, ) , -, CuO, (Ref. 54). 

2. ELECTRON-PLASMON-INTERACTION AND ELECTRON- 
PHONON-INTERACTION MODEL IN LAYERED METAL-OXIDE 
COMPOUNDS 

1. We examine the "plasmon" mechanism of HTSC in 
cuprate MOC by starting with a simple model of the band 
spectrum of a layered metal with two partially filled overlap- 
ping 2D-bands of substantially different width ( W, % Wh ) 
near the Fermi level. Such a model was used2, to describe 
qualitatively correctly the various anomalous properties of 
the metallic phases of cuprate MOC in the normal state, in 
particular: a )  the almost linear temperature dependences of 
the electric re~ is t iv i ty~~ and of the reciprocal Hall constant56 
with allowance for the inelastic scattering of the majority 
degenerate I-carriers in a wide 2 0  band damping acoustic 
plasmons and the finite contribution made to the conductiv- 
ity by nondegenerate h-carriers in a narrow 2 0  band; b )  the 
presence of a dip (minimum) in the frequency dependence 
of the optical conductivity of MOC in the infrared ( IR)  
band57 as an analog of the Holstein effect on phonons due to 
renormalization of the quasiparticle spectrum as a result of 
the electron-plasma interaction; c) the deviation from the 
Korringa law for the relaxation rate of the nuclear spins of 
copper ions5' due to their interaction with collective excita- 
tions of the spin density of h-carriers (paramagnons), and 
others. 

The assumed presence, in the electron spectrum of cu- 
prate MOC, of a narrow band with a high state density is 
indirectly confirmed by the "pinning" of the Fermi level in 
the photoelectron emission and x-ray absorption spec- 
tra.50,5 1.59 in the course of doping. Detailed numerical calcu- 

l a t i o n ~ ~ ~ ~ ~  of the band structure of cuprate MOC, with 
allowance for hybridization of a large number of atomic or- 
bitals and for correlation (exchange) effects, likewise point 
to the possible appearance of sufficiently narrow 2 0  bands 
near the FS. Furthermore, these bands can become consider- 

ably narrowed by correlation effects or by polaron narrow- 
ing, i.e., an increase of the h-carrier mass by their interaction 
with If phonons (see Ref. 65). 

2. The presence of a narrow 2 0  band (of width Wh 
5 0.05 eV) against the background of a much broader W,, 
(of width W, 2 1 eV) produces, as noted above, in the spec- 
trum of the collective excitations of the I- and h-carriers, a 
weakly damped AP mode, which becomes hybridized with 
the optical phonon modes in the entire BZ volume (Fig. lb).  
We assume hereafter that hybridization in cuprate MOC is 
most effective for those phonon modes which correspond to 
vibrations of the oxygen 0,- ions in the CuO, layers where 
the I- and h-carriers are localized. According to and 
n e ~ t r o n ~ ~ . ~ '  experiments the frequencies of such hybrid vi- 
brations shift to the higher-frequency region on going from 
the non-superconducting or low-temperature 
superconducting phases of the cuprate MOC (such as 
YBa,Cu306 and Bi2Sr,Cu06) into high-temperature SC 
phases. 

In this case the retarded interaction between the l-carri- 
ers, due to exchange of virtual quanta of hybrid phonon- 
plasma vibrations, jointly with screened Coulomb repulsion 
in the momentum-transfer region qll 5 2k, and q, 5 n/d 
and under the condition K, a 5 1 can be described in the 
framework of the so-called generalized "jellium" r n ~ d e l ' ~ . ~ ~ :  

where 
- - 

DpAq, W )  = VC(9) [&-'(('I, w) - Re am)]  

is the plasmon Green's function2'~'' a,,, is the maximum 
interaction cutoff energy (more below), and Z(q,w) is the 
effective permittivity of the metal given, with allowance with 
the spatial and temporal dispersion but without allowance 
for interband hybridization, by 

Here E~ is the permittivity component connected with the 
polarization of the ion lattice and with the interband transi- 
tions (see Ref. 67), 6, and fib are the polarization operators 
of the I- and h-carriers with allowance for structural and 
correlation effects (more below), go is the EPI matrix ele- 
ment for the "oxygen" phonon mode with bare frequency 
w,, and V,  is the Coulomb matrix element. In a layered 
crystal with n packets of conducting layers in each unit cell 
(Fig. 2)  with distance do between cells and distance d be- 
tween packets,7' under the conditions qll d )  1 and qll do) 1 
but qll a (r, this matrix element takes the form (see the Ap- 
pendix) 
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FIG. 2. Arrangement of CuO, layers of multilayeacuprate MOC of type 
TlBa,Ca,_,Cu,O, w i thd=9 .6Aanddo=3 .2Aforn=3and5 .The  
curves show schematically the distribution of the electron density, which 
decreases exponentially with increasing distance from the plane of a layer 
with characteristic length Io(d. 

3. If the probability of electron tunneling between 
neighboring layers is low enough, so that the variables of the 
"fast" longitudinal motion of the 1- and h-carriers in the 
layer plane and of the "slow" adiabatic transverse motion 
separate,'' the corresponding PO take the form 

where D(n) is a structure factor that take into account the 
spatially inhomogeneous distribution of the electron density 
along the cllz axis (see the Appendix and Fig. 3).  

In the energy o and momentum q,, transfer region de- 
fined by the conditions 

where u,, is the Fermi velocity of the I-carriers, and is 
their plasma frequency, we have in the random-phase ap- 
proximation ( RPA) 

Here Y,  = mt/27r is the density of states of the degenerate I- 
carriers near the edge of the relatively wide 2 0  band, m: 
= 4/a2 W ,  is their effective mass, and 0, is the plasma fre- 
quency of the h-carriers (see Ref. 22) .  

The real part of the permittivity 2 (5)  can then be ap- 
proximately represented, in the frequency region W,, 5 Iw-1 
<a,, where there is no strong Landau damping by the h- 
carriers, and the Landau damping by the I-carriers is small, 
in the form 

FIG. 3. Dependences of the structure_factorsB( 1 ) andp( 1 ) on I, at d = 12 
A(a)anddependencesoffi(n)andB(n)onnatd= 12Aandd,,=3.2A 
at the limit I, = 0 (b). 

where 

Here a: = E ,  /mte2  is the effective Bohr radius of the I- 
carriers, and E~ Z E ,  at frequencies higher than those of the 
polar optical phonons (but low compared with the frequen- 
cies of the interband transitions). 
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As follows from ( lo), in the regions ofw and ql ,  defined 
hy the inequalities 

we have Re E(q,o) < 0, i.e., a retarded interelectron attrac- 
tion takes place: 

The main contribution to the Cooper pairing of the I-carriers 
is made by the attraction region due to the exchange of vir- 
tual quanta of hybrid phonon-plasma oscillations of fre- 
quency 

r $ ( ~ ' ,  P, Iwn; P' - P I  iwn, - h,)]. 
(17) 

Here a, = (2n + l)?rT, are discrete "frequencies ( 1 1  - 0, 
& 1, Tf: 2,.,.), I', is the normal Coulomb (three-pole) ver- 

t e ~ , ~ '  and 9, is the Oor'kov anomalous temperature func 
tion,'" which takes in the case of a weak ripple of the cylir! 
drical Fermi surface in a layered medium and in the case of 
separable (in the adiabatic approximation) variables of  the 
longitudinal and transverse rnotiot~ of the I-carriero in 2D 
layers, the form 

at o>f,, )a+, [see Eq, ( 1 1 ) I .  
The retarded EPhI with the remaining phonon modes 

having frequencies coj ( q )  and matrix elements gj (q) can be 
described with the aid of the usual Green's f u n ~ t i o n : ~ ' * ~ ~  

3. EQUATION FORT HE OAP PARAMETER ANOTHeEPI 

CONSTANT 

1. The present opinion is1 that a change of the oxygen 
content in a layered cuprate MOC leads to a Huhbard or 
Mott insulator-metal phaae transition that coincides practj- 
cally with the transition that takes into the WTSC phase 
when the hole density in the volume of the unit cell is 
0.05(xP c0.5 per CuO, laycr.14 

We assume henceforth that at the point of transition 
into the metallic phase (x, ~ 0 . 0 5 )  the Fermi level ia in the 
immediate vicinity of the edge of a narrow 2 0  band located 
at a distance It, from the nearest edge of a broad 2 0  band 
(see Refs. 21 and 22)' i.e., the Fermi energy of degenerate I 
carriers is 6, c W,/2 but Eo> Wh ) . In the doping pro- 
cess, for like type of I and h carriers (electrons or holes), as 
the narrow hand is Alled at high deneity of states (vk )bvI ) 
the position of the Ferml level and the density of the I-carri- 
ers remain practically unchanged, whereas the density Nh of 
the h-carriers and their plasma frequency dlh increase. 

