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The question of the correspondence between the current-voltage characteristic and the stability 
diagram for a double tunnel junction under Coulomb-blockade conditions is taken up. It is shown 
that there is indeed such a correspondence. The role played by the temperature in shaping the 
peaks in the conductance of the junction is studied. Possibilities for using the results of this study 
for the diagnostics of double tunnel junctions are discussed. 

Various effects of Coulomb origin in tunnel junctions 
with small dimensions were first observed many years ago in 
granular materials.'+ Recent technological process has 
made it possible to reproduce these effects ("Coulomb- 
blockade effects") at individual tunnel junctions with adjus- 
table parameten5 The experimental opportunities in this 
field have expanded substantially as a result. In particular, 
the system consisting of a double tunnel junction with a Cou- 
lomb barrier of adjustable height has won widespread popu- 
l a r i t ~ . ~  Figure 1 shows an example of this system. The tun- 
neling current I through the system of two tunnel junctions 
Ci and C, arises at a transport voltage V #O. In addition, a 
control voltage V, which affects I is applied through the 
capacitance Cg to the gap ("island") between capacitors Ci 
and Cj. The tunneling current is suppressed as a result of the 
discrete nature of the charge of an electron under the condi- 
tions 

If Vg is varied monotonically, oscillations arise in this cur- 
rent3.6 with a period A V, : 

In general, the current I at a fixed temperature T is thus a 
nonlinear function of V and V, . We will call this functional 
dependence the "conditional current-voltage characteris- 
tic" or "I- V- Vg characteristic." 

One specific problem which has yet to be clearly re- 
solved is whether there is a correspondence between the cur- 
rent-voltage characteristic and the stability diagram for a 
controlled double tunnel junction in the limit T-0. The 
"stability diagram" is a periodic system of rhombi in the V, 
Vg plane [with a period A Vg ; see (2)  1. Within each of these 
rhombi, whose corners are at positions which depend on the 
quantities Ci , Cj, Cg , the tunneling current I is zero in the 
limit T-0. The properties of this diagram are discussed in 
Ref. 5, among other places (see Fig. 4 of that paper and the 
associated discussion). The boundaries of these rhombi are 
given by relations (12) and (13) below. An important point 
is that these boundaries depend only on the equilibrium 
characteristics of the double tunnel junction. On the other 
hand, the current-voltage characteristic is a kinetic charac- 
teristic of a junction. Appearing in the definition of this char- 
acteristic, along with the equilibrium parameters, are the 
transmission levels /Zi and A, of the barriers Ci and C,. Con- 

sequently, it is not self-evident that the conductance peaks 
would lie precisely in the "windows" of the stability dia- 
gram. The existence of a correspondence of this sort between 
the stability diagram and the current-voltage characteristic 
for a double tunnel junction in the limit V- 0 has been point- 
ed out by Glazman and Shekhter.' In the present paper, 
those results are generalized to nonzero values V #O. 

The information derived below is useful for the diagnos- 
tics of double tunnel junctions. The existing methods for 
determining the capacitances Ci and C, from the activation- 
law temperature dependence of the conductance of the dou- 
ble junction near its minima and from the threshold for the 
appearance of a current in the region e2/c > e V suffer from 
disadvantages which reduce the accuracy with which Ci and 

are determined. In the first case, the minimum conduc- 
tance usually ceases to be a "one-particle" conductance, 
since two-particle tunneling events contribute significantly 
near the minima.8 With regard to threshold-based estimates 
of Ci and Cj, we note that the heating of the electron system 
apparently becomes important in this case. In this sense, a 
reconstruction of the stability diagram from the known 
properties of the I- V- V, characteristic may prove useful for 
finding an independent estimate of the parameters of the 
problem. This capability is important for testing the predic- 
tions of the existing theory for the Coulomb blockade in dou- 
ble tunnel junctions. 