It is assumed also that to describe practically free de- 
generate I-carriers one can use the standard Fermi-liquid 
approach (with allowance for the quasi-two-dimensional 
character of the electron spectrum) and for the usual Cooper 
pairing mechanism in the auperconducting state at T S  T,. 
At the same time, almost-localized h-carriers can remain 
nondegenerate all the way to T( T, (see Refs. 21 and 22). 

2, In this two-component model, the integral equation 
for the SC order parameter of I-carriers, linearized for 
T - T, and with allowance for the "locel-f eld" and "anoma- 
lous" vertex-parts effects6' takes the form 

where Y: ( g,) is the Fourier component of the squared 
transverse part 9, (2) of the I-carrier wave function in the 
layer (see the Appendix), J, ( p,, ) is the energy of the longi- 
tudinal motion in the plane of the layer, reckoned from the 
Fermi level renormalized by the interelectrot) interaction .. 

Efl = E F ~  - =Xkfl, 0)) 

and 2, is the self-energy part, defined by the integral equa- 
tion 

Here GI is the normal Green's function of the I-carriers: 

andf, (ia, ) is the part of 2, = Xph -I XC which is odd with 
respect to the sign of a,. 

The Coulomb vertex r, is known to q ~ t i s f y  on the FS of 

a charged Fermi liquid the Ward-Pitaevskir id~rrtitv csre 
Ref. 70) which takes, in the presence of J,F cc?Itective (p ln~  
ma) excitations of the charge density the form (see Ref. 21 ) 

where f,, (a) is that part of the functinnf, ( w )  which i s  due 
to the EPI (see below). 
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Changing in ( 17) from integration over pi to an inte- 
gral over 

from - m to + co accurate to terms of order (T,/E, )' 
and recognizing that the residue at the pole with respect tog ' 
in the anomalous Green's function (18) has a singularity 
(-I/@,) at small om = TT,, we see that near the FS 
(w, = rTc,  pII =pi =:k, ), under the condition that r, de- 
pends little on the energy transfers Iwm - w, I and momen- 
tum transfers q = Ip' - pl, the square of the vertex part r$ 
contained in ( 17) can be approximately replaced by (r:)'. 
We shall henceforth use r$ to replace only one ("excess") 
vertex rc in ( 17), and neglect for simplicity the contribu- 
tion of the remaining vertices Tc in ( 17) and ( 19), since the 
vertex rc tends to unity with increase of the distance from 
the Fermi surface. This lowers somewhat the estimates of the 
EPI constant (see Ref. 36), whereas replacement of all the 
rc vertices in (17) and (19) by r: and the use of relation 
(2 1 ) as the definition of rc (see Ref. 2 1 ) overestimates the 
values of the coupling constant. 

3. Using the spectral representation for the phonon 
Green's function D,, (q,w) and the Kramers-Kronig rela- 
tion for the response function t- '(q,o),  we reduce Eqs. 
( 17) and ( 19), for weak damping in the region"' o -om,, , 
under the condition 

to the standard Eliashberg equations7' for the renormaliza- 
tion gap parameter 

and the renormalization factor 

where 

Here 

is the square of the EPI matrix element averaged over the FS, 
F,, (a) is the phonon density of states for those phonon 
modes which are not hybridized with acoustic plasmons and 
are described by the Green's function ( 16), 

- 
vl(n) = vlS(n)lc(n) 

is the renormalized state density of the I-carriers on a cylin- 
drical FS in a layered metal with n conducting layers per unit 
cell, and B(n) is the corresponding structure factor of the 
normal and anomalous self-energy parts (see the Appendix 
and Fig. 3 ) . 

Note that the averaging over a weakly rippled cylindri- 
cal FS reduces approximately to integration over the trans- 
verse momentump, and over the azimuthal angle O, between 
pll and pi; . The latter can be replaced in the case of an isotrop- 
ic (in the plane of the layers) electron spectrum by integra- 
tion over the longitudinal momentum transfer qll 
= I pi - pII I, and the Jacobian of the transition has a root 
singularity at the point qll = 2k, (see Refs. 21 and 22). 

In a real cuprate MOC crystal with initially isotropic 
spectrum and a wide 2 0  band (e.g., with a flattened congru- 
ent sections of the FS and the band almost half-filled, see 
Ref. 72), elastic scattering of the I-carriers by the lattice 
defects produce during the Cooper pairing almost effective 
isotropization (averaging over the angle p) of both the qua- 
siparticle spectrum and of the interaction between the quasi- 
particles, in accordance with the Anderson theorem73 for 
"dirty" superconductors. Consequently the main contribu- 
tion to the electron-phonon and electron-plasma interac- 
tions is made, just as in the isotropic case, by the region 
911 =:2k, 
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As a result, with account taken of Eqs. (6)  and (27), 
the dimensionless Coulomb repulsion constant can be esti- 
mated from the equation1" 

where the quantity 
- - 

&,(Q) = [Re &-l(q, urn)] -1 

at qll = 2k,, can differ somewhat from the optical permittiv- 
ity E _  of the crystal as 9-0. 

4. From Eq. (23) under the condition Tc 
(min{fi+,i3,, 1, where i3,, is the average frequency of the 
phonons that hybridize with the acoustic plasmons, we ob- 
tain in the limit as w - 0 

ZLO) = 1 + Aph + A,,, 

where 

On the other hand, from Eq. ( 19) taking into account 
(4) with r , ~  1, which corresponds to the random phase 
approximation, we obtain in the limit as w -0 and T-0 

where 

Comparing (29) with (3 1) we see that the role of the elec- 
tron-plasma interaction constant (by analogy with the elec- 
tron-phonon interaction) is played by the quantity 

Apl = P,  - Po 

(see Refs. 21, 22), and from Eq. (2 1 ) with taking into ac- 
count Eq. (3  1 ), it follows that 

roc = 1 + A,[, 

so that the effective coupling constant in (22) is equal to 

Thus, in the case of predominant electron-plasma inter- 
action (A,, $A,, ), according to (2 1 ), (22), and (29), the 
non-adiabatic renormalization Z,, (0)  = 1 + A,, , of the in- 
teraction responsible for the Cooper pairing of the 1-carriers 
is almost completely cancelled on the Fermi surface by the 
local-field corrections to the Coulomb vertex T,, as noted 
earlier in Ref. 36 (see also Ref. 2 1 ) . 

Note that in crystal with high ionization, whereI2' 
E ~ ) E ,  and p0@, we have with good accuracy A,, z p ,  
- 
=PC. 

4. CRITICALTEMPERATURE OF SC TRANSITION AND 
ISOTOPIC SHIFT INDEX T, 

Various approximate methods of solving the Eliashberg 
integral equations7' for superconductors with strong elec- 
tron-phonon interactions have been previously considered 
in numerous studies (see the reviews, Refs. 29 and 68) with 
an aim at obtaining relatively simple analytic equations for 
the calculation of Tc. An empirical analysis and model cal- 
culations have shown (see, e.g., Refs. 74-79) that satisfac- 
tory results in the intermediate-coupling region (A,, 5 1) 
are obtained with an exponential equation for T, in the form 

where p: is the Coulomb pseudopotentials3 and the param- 
eters K and L depend on the form of the phonon spectrum 
and on the actual choice of the approximation, with K < 1 
and L < 1 in all cases. 

On the other hand, according to Ref. 80, in the case of 
strong coupling (A,, $1)  the equation for Tc should be 

which is valid, strictly, if TT, ,Zph. Account must be taken 
here of the strong quasiparticle damping which was shown 
in Ref. 79 to lead to a "gapless" state with a complex gap 
parameter A(@) whose real and imaginary parts vanish on 
the FS and take as w -0 and T- T, the form 

where A, and A, are certain constants, and y,, =A,, T;/i3:, 
is the rate of the quasiparticle damping via inelastic relaxa- 
tion on acoustic phonons. 

2. In the framework of the considered model of layered 
two-band metal with predominant EPI and with a "plas- 
mon" mechanism of Cooper pairing of degenerate I-carriers, 
the quasiparticle relaxation is mainly on virtual acoustic 
plasmons and is determined by their Landau damping on h- 
carriers (see Refs. 21 and 22). The damping decrement of 
the quasiparticles near the FS (w-0) in the normal state 
( T>, Tc ) is given by 

In the case of nondegenerate almost localized h-carri- 
ers, y,, is an almost linear function of temperature in a wide 
T range. This explains, in particular, the nearly linear T- 
dependence of the resistance of cuprate MOC.54-5s 

In the region w 4 f i + ,  i3,, it follows from (22) and (23) 
that 

R z w  = c ~m[zkw)i~w)i = wc,, (37) 
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where R = A p h  -t- A,, and y, = y,, $. y,,, while C,,, are 
quantities that depend little on w (see Ref. 79). Hence 

From the dispersion equation for A, (a) (Ref. 8 1 ), as 
w-+Oand T-+T,, 

we obtain, taking (39) and (40) into account, the connec- 
tion between the parameters A, and A,: 

A~ = ~ ~ ( 1  + A). (42) 

It follows from (39) and (22) that the presence of "gapless" 
region near the FS at 

w < ;/ y,/(l + A )  

must be taken into account in the calculation of T, if the 
condition j, 2 T, is satisfied. In the case of a strong electron- 
phonon interaction (Aph ) 1 ) this condition reduces to the 
inequality T, L ij,,, i.e., corresponds in fact to the condition 
that Eq. (34) be valid. 

3. For an approximate solution of Eq. (22) we approxi- 
mate Re A, (a) in the integrands, with allowance for (39), 
by an alternating-sign step function (cf. Refs. 74 and 76) : 

where = A d ( 1  + A), ,  and the frequency 5, is deter- 
mined from the condition 

(see below 1. 
Substituting (43) in (22) we easily verify that if Tc €7,  

the Cooper logarithm has a lower cutoff limit j,, so that Tc 
depends on the character of the temperature dependence of 
the decrement y, (7') of the damping of quasiparticles by 
virtual acoustic phonons and acoustic plasmons as T - +  Tc 
[see (36)l.  

On the other hand, if T, > 7, (but T, c(fi+,rjp, ), the 
"zero gap" region (w S 7, ) can be neglected13' and Tc can be 
calculating using a previously obtained7~pproximate expo- 
nential equation having, with allowance for (42) and the 
local-field corrections ( 2 1 ) the form 

where 

To estimate Tc and to analyze the dependences of 7; on 
various parameters, we begin with the Einstein model of a 
spectrum with two 8-function peaks: 

where fl, is the frequency of the hf dipole-active (polar) 
optical mode corresponding to oxygen-ion oscillatiot~ci in di- 
electric oxide layers and appears in the Raman spertra of 
cuprate MOC in ru, polarization transverse to the plane of 
the  layer^,'^.^' while fi, is the frequency of the hybrid 
phonon-plasma oscillations ( 1 1 ) at qll = 2k,, and o), , 
%@TO : 

Note that the frequency of the If optical mode o),,, 

which corresponds to oxygen-ion oscillatione in CuOz lay - 
ers, should be observed in a longitudinal polari~atiorl fir,, 

= w, = ow in the Raman spectra of nonsuperconductirrg 
(dielectric) phases of the cuprate MOC,14' whereas a higher 
hybrid mode a, is apparently observed in metallic uupex 
conducting phases. l9lZ0 

The parameters A, and A ,  for the spectrum (49) take 
according to (45) and (46) the form 
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while the frequency 5, is determined, according to (22) and 
(24), with allowance for (37)-(43), by the equation (cf. 
Ref. 76): 

where 

Under the condition 
- - 

Y1 L T,  << a+, "0 

we can put in (53), with good accuracy, 

This yields at 7, <Go and pF 42 

io ' ~ ~ 6 + / ( w ~ ) " ~ ,  

where 

Note that expressions (55) and (56) yield satisfactory 
results and comparable values of the electron-phonon and 
electron-polaron interaction constants (A,, -A,, ) , whereas 
ad , ,  -+0 or A,, -0 Eqs. (55) and (56) lead to the incorrect - 
limiting values 65, = Ro or 5, = a+, thus pointing to the 
need for a more logical self-consistent definition of the point 
where Re A, (w) reverses sign (see Refs. 76 and 77). We 
therefore choose Go to be the rms spectrum frequency, which 
is defined by (56) and which leads as A,, -+ 0 and A,, -+ 0 to 
the correct limiting values ( a 2 )  ' I2  = fi + or (w2) ' I2  = R 0. 

4. From (44), taking (50) and (56) into account, we 
obtain for the oxygen isotopic-effect index15' 

where 

Since 

the value of a, depends substantially on the electron-phonon 
interaction constant even when A,, <A,,. We assume hereaf- 
ter that the polar electron-phonon interaction effect with an 
hf oxygen mode R0 (just as with an If mode w,, ) is based on 
a Coulomb interaction of 1-carriers localized in 2 0  layers of 
CuO,, with the oxygen ions located outside the cuprate lay- 
ers in a region with lower electron density.16' We therefore 
put A,, = xJ,, in the numerator of (58), as well as in (5 1) 
and (52), whenever A,, plays the role of the interelectron 
attraction constant, and put A,, = xA,, in the denominator 
of (58) when& determines the renormalization of A by the 
electron-phonon interaction. The dimensionless parameter 
x < 1 is indicative of the degree of attenuation of the polar 
electron-phonon interaction with vibrational modes of the 
oxygen outside the planes (more follows). 

With A,, so defined, an appreciable part of the renor- 
malizations of the effective coupling constant A due to elec- 
tron-plasmon and electron-phonon interaction by the local 
field corrections [see (21 ) 1, so that if A,, ~ p ,  and j,, 
=pc ( 1 + p, ) expression ( 58) can be written in the form 

where 

and 

Thus, the electron-plasmon and polar electron-phonon in- 
teractions are considerably enhanced by the multiparticle 
correlation effects in the Coulomb interaction (see Refs. 21, 
36, 43). 

Note that there is no such cancellation of the renormal- 
ization (and a corresponding enhancement of the interac- 
tion) in the case of nonpolar electron-phonon interaction, 
and the electron-phonon interaction constant for a multi- 
layer structure with n conducting CuO, layers per packet 
(Fig. 2) contains an additional factorp(n)d /c(n) , and con- 
sequently increases with increase of n much more slowly 
than the electron-polaron interaction A,, ( n ) z p c ( n )  
-P(n).  