1. For the system shown in Fig. 1, the Coulomb eigen- 
states En, which are part of the Coulomb-blockade theory 
are5 

1 I CE,,,,, - - [(n + m)e - cgv,l2 + enV(CI + Cg) - 2 

Here m corresponds to an electron jump to the island 
through the capacitance Ci , while n has the corresponding 
meaning for a jump through the capacitance C, . 

The differences 
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which relates W, - , to W,. 
Using ( lo) ,  we find from (8)  

FIG. 1. Circuit diagram of a double tunnel junction. 
Using this expression, we can identify some general proper- 
ties of the current I ,  which are independent of the particular 
form of W, . In particular, the expression for I  in ( 1 1 ) is 
sufficient for solving questions regarding the correspon- 

1 e l = ~ ( e l - ~ g ~ g ) 2 ,  l = n + m ,  (6) dence between the current-voltage characteristic and the 
stability diagram. 

The formal boundaries on the stability diagram arise 

C + C  2  ci + c 4 2  
from an analysis of the explicit expression (3) for the ener- 

eVI = eV , eV2= -eV (7)  gies En,. They ultimately reduce to a description of two 
C families of straight lines in the V, V, plane: 

Ael - eV1 = 0 ,  
have a structure similar to that of corresponding combina- 

(12) 

tions in Coulomb-blockade theory for double tunnel junc- AE! - eV2 = 0 ,  
ti on^.^ We can therefore use the formalism of Ref. 4 to deter- 

(13) 

mine the I- V- V, characteristic for the system in Fig. 1. where V I  and V2 are from (71, and A&, is from (gal. On 
According to the present understanding of the properties of these lines, in the limit T -  0, the current I in ( 1 1 ) should 
double tunnel junctions under Coulomb-blockade condi- vanish: 
tions? the formalism of Ref. 4 is meaningful under the con- 
dition 

Z(o) < hle2, 
(AC, - e v 2 - 0  

where Z ( w )  is the impedance of the external circuit. This is a 

I(T, V ,  V , A . , A . )  ' 

reasonable approximation for double tunnel junctions. 
Some asymptotic properties of the function f ( x )  in (9)  are We accordingly use the results of Ref. 4 to write an 

expression for the steady-state current I  through the double important for proving ( 14) : 

- 0  
T - 0  
Ae, -eV,+O 

tunnel junction in Fig. 1 : 

(8)  Also of importance is the property 

= el - el- , (8a) f (x ) l f ( -x )  = expvx) .  (16) 

With ( 15) in mind, we examine the behavior of I in ( 11 ) 
X 

f(x) = 1 - exp(-px) * p =  T - l ,  (9)  under the condition ( 12) : 

Here&, are the energies from ( 6 ) ;  Ni (O), Nj (O), and N, (0) 
are the densities of states at the Fermi surface for the elec- - f ( h l  - eVJ}  = T w1 {!(A&, - eVJ - f(Ael - e v w .  
trode to the left of contact Ci, for the electrode to the right of 
Cj , and for the island; and Ti and T j  are the corresponding 
tunneling matrix elements. (1 l a )  

To find the probabilities W, we must solve the kinetic 
equation for W, . This equation was derived from first princi- 
ples in Ref. 4. Under the conditions W, = 0, it leads to the In other words, the necessary property (14) is exhibited 
algorithm here. 
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Using ( 15) and ( 16), we find the following result on the 
boundaries ( 13 ) : 

The current I in ( 1 1 ) thus vanishes at the boundaries ( 13). 
Assertions ( 1 l a )  and ( 1 lb)  answer in the affirmative 

the question of whether there is a correspondence between 
the current-voltage characteristic and the stability diagram; 
formally, the matter reduces to conditions ( 14). 