5. COMPARISON OFTHEORY WITH EXPERIMENT 

1. To analyze the results and to compare them with the 
experimental data on HTSC in cuprate MOC, we shall esti- 
mate some realistic values of the model parameters. We esti- 
mate first the longitudinal effective mass of the I-carriers in a 
wide 2 0  band, starting with calculated and empirical data on 
the width of the cuprate-MOC hybridpd band located in the 
interval W, =: 1-4 eV, corresponding at a ~4 A to values 

where m, is the free-electron mass. 
The 2 0  I-carrier density N, per unit cuprate-layer area 

in layered MOC with n conducting CuO, layers per unit cell, 
gathered into packets of thickness 
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(see Fig. 2), with the electrons (holes) uniformly distribut- 
ed among the layers in the packet, is connected with the 
average I-carrier bulk density ii, by the relation 

When the number of CuO, layers in the packet is in- 
creased, the number ofx, I-carriers in the primitive-cell vol- 
ume, 

can be conserved (x, = const) if it is determined by a fixed 
number of atoms of the non-isovalent impurity with con- 
stant valency. In this case the density ii,, the 2 0  density N,, 
the Fermi momentum k,, = m, and the Fermi energy 
E,, = k c, /2m7 of the degenerate I-carriers in the CuO, lay- 
ers all decrease, and their dimensionless density parameter 

increases with increase of n in accordance with the relation 
(fora = b ) :  

E~per iment ,~ ' .~ ' -~~  however, shows that in most cu- 
prate MOC the plasma frequency of the majority carriers 
depends little on the number of CuO, layers in the unit cell. 
Thus, for example in the compounds Bi,Sr,CaCu,O, with 
n = 2 and T1,Ba2Ca2Cu,0,0 with n = 3 the longitudinal (in 
the layer plane) plasma frequency is equal to os =: 1.1-1.2 
eV (Ref. 83), and in YBa2Cu30, it is somewhat lower (oz 
=. 1.4 eV). Here, however, there are in addition to the CuO, 
2D-layers also 1D CuO chains whose contribution can be 
substantial (see Ref. 57). 

Thus, if it is assumed that when the number of cuprate 
CuO, layers is increased the bulk density of the I-carriers 
remains almost constant (El zconst), for example on ac- 
count of the variable valencies of the Bi and T1 ions or on 
account of the excess oxygen, we obtain according to (60) 

On the other hand, the effective I-carrier mass can be 
estimated from the experimental values o;, =: 1.4-1.5 eV and 

E ,  -- 3.8-5.2 for YBa2Cu,0, (Refs. 82,83 ) at a hole density - 
n, =. 5.8. lo2' ~ m - ~ ,  which corresponds to one extra hole per 
unit-cell volume (according to the chemical valencies of the 
components). Assuming that the longitudinal effective 
masses and densities of the holes in the 2D-layers of CuO, 
and ID-chains of CuO are approximately equal (see Ref. 
57), we obtain for the I-carrier band effective mass and for 
the band width the respective estimates m; =: (0.7-1.1 )mo 
and W, z (1.8-2.9) eV. 

It must be taken into account at the same time that the 
definitions of z,, and a, in (61 ) and (62) contain the quasi- 
particle effective mass renormalized to multiparticle corre- 
lations 

which can be considerably larger than the optical (band) 
mass mT; . 

2. As noted above, the effective h-carrier mass m; = 4/ 
a2Wh of the h-carriers in a narrow 2 0  band of width 
Wh W, can be increased by polaron effects, which are 
manifested also under conditions of screening by I-carriers 
(see Ref. 65). Since mX is unknown, we use hereafter, as the 
parameter that depends on the h-carrier density, the square 
of the ratio of their plasma frequency and the LO-phonon 
frequency, contained in the expression for the frequency of 
hybrid phonon-plasma oscillations [see (50) ] : 

where 

Here Rh is the effective 2 0  density of the h-carriers in a 
narrow band. 

It is assumed in the considered band-spectrum model 
that at the point of dielectric-metal phase transition the FS of 
the degenerate I-carriers is "pinned" on the edge of the nar- 
row 2 0  band (g,, = Eo) with high density of states 
(u, ) E l ) ,  and the subsequent doping increases mainly the 
density &,, of the h-carriers, whereas the I-carrier density 
remains almost constant (N, =: const). 

3. Equations (44), (45), (50)-(52) and (56) with 
allowance for relations (60)-(63) and (65), were used to - 
calculate the dependences of Tc on 2, = (ilh/oL0)', for 
various n = 1-5 at A,, ( n )  = p , ( n )  = a,(n)O(n)/2 and 
A,, = x A,, (n )  or A,, = x A,, (n) ,  where the parameter x 
was estimated from tunnel-spectroscopy data46 as the ratio 
of the areas of the If and hf peaks with weight w- ' ( x  5 0.3). 

Figure 4 shows the dependences of Tc on 2, for the 
parameter values d = 12 A, do = 3.2 A, a = 3.9 A, 
o,, = wxx = 300 K and f10 = o, = 900 K, corresponding 
to multilayer cuprate MOC of the type Bi2Sr2Ca, - , Cu, Ox 
and Tl,Ba,Ca, - , Cu, Ox. We see that it is possible to obtain 
satisfactory qualitative and quantitative agreement between 
theory and experiment, particularly a maximum value T y  
r=. 125 K close to experimental at n = 3. 
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FIG. 4. Dependences of T, on 2, = fi:/ot, for various n at d / d ,  
~ S = 3 . 7 5 ,  E ,  =4, x = 0 . 2 ,  oLo =300 K, Ro=900 K, my= 1.8m0, 
x, = I .  1, corresponding to TI,Ba,Ca, - , Cu, 0, (T,""% 125 K at n = 3 )  
for n, = 4.3. lo2' crnw3. (The curves with n = 4 and 5 pertain to hypo- 
thetical compounds of this class). 

Figure 5 shows the dependences of the effective cou- 
pling constant A (59) and of the effective Coulomb pseudo- 
potential p+, (48) on %,, while Fig. 6 shows the functions 
a+ (65) and Go = ( 6 ~ ~ ) " ~  (56), corresponding to the pa- 
rameters of Fig. 4. It follows hence that the nonmonotonic 
dependence of T, on x,  (i.e., on yo or x, ), within the frame- 
work of the considered model of the "plasmon" HTSC 

mechanism, is due to competition between two effects: ex- 
pansion of the region of the effective interelectron attraction, 
due to the increase of the frequency of the hybrid phonon- 
plasma oscillations a+ (Fig. 6a) and consequently the aver- 
age frequency 5, of the spectrum (Fig. 6b), on the one hand, 
and the enhancement of the Coulomb repulsion on account 
of the decrease of the Bogolyubov-Tolmachev logarithm In 
(gF, /Go) in the Morel-Anderson pseudopotential jiii*, (Fig. 
5b), which makes A nonmonotonic (Fig. 5a). 

Note that the relation - 
T y =: n y / 2 ~ ,  ( z )  

which is indicative of the single-mode models49 is satisfied 
with good accuracy for the maximum value of T, at n = 3 in 
Fig. 4 and for the corresponding hybrid frequency fi","" 
~ 7 9 5  K. This attests to predominant role of the hybrid 
mode of the phonon-plasma oscillations a+ ( q )  in Cooper 
pairing of I-carriers. 

4. Figure 7 shows those dependences of Tc on 2, which 
have been obtained for the same parameters but at d = 9.6 b; 
( 8  = 3), corresponding to a layered MOC of the type 
T1Ba2Ca,, - , Cu, 0, with a T10 monolayer, for different val- 
ues of n. These agree well with e~perirnent.'~~" The most 
characteristic feature of this compound, observed in experi- 
ment and obtained theoretically on the basis of the consid- 
ered model, is inversion of the lowering of the Tc (2, ) curve 
a t n > 3  with T y ~ l l O K a t n  = 3. 

Figure 8 shows the dependence of T y  on n for the 
parameters of Fig. 7. It is seen that T,""" is a nonmonotonic 
function of the number of the CuO, cuprate layers in the unit 
cell of the multilayer compound TlBa,Ca, - , Cu, Ox (Ref. 
18) shows also plots of T y ( n )  corresponding to the pa- 
rameters of Fig. 4 for TI2Ba,Can -, Cu, 0, (and also for 
Bi2Sr2Ca, - , Cu, Ox ) and demonstrating the deviation 
from the "chew rule" (tendency of Tc to saturate with in- 
crease of n)  in multilayer cuprate MOC. 

""Y ; 

0.2 I I 0.21 I I 1 I I 
!I 2 4 6 - 1 1  10 12 14 0 2 4 6 8 10 12 14 - 

*h Xh 

FIG. 5. Dependences of R(a) and P(b)  on 2, for various n (with the same parameters and values of n as in Fig. 4).  
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FIG. 6. Dependences of 6, (a)  and &(b) on 2, for various n (at the same parameters and values of n as in Fig. 4). 
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Such an n-dependence of T Y ,  which agrees with ex- A,, (n ) =a, (n)P(n)/2 with increase of n in the region of the 
periment, is due in this model to the decrease of the Fermi saturation of the exponential in (44) is offset by the decrease 
momentum k ,, (n with increase of n [see Eq. (62) I ,  where- of the pre-exponential factor Go(n) and by the increase of 
by the parameter a, (n - k ~ ' ( n )  increases while the quan- PZ. (n) due to the decrease of the ratio g,, (n )/Zo(n ). 
tities g,, (n) -kg ' (n) ,  f i+ (n )  and Go(n) decreases (see On the other hand, the increase of the distance d be- 
Figs. 6a,b), with g,, (n ) decreasing much faster than Go(n ), tween the packets of the alternating CuO, and Ca layers 
so that the Coulomb pseudoopotential PZ. (n) increases with (i.e., of the dimensionless parameter So= d /do) leads, ac- 
n (Fig. 5b). As a result, the increase of the EPI constant cording to (62), to an increase of k ., , i.e., to a decrease of the 

parameter a, - k, ', but on the other hand to a faster in- 
crease ofE,, - k $, which is accompanied by a weakening of 

120 the Coulomb repulsion (a  decrease of j iZ .  ) and an increase of 
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xh FIG. 8. Dependences of T y  on n for EPI and polar EPhI in MOC layers 
of type T12Ba2Ca, - , Cu, 0, (Fig. 4) and T1Ba2Ca, , Cu,O, (Fig. 7)- 

FIG. 7. Dependences of T, on 2, for n = ( 1-5) a t6  = 3, E,  = 4, x = 0.2, solid curves I and 3, respectively, and also for Bi2Sr,Ca, _ , Cu, 0, with 
my = 1.8m0, x,  = 1.1, adoLo = 3, oLo = 300 K, corresponding to T y  = 115 K for n = 3 (my = 1.6m0, 2, = 1, g, = 6, = 3)-urve 2. 
TlBa,Ca,-, Cu,O, with T y = :  110 K for n = 3 (the notation is the Dashed curve-plots of T, vs n for nonpolar EPhI with A,, (1)  = 1 
same as in Fig. 4). (curvel)andA,,(l) =2(curve2)forl,, (n )  =A,, ( l ) ,P (n ) ,d / c (n ) .  



7', in the region of the maximum, where the dependence of 
T, on a, is relatively weak. This explains the somewhat 
higher values of T? in bismuth and thallium MOC with 
BiO and TI0  bilayers (Fig. 4) compared with T y  in thal- 
lium MOC with T10 monolayers (Fig. 7). 

The dashed lines of Fig. 8 show the dependences of T, 
on n in the case of a predominant nonpolar electron-phonon 
interaction, when the coupling constant is 

We see that these dependences differ greatly from the corre- 
sponding ones in the case of EPI with a coupling constant 

A,, (n )  -/3(n), and have nothing in common with experi- 
ment.'"" 

5, Of particular interest is the recently synthesized 
layered compounds4 (Ca, -, Sr, ) , -, CuO, with alternat- 
ing layers of CuO, and Ca(Sr). This compound has a rather 
high T, = 110 K. Within the framework of the considered 
model of close-packed packets (Fig. 2 )  this corresponds to 
going to the limit as n - oe and to infinite constants Apl (n ) 
andp, (n) ,  sincep(n) - W .  However, owing to the mutual 
cancellation of the strong-coupling and local-field effects, 
the effective coupling constants (59) tends as n - oo to a 
finite asymptotic value 

where 

(69) 

T, reaches then its limiting value (for A, > 0 )  

which depends on the parameters and can be high enough at 
2 ,", BE,". In particular, for the parameters of Fig. 4, when 
the effective mass decreases from the value m: = 1.8mo to 
my = mo the value of T," increases, according to (67)- 
(70), from 100 to 180 K. 

Since the compound (Gal - , Sr, ) , -, CuO, with an 
"inflnite" number of cuprate layers corresponds to stoichio- 
metric composition (x = y = 0)  to a simple layered crystal 
with one Cu0, layer per unit cell, it might seem that, by 
analogy with La, _ , (Ba,Sr), CuO, or Bi,Sr,CuO, , it 
should have a low T, 3; 20-40 K. However, the proximity of 
the CuO, superconducting layers, with distances d, ~3 A 
between them comparable to the transverse coherence 
lengthR5 g, = g,, contributes to a rise of T,, in 
contrast to lanthanum or bismuth MOC with n = 1, in 
which single superconducting Cu03 layers are much farther 
spaced, dz6-12 A apart, and the coupling between is 
weaker (of the Josephson type). 

6. Assuming that near the Fermi level the? is no nar- 
row 2 0  band partly filled with h-carriers ( N h  = 0 and 
fib = 01, thereby excluding the EPI and retaining only the 
polar electron-phonon interaction with oxygen optical 
modes ru,, and fl, (with the same coupling constant A,, ), 
the maximum values of Tc are drastically decreased and the 
dependence of Tc on the carrier density and on the number 
of cuprate layers in the packets is radically altered. In fact, in 
this case, in the course of doping, as the broad 2 0  band is 

filled and the I-carrier density El is increased, the values of 
k and E ,, increase but the density parameter a, - k fi ' 
increases, and with it the coupling constant Apl = a l ,  which 
turns out to be more substantial than the decrease of the 
Coulomb pseudopotential p$  owing to the increase of the 
logarithm ln(BFI /c;io). 

Figure 9 shows the dependence of Tc on the dimesion- 
less parameter 2, = (2niil a2do) ' I 2  for various n at ih = 0 
and at the same value-of the remaining parameters as in Fig. 
4. Evidently the Tc (xl ) dependences do not correspond to 
the experimental data of Ref. 14 for multilayer cuprate 
MOC (such as Bi,Sr,Ca,- Cu,O, or 
T1, Ba,Ca, - , Cu, 0, ), and the maximum values of Tc do 

FIG. 9. Dependences of T, on 2,  for various n at 2, = 0, i.e., for polar 
EPhI in the absence of EPI (at the same values of the remaining param- 
eters as in Fig. 4 ) .  
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not exceed 40 K. Thus, the contribution of the electron-plas- 
mon interactions turns out in the present model to be deci- 
sive for HTSC. At the same time, the rapid (exponential) 
decrease of Tc with increase of 2, - ii;l2 at n = 1 in Fig. 9 
correlates with the abrupt decrease of Tc in 
La, - , (Ba,Sr),CuO, when the dopant content is increased 
in the region x > 0.15, which may indicate a predominant 
mole of electron-phonon interactions in this cuprate MOC. 