2. For assistance in the use of the result derived above 
for diagnostics of double tunnel junctions under Coulomb- 

blockade conditions, we will also examine the role played by 
the temperature in shaping the conductance peaks. For this 
purpose we use the expression for the current I( T, V, V, ) in 
the limiting case of a very asymmetric double junction, with, 
for example, 

In this version of the problem, according to Ref. 4, the prob- 
abilities W, cease to depend on Ai and A, and can be found 
explicitly: 

1 
2CE1 E 2CEm = [el - (CgVg - CjV - - C V) 12, 2 g 

(18) 

FIG. 2. Current-voltage characteristic corresponding to (19) with the 
parameter values T =  20 mK; V =  f 12.5, f 37.5, + 62.5, f 87.5, 
f 260pV, A = 3.0; and various values of s. a-s = 0; b--6 = + 1.3; c- 

E = - 1.3. The points f m are positions of the threshold extrema in the 
conductance (at larger values of V, the double tunnel junction is fully 
conducting). 

C,Vde 
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We then find 

Figure 2, a-c, shows the behavior of the current-voltage 
characteristic ( 19) as a function of the combination C, V, /e 
for various values of Vat T = 20 mK for the parameter val- 
ues 

(20) 

with Az3.0 and E Z  1.3. We will discuss this choice of pa- 
rameter values a bit further on. 

The combination eV/T in these figures varies over the 
interval 

In this interval of eV/Tvalues, the temperature plays only a 
minor role in shaping the conductance peaks, and the boun- 
daries of the peaks shift linearly with V [in accordance with 
the predictions ( 12) and ( 13) 1 .  In particular, the relative 
positions of the points f m, corresponding to the maximum 
values of V, at which the current is zero at one point at least 
(for a given cycle) on the C, V,/e axis, are given by 

This equation follows from the stability diagram. 
It should also be noted that in limiting case (17) the 

position of the conductance peak is a linear function of V, 
and the shift of this peak along the C, V, /e axis as a function 
of V is independent of the transmission levels Ri and A, : 

The relationship (22) can be tested (for example) numeri- 
cally with the help of ( 19). We chose the values for the pa- 
rameters A and E in (20) on the basis of relations (21 ) and 
(22) and corresponding experimental data from Ref. 10 (see 
Fig. 5 in Ref. 10). 

It is convenient to conduct this discussion of the effect 
of the temperature in terms of an effective width L ( T, V) of 
the conductance peak: 

This quantity is shown in Fig. 3 as a function of the param- 
eter eV/T for the current-voltage characteristic ( 19). In the 
region eV/T) 1, the quantity L is evidently linear in V. In 
the region eV/T< 1, in contrast, there is a saturation in the 
behavior of L(T,V). However, the asymptotic quantity 
L, ( V), which corresponds to the behavior of L ( T, V) at 
eV/T) 1, should cross zero when a continuation is made to 
the region eV/T< 1, as can be seen in Fig. 3. 

The functional dependence L ( T,O) =Lo ( T) is useful in 
its own right. According to (19), the position of the L,(T) 
plateau is a linear function of the temperature and can be 
described by 

The value of a is found numerically (Fig. 4).  
In the region eV/T< 1 the width of the conductance 

peaks should thus be a linear function of the temperature 
[for one-particle approximation ( 19) 1. The slope of this 
plot gives us direct information on the total capacitance C of 
the double tunnel junction. 

3. The literature reveals no special test of the validity of 
the necessary conditions ( 12), ( 13), and (24) in research on 
the current-voltage characteristics of double tunnel junc- 
tions under Coulomb-blockade conditions. Therefore, all we 

0.046 - 

0,044- 

0.042 - 
0,040 - FIG. 3. Plot L( T, V) versus the parameter eV/2T. The dahsed line 

2 0.038- ,/ shows the asymptotic behavior Lm ( V); it passes through the point 

h' V =  Oat eV/2T*gl.  
Y 0.036- 

/ 
/ 
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FIG. 5. Experimental data of Ref. 10 on the combinations V :  = V , / A  V, 
and V :  = V,/AV,, where V , ( V )  and V , ( V )  are from ( 7 ) ,  and AV, is 
from (2).  In thiscase theasymptotic plots V : (  V)  and V : ( V )  donot pass 
through the point V = 0. The temperature corresponding to the experi- 
ments of Ref. 10 is T  = 20 mK. 