7. We proceed to analyze the oxygen IE in the SC phases 
of suprate MOC, which tend to suppress the IE with rise of 
Tc ,739 in contrast to ordinary superconductors in which the 
opposite tendency is observed as a rule, with the IE weaken- 
ing as Tc is lowered until the IE exponent vanishes or re- 
verses sign at Tc < 1 K because of the strong Coulomb repul- 
sion at a weak electron-phonon i n t e r a ~ t i o n . ~ ~ . ~ ~  

An exception among cuprate MOC is La, -, Sr, CuO, 
with an anomalous behavior of the IE exponent for oxygen 
as a function of the composition, (viz., a, first increase with 
increase of the Sr content up to a maximum a, ~ 0 . 6 ,  and at 
the point x = 0.15 near the maximum of Tc it decreases 
jumpwise to a, ~ 0 . 1  (Ref. 87), apparently because of the 
lattice instability and the anharmonicity of the phonons in 
the region of the structural transition when the electron- 
phonon interaction is strong. 

The isotopic effect was measured in Ref. 10 with 1 6 0  

replaced by ''0 in the compound Y, - , Pr, Ba2Cu30, -, , as 
a function of the content of the Pr dopant that suppresses the 
superconductivity (lowers T, ). This can be due both to the 
large magnetic moment of the Pr  atoms and to the lowering 
of the hole density on account of the higher valency of Pr 
compared with Y, and in this sense a decrease of Pr is equiva- 
lent to a decrease of the oxygen deficit S. It was observed in 
Ref. 10 that as x is decreased and Tc is increased, with S 
constant ( 6 4  1 ), the IE index decreases from a, ~ 0 . 5  at 
x=0 .5  and TC=:30K t 0 a ~ ~ 0 . 0 2  a tx=Oand  T C z 9 0 K  
(see Fig. 10a). 

FIG. 10. Experimental plots of the oxygen IE exponent a,, on T, for the 
mixed compounds Y, - , Pr, Ba,Cu307 -, (a, Ref. 10) and 
YBa,-,(La,Sr).Cu307-, (b, Ref. 88) .  

FIG. 1 1 .  Dependences of B, on 2, (a) and on T, (b) for the parameters of Fig. 4. 
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A similar result was obtained in Ref. 88 with the Ba in 
YBa2Cu,0z partially replaced by La, the atoms of which 
have a higher valency (than Ba) and have no magnetic mo- 
ment. The oxygen isotopic-effect exponent in 
YBa, - , La, Cu,O, compound (with z z  7) decreased from 
a,--0.4atx=O.Sand T c z 4 0 K t o a ,  <0.02atx=Oand 
Tc z 9 2  K, and a zero or even negative isotopic effect was 
observed when Ba was replaced by Sr (see Fig. lob). 

Calculations of the isotopic-effect index in the above 
"plasmon" mechanism of superconductivity in a layered 
metal with a narrow 2 0  band near the Fermi surface, using 
Eq. (57) and taking Eqs. (48), (51 ), (52), (56), and (58) 
into account, show that Coulomb repulsion, owing to the 
anomaly large (compared with ordinary metals) values of 
the pseudopotential jirz0.3-0.8 (see Fig. 5b), leads to 
strong suppression of the isotopic effect and causes a, to 
vanish and reverse sign in the region of maximum Tc , where 
fir a A. 

Figure 11 shows the dependences of a, on 2, (a )  and 
on Tc (b), plotted for the parameters of Fig. 4 at various n. 
As seen from the figure, the oxygen isotopic effect index 
vanishes and then becomes negative in the region where Tc is 
lower. It must be emphasized that this is precisely the isoto- 
pic-effect anomaly observed in Ref. 88 for 
Y (Ba, - , Sr, ),Cu,O, (Fig. lob). The reason may be that 
the smaller radius of the Sr2+ ions (compared with Ba2+) 
makes possible supersaturation of the samples with oxygen 
( z  > 7) and a shift towards higher hole densities, where Tc 
decreases and a, < 0. A similar reversal of the sign of a, on 
passing through the maximum of Tc should be observed in 
the compounds BiSrCaCuO and TIBaCaCuO. 

It is thus possible to explain, on the basis of the "plas- 
mon" mechanism of HTSC, the anomalies of the isotopic 
effect in cuprate MOC, in agreement with the experimental 
data. 

On the other hand, if the EPI interaction is excluded 
(6,  = 0, 2, = 0)  and only the polar EPhI with oxygen vi- 

brational modes w,, and R,, the behavior of the IE changes 
radically: increases rapidly as 2, increases (Fig. 12a) and as 
Tc increases (Fig. 12b) from negative values of 
a, z - (0.05-0.75) at low carrier densities (2, = 0.5) and 
Tc =: 5-20 K to positive values a0z0.25-0.45 at higher den- 
sities (2, = 2) and Tc ~ 2 5 - 4 0  K. These dependences agree 
qualitatively with the character of the IE for ordinary EPhI 
in low-temperature ~ u ~ e r c o n d u c t o r s , ~ . ~ ~ ~ ~ ~  but does not 
agree with experiment for the oxygen IE in cuprate 
MOc.7-10,88 

6. CONCLUSIONS 

The following conclusion can be drawn from the fore- 
going. The proposed m ~ d e l ~ ' . ~ ~  of a layered metal, with qua- 
si-two-dimensional electron spectrum and with two 2 0  
bands having substantially different widths ( W, W, ) and 
overlapping near the Fermi level, can account, on the basis 
of the standard superconductivity theory with Cooper pair- 
ing for the main peculiarities and regularities of HTSC in 
cuprate MOC in the intermediate coupling approximation 
( A  S 1, Tc <ilia). This is due to allowance for factors such as: 
a )  interaction of degenerate I-carriers in a wide band with If 
collective excitations of the charge density of almost local- 
ized h-carriers in a narrow band (acoustic plasmons) with a 
spectrum periodic in momentum, b) hybridization of the AP 
with dipole-active (polar) optical oscillations of oxygen 
ions, c )  multilayer "packet" crystal structure of cuprate 
MOC with close-packed conducting CuO, layers, d )  multi- 
particle Coulomb correlations in a charged quasi-two-di- 
mensional Fermi liquid of I-carriers (of the type of "local- 
field" effects). 

In particular, the experimentally observed nonmono- 
tonic dependence of Tc on the dopant density or on the oxy- 
gen content"-'5 in this model (Figs. 4 and 7) is the result of 
competition between the increase of the width of the inter- 
electron attraction region, on the one hand, and the enhance- 

FIG. 12. Dependences of a, on Z, (a)  and on T, (b) at 2, = 0 (in accordance with Fig. 9 ) .  
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ment of the Coulomb repulsion, on the other, due to the 
increase of the h-carrier plasma frequency ah and the fre- 
quency fi+ of the hybrid phonon-plasma oscillations in the 
course of filling the narrow band with h-carriers at almost 
constant I-carrier density (due to "pinning" of the Fermi 
level near the edge of the narrow band with high density of 
states). 

The rise of Tc with increase of the number of cuprate 
CuO, layers in the unit cell of the ~ r y s t a l ' ~ - ' ~  is due to the 
almost additive contribution of each layer to the EPI con- 
stant, owing to the proximity effect, while the tendency to 
saturation and even to lowering of Tc at sufficiently large n 
(Fig. 8) is due to the almost full mutual cancellation of the 
effects of the local field and of the strong coupling. 

The abrupt decrease (down to zero and below 1 of the 
oxygen isotopic effect with rise of Tc (Fig. 11 ), which is 
typical of cuprate MOC7-'0.B8 (Fig. 10) is due to the anoma- 
lously strong (compared with ordinary supercond~ctors~~) 
Coulomb repulsion on account of the relatively small Bogo- 
lyubov-Tolmachev logarithm ln (z,, /a,) in the Morel-An- 
derson pseudopotential p z .  

Hybridization of hf oxygen vibrational modes with AP 
should lead, on the one hand, to an increase of the frequen- 
cies of the corresponding peaks of the phonon density of 
states, which agrees with the results of tunnel and neutron 
e~perirnents~~-~'  for HTSC phases of cuprate MOC, and on 
the other to different anomalies in the phonon dispersion 
revealed by neutron scattering, and to breaks in the spectra 
and with frequency jumps in the region of "polariton" split- 
ting of the branches (Fig. 1 ), inasmuch as neutrons are not 
scattered by "plasmalike" electron-density perturbations 
with a quasiacoustic dispersion law. 17' However, strong AP 
damping on account of elastic scattering of h-carriers by 
charged oxygen vacancies and by non-isovalent impurities 
(Drude damping) can make the hybridization of AP with 

optical phonon unobservable on account of smearing of the 
phonon peaks. This damping, nonetheless, should not influ- 
ence the value of Tc so long as the AP lifetime exceeds the 1- 
carrier Cooper-pairing time. 

We note in conclusion that the model considered in the 
present paper makes it possible to predict certain possibili- 
ties of further raising Tc, say by increasing the distance d 
between CuO, cuprate layers separated by Ca2+ layers and 
by increasing the number of intermediate dielectric BiO and 
T10 layers. It seems that this is the very reason why, in mul- 
tilayer cuprate MOC with BiO or TI0  layers in the unit cell, 
the maximum value T z 125 K (at n = 3 1 is higher than 
in compound with T10 monolayers ( T yz 1 10 K )  . 

Figure 13a shows plots of T, vs 2,  for the saTe param- 
eters as in Fig. 4, but with 6, = 5.25 (d  = 16.8 A),  corre- 
sponding to introduction into the unit cell of two additional 
BiO or T10 layers (for example, when single-crystal films 
are grown by molecular epitaxy). It is seen from the figure 
that in this case the maximum of T, at n = 5 reaches T y  
z 155 K. 

Even higher maxima of Tc can be attained by increasing 
the I-carrier density El (i.e., the parameter 2, ) provided the 
positions of the Fermi level and of the narrow band coincide 
(peak of the density of states). Thus, for example, if El in 
thallium MOC is increased to H,  = 8.102' ~ m - ~  (i.e., 
j i ,  = 1.5), we obtain T y z 2 2 0  K at n = 5 for 
T1,Ba2Ca,Cu,0,, This occurs prior to saturation and inver- 
sion of Tc with respect to the number n of the cuprate 2 0  
CuO, layers in the unit cell (cf. Fig. 7 ) .  

Thus, according to the considered "plasmon" mecha- 
nism of HTSC, simultaneous increase of the parameters El, 
d, and n in multilayer cuprate MOC should lead to a substan- 
tial rise of Tc of high-temperature superconductors, not- 
withstanding F. Anderson's89990 known statement that high 
Tc cannot be obtained with the aid of "electronic" (in par- 

FIG. 13. Dependences of T, on 2, for hypothetical cuprate MOC with d = 16.8 A ( a )  when T y =  155 K at n = 5 and with 2 ,  - 1 5 (b), when T,""" 
= 220 K at n = 5 (the remaining parameters are the same as in Fig. 4). 
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ticular, an "excitonic," Refs. 91 and 92) superconductivity 
mechanisms, a statement which is valid only in the random- 
phase approximation, with allowance for multiparticle Cou- 
lomb correlations (of the local-field-effects type) and other 
factors that enhance the interelectron attraction (ionicity of 
the lattice, multilayer character of the structure, multivalley 
character of the band spectrum, and others). 

The author thanks A. G. Nazarenko, A. L. Kasatkin, 
A. E. PashitskiY, and A. V. Semenov for help with the nu- 
merical calculations and with the analysis of the literature, 
and also M. V. Loktev, V. M. Pan, V. B. Timofeev, and G, M. 
~ l i a s h b e r ~  for helpful discussions of various aspects of the 
HTSC problem, and also E. G. Maksimov for constructive 
advice. 

APPENDIX 

In a layered crystal containing several equivalent 2 0  
layers per unit cell,''' the matrix element of unscreened Cou- 
lomb interaction between charges concentrated in the layers 
can be easily calculated using the summation equation 

Thus, for example, let n conducting CuO, layers in each 
unit cell of cuprate MOC of the type Bi,Sr,Ca, - , Cu, 0, 
and T1, Ba,Ca, - , Cu, 0, be gathered into packets, with 
distance do between the layers in a packet and with distance 
d between packets of thickness 

(Fig. 2), so that the period of the structure (the lattice con- 
stant) along the z axis is equal to 

c(n) = d + L(n). 

where Jo(x)  is a Bessel function, can be readily seen to re- 
main finite as n -, oo and c(n ) - UJ everywhere except at the 
singular point R = 0. The relation V, (qll ,q, ,n )/c(n ) is fi- 
nite as n - oo and goes over, according to (A1 ), into the 
known expression for the Coulomb matrix element in a sim- 
ple layered crystal with layer spacing do (in 2 0  space): 

Finally, at n = 1 the ratio V, (qll ,qz, 1 )/d becomes 
equal to expression (A41 for a crystal with distances d be- 
tween layers. 

We now calculate the structure factors p (n  ) and p( n ) 
which are determined by the Fourier component Y, (p, ) of 
the transverse part Y, (z) of the wave function of the carriers 
in the layers. The presence of the factor Yf (p, ), which is 
contained in the Green's functions ( 19) and (21 ), is due to 
separation of the variables of the "fast" longitudinal (in the 
plane of the layers) and "slow" transverse (across the lay- 
ers) motion of the electrons. This separation is possible in 
the framework of the "adiabatic" approximation in the case 
of a sufficiently strong two-dimensional anisotropy of the 
electron spectrum, when the probability of tunneling be- 
tween layers is exponentially small, and the cylindrical Fer- 
mi surface is weakly rippled along PI, corresponding to 
strong anisotropy of the effective mases (m:/rni;Z lo2). 
Representing in this case the electron (hole) wave function 
in the 2 0  layer in the multiplicative form 

and introducing normal and anomalous Green's functions in 
longitudinal variables at a fixed coordinate z (cf. Ref. 70) 

We have then for the Coulomb matrix element in the mo- 
mentum approximation the expression: G(x - x', Y - Y'; z) = ipl[x, y)w;(x1, y1))l~,(z) 1 2 ,  (AS) 

For sufficiently large qll , when qll c(n) # 1 and 
mqlldo) 1, Eq. (A2) leads with exponential accuracy to 
expression (6). Note that as n + oo the matrix element (A2) 
tends to infinity, but the Coulomb potential in real 3 0  space, 
which is defined (disregarding Umklapp processes) by the 
expression 

F(X - x', y - y'; z) = iWlix, Y)Y~E~',  Y'))T:(Z), (-46) 

we obtain, after changing to the momentum representation 
in terms of the independent variables, the expressions ( 19) 
and (21) in which the function Y, (p, ) is assumed for sim- 
plicity to be real. 