FIG. 4. Behavior of Lo as a function of T / V , ,  where V, = e2/c, 
according to expression ( 19) for I( T, V, V, ) in the limit e V / T (  I .  
The number a is a measure of the slope of Lo( T ) .  

can do here is comment on a few pieces of published data 
which bear on our problem. 

In only one paper'' of which we are aware is the behav- 
ior of the tunneling current I as a function of V and V, de- 
scribed fairly comprehensively. The overall picture of 
I( T, V, V, ) in these experiments corresponds to the structure 
of the conductance peaks in Fig. 2b. Making the additional 
assumption that the double tunnel junction is highly asym- 
metric, we can thus choose the values of the coefficients A 
and E from (20) with the help of (2 1 ) and (22). The behav- 
ior of the boundaries of the conductance peaks found experi- 
mentally in Ref. 10 is shown in Fig. 5. We see some devia- 
tions which are inexplicable in terms of a one-particle theory 
of the Coulomb blockade. The problem is that the linear 
plots in Fig. 5 should converge at the point V = 0 (according 
to the discussion of Fig. 3). The experimental boundaries of 
the conductance peaks from Ref. 10 obviously do not exhibit 
this behavior, so it is difficult to pursue the interpretation of 
the data of Ref. 10 on the basis of a one-particle theory. 

A linear temperature dependence of the width of the 
conductance peaks was observed under the condition eV/ 
T <  1 in Ref. 11 (see Fig. 14 of that paper). However, the 
direct use of the results of the present paper to analyze the 
data of Ref. 11 is not really legitimate, since in this case the 

dimensions of the island are fairly small, and the quantum 
size effect in the energy of the electrons in the island must be 
taken into account. 

Finally, we turn to theinteresting study by Gla t t l i e t~ l .~  
They presented some persuasive arguments in favor of a cor- 
related passage of electrons through a double barrier under 
conditions such that the conductance of the system is a mini- 
mum. However, a quantitative analysis of the results of Ref. 
8 with the help of the results of Refs. 12 and 13, in which the 
perturbation theory of Ref. 4 was extended to the case of 
multiparticle effects, is problematical. The difficulty is that 
in the region of maximum conductance in the experiments of 
Ref. 8-in the region in which the one-particle perturbation 
theory should work well-the width of the conductance 
peaks was essentially independent of the temperature, in 
contradiction of condition (24) (in Fig. 3 of Ref. 8, the 
peaks at 300 and 35 mK have approximately the same 
width). Before we attempt a quantitative interpretation of 
subtle multiparticle tunnel effects, we thus need a more care- 
ful study of the region of one-particle effects in this system. 

We have studied the question of the correspondence be- 
tween the current-voltage characteristic and the stability 
diagram for a double tunnel junction under Coulomb-block- 
ade conditions. This necessary condition, formulated as as- 
sertion (14), does indeed hold, as is demonstrated by Eqs. 
( 1 la)  and ( 1 lb).  These results make it possible to use ( 12) 
and (13) to reconstruct the stability diagram of this system 
from data on the current I as a function of V and V, . 

We have discussed some qualitative aspects of the effect 
of a nonzero temperature on the shape of the conductance 
peaks. The linear L,(T) dependence in (24) and also the 
possibility of extracting data on the total capcitance C from 
this dependence are of interest for diagnostics of double tun- 
nel junctions. 

Yet another interesting aspect of the situation is the 
behavior of the position of the conductance peaks. We have 
studied this aspect only in the limiting case in which the 
double junction is highly asymmetric [condition ( 17) 1. In 
this limit, the shift of the conduction peak is described by 
(22), and it, too, is useful for diagnostics. In the general case 
A, #A,, however, the position of the peak apparently be- 
comes sensitive to A, and A,, so the study of this interesting 
and well-defined aspect of the current-voltage characteristic 
should be pursued. 

329 JETP 76 (2), February 1993 Shikin etal. 329 



The results derived here are pertinent to existing experi- 
mental data and will be of assistance in drawing concrete 
conclusions regarding the validity of one-particle Coulomb- 
blockade theory for interpreting these experiments. 
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