Separating the variables in the normal and anomalous 
self-energy parts responsible for the EPI and the polar EPhI, 
and taking (6) or (A2) into account, we can separate the 
dimensionless structure factor that depends on the number n 
of the layers: 

j a, (qJ")dqz 
The integration over p, is carried out here within the 

VC(R, z, n) = 2n I 
0 

' ~ ( ~ l f  qz' n)exp(iq2)1 limits of the first BZ, and the sum over K describes the con- 
-x/c(n) 

tribution of the Umklapp processes. 
Similayly, to calculate the polarization operator of the I- 

(A31 and h- carriers localized in the 2 0  layers: 
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n(p, b n )  = 2 ~ 2  Jf i  [G(pf. u,,JG(pf - p, w m  - i w j  
with allowance for its normalization to unity at the point 

om (w3 z = z,,, , we obtain 

(A81 
w:@~, n = 2k) = 1 

we can also separate a corresponding structure factor [see 

For a simple layered crystal with n = 1, substituting (A1 1 ) 
2XK 

j(n) = C(nyj(d$ ;' Yi(px  + -, n). (A9) in (A7) and (A9), we get 
-n lc (n)  K=-m c(n> 

d nl 1 
In layered crystals with packet structure of the type pi1) = a r c t g [ $ ) ) *  A') = : [Bjl) + + (nlo142 . 

of the cuprate MOC Bi,Sr,Ca, - , Cu, 0, and 
nlo 

Tl,Ba,Ca,- ,Cu,O, (m = 1,2), in which n CuO, layers, 
gathered into dense packets with distance do = 3.2 A be- 

I 
(A131 

tween CuO, layers in the packet and with much larger dis- In the general case n # 1 and Io#O, the integrals over p, in 
tance d = 9.6 between packets in thallium MOC with (A7) and (A9), with allowance for (A1 1 ) and (A12), can- 
monolayer T10 (m = 1 ) and d = 12 A in bismuth or thal- not be calculated in explicit form. In the limiting case lo = 0 ,  
lium MOC with bilayer NiO or T10 ( m  = 2), the transverse when P( 1 ) = g( 1 ) = 1, one can obtain for p ( n )  and g ( n )  
distribution of the electron (hole) density along the z axis at n > 1: 
can be specified in the form 

wherezg is the coordinate of the ith layer in the jth packet, lo 
is the characteristic length of the exponential decrease of the 
carrier density with increase of distance from the layer 
plane, and A is a normalization constant. 

We assume hereafter that do> lo but is comparable with 
the coherence length 

where 6 ,, is the longitudinal coherence length in the plane of 
the layers ({,, ),85 SO that a proximity effect arises be- 
tween the packet layers in the superconducting state. At the 
same time, since d) do 2 C1, a weak (Josephson) coupling 
exists between the packets. This coupling can be neglected in 
first-order approximation, and an individual packet can be 
regarded as a single "thick" superconducting layer of thick- 
ness 

with all CuO, layers in a coherent superconducting state. 
This means that in this approximation no account is taken of 
the periodicity of the layered structure along the z axis, so 
that it is possible to retain in the sum overjof (A  10) only one 
term withj = 0. Accordingly, one can disregard in (A7) and 
(A9) thep, Umklapp processes and retain in the sum overK 
only one term with K = 0 .  

As a result, calculating the Fourier component of the 
function 

n 

It is easily seen that when n)  1 and c(n)  >?rdo expres- 
sions (A14) and (A  15) take with good accuracy the form 

Figure 3 shows plots of B(n) and B(n) for lo = 0 ,  
d = 12 A and do = 3.2 A (b),  and also the dependences of 
B(1) andg(1)  onIo(a). 

"This model was used in Refs. 21 and 22 to describe the anomalies of the 
kinetic, thermodynamic, optical, and magnetoresonance properties of 
the nurmal metallic state of cuprate MOC. 

''This was demonstrated earlier in Ref. 27 for quasi-one-dimensional 
(chain) metals with narrow one-dimensional ( ID) band, and in Ref. 26 
for intermetallic compounds of transitions (such as Nb,Ge) with a nar- 
row three-dimensional ( 3 0 )  bands of cubic symmetry, and in Ref. 22 for 
layered metals with narrow 2 0  bands. 

"Earlier papers3' discussed an "electronic" mechanism of superconduc- 
tivity in transition metals on account of interband static screening of the 
Coulomb interaction by s- and d- electrons, without allowance for retar- 
dation, i.e., for exchange of virtual If plasmons. 

4'Such a possibility was considered45 in connection with the problem of 
raising T, in semiconductors (semimetals) with substantially different 
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masses of the conduction electrons and holes (the so-called "exciton- 
ium" ) . 

5'Photoelectron-emission spectra exhibit "pinning" of the Fermi lev- 
e1,50.51 which may point to filling a narrow band with a high density of 
states. 

"According to Ref. 14, the maximum of T, for most MOC with hole-type 
conductivity is observed when the number of doped holes isx, = 0.1-0.3 
per Cu20 cuprate layer in a unit cell, which corresponds for a lattice 
constant a ~ 3 . 8  A to 2D-densities Np,=,yp/a2z (0.7-2.1). 1014 cm-'. 

7'In thallium and bismuth MOC the dlstance between the cuprate CuO, 
layers separated by Ca layers is do = 3.2&, as against dzz9.6 A for crys- 
tals with a T10 monolayer and d=: 12 A for crystals with TI0  or BiO 
bilayers. 

"This corresponds to strong effective-mass anisotropy which is quite large 
in single-crystal bismuth and thallium MOC (m:/mi; > lo3). 

"The corresponding phonon vertex is T,, = 1 accurate to terms of order F, where a is the av_erage ion mass (see Refs. 69 and 70). 
lo  It 1s assumed that w,,, > E,, but lies lower than the limit of the strong 

damping due to interband transitions (see Ref. 67), and also that 
om,, i n , ,  i.e., it is located in the region of relatively weak Landau 
damping by I-carr~ers (bL, 1 eV). - 

'"Static screening by I-carriers in the region w - w,,, > E,, and q I  z 2 k F l  
is suppressed by retardation effect, in contrast to the If region 
w 5 R , (2kFl ), while the dynamic 5ontribution of h-carriers and of the 
optical phonons is of the order of (R+/o,,, )'< 1 [see Eq. ( 10) 1 .  

"'It is assumed that theionicity of the cuprateMOC crystals is due mainly 
to displacements of oxygen ions, i.e., to hf vibrational oxygen modes. In 
addition, h(q,O) contains a large positive contribution due to static 
screening of the Coulomb interaction by the 1- and h-carriers, i.e., 
t(q,O) %so 

I3'A zero-gap state with z, (0) = 0 should be manifested in tunnel experi- 
ments as well as in the kinetic and thermodynamic properties. 

I4'Both If and hf oxygen peaks with w,, -- 300-400 K and R,z60&900 K 
are distinctly observed in the tunnel density of states of the low-tem- 
perature superconducting phase ofbismuth MOC (Ref. 46) as well as in 
neutron scattering in the dielectric phase of YBa2Cu0306 (Refs. 47 and 
48). 

'''It is recognized here that o,,--M,~'2and R, -M; "' (where M, is 
the oxygen-atom mass) and A, and A_ depend weakly on M, . 

I6'We have in mind here the exponential decrease of the carrier density 
with increase of the distance from the plane of the conducting CuO, 
layers (see Fig. 2). The situation may be substantially different in the 
case of "bridge" oxygen in YBa2Cu307, which connects the 2 0  CuO, 
layers with the 1D chains of CuO. 

I7'The number of "phononlike" modes in the phonon spectrum is pre- 
served here. 

'''In the present model we take into account only conducting CuO, layers 
immersed in a dielectric matrix having a certain permittivity. The influ- 
ence of nonequivalent layers on Coulomb interaction in layered crystal 
is taken into account in Ref. 93. 
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