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Experimental and theoretical results are reported on the influence of the magnetic field on 
Young's modulus (the AE effect) of rare-earth phosphates RPO, (R = Tb-Yb) . A great 
diversity was observed in the magnitude and character of the field dependences of the AE effect in 
RE phosphates having different Youngs-modulus dependences. These include a giant 
( - 3.10 - ' ) positive AE effect of the real Jahn-Teller (JT)  elastic TbPO,, nonmonotonic field 
and temperature dependences of the AE effect following sign reversal for the virtual JT elastic 
TmPO, and nonmonotonic field and temperature dependences of the AE effect of a group of 
phosphates without JT correlations ( DyPO,) . The field dependence of the strain susceptibilities, 
which determine the magnetoelastic renormalization of elastic moduli of varying symmetry, are 
calculated from the known crystal-field parameters at different magnetic-field orientations, and 
the elastic constants and directions for which the AE effect is a maximum in a crystal are 
identified. 

1. INTRODUCTION 

We have investigated experimentally and theoretically 
the effect of a magnetic field on the elastic moduli of a num- 
ber of rare-earth (RE) phosphates RPO, ( R  = Tb-Yb) 
having the zirconium tetragonal structure. The RE zircons 
are among the compounds in which quadrupole [Jahn-Tell- 
er (JT)]  interaction can play an important role beside the 
single-ion magnetoelastic interactions.' 

Important information of one-ion and paired quadru- 
pole interactions is provided by the study of the temperature 
dependence of the structural and elastic characteristics of 
RE compounds. The anomalies of these characteristics, 
which can be arbitrarily named spontaneous quadrupole ef- 
fects because they are due to temperature dependences of the 
quadrupole moments or to strain susceptibilities of the RE 
ions, have been quite thoroughly investigated for RE inter- 
metallic  compound^.^ The contribution of various RE ions 
to the thermal expansion and elastic moduli of a number of 
RE phosphates were investigated in Ref. 3 (where work on 
other oxide compounds is also cited). 

Additional information on these interactions can be 
gained by studying magnetic-field-induced quadrupole ef- 
fects such as magnetorestriction phenomena and field-in- 
duced changes of the elastic moduli; the latter are in fact the 
subject of the present paper. The peculiarities of the zirconi- 
um crystal structure (tetragonal local symmetry of the RE 
ion surrounding, the absence of nonequivalent sites in the 
structure), and the weakness of the magnetic interactions 
makes it possible to investigate these effects in RXO, com- 
pounds in the purest form. 

Our aim was to study the influence of a magnetic field 
on the magnetoelastic renormalization of the elastic moduli 
of RE phosphates in the presence as well as in the absence of 
JT correlations. It is noteworthy that in JT systems, in con- 
trast to the usual RE compounds, in the presence of degener- 
acy or quasidegeneracy in the RE-ion spectrum an external 
magnetic field acts more effectively on the spectrum and 
wave functions of RE ions, causing thereby more apprecia- 
ble quadrupole effects. In addition, JT correlations are ex- 

pected to lead to an additional enhancement of quadrupole 
effects in magnetic fields of certain direction, when strongly 
correlating local strains are induced. The contribution of JT 
correlations to the magnetostriction of RE compounds was 
investigated experimentally and theoretically in Refs. 4 and 
5. To our knowledge, no such investigations of the contribu- 
tion of JT correlations to the AE effect of RE compounds 
have been reported. 

2. THEORY 

To calculate the AE effect, i.e., the influence of a mag- 
netic field on the elastic moduli of a system, we use the Ham- 
iltonian 

For a crystal with tetragonal symmetry, the Hamilto- 
nian of the crystal field (CF) has the known form 

where a,, o,, y, are the Stevens parameters, B :: are the C F  
parameters, and 0 :: are equivalent operators. The Zeeman 
interaction between the magnetic moment of an RE ion and 
the magnetic field H i s  described by the usual expression 

If z = g r p e J H ,  (3)  

where g, is the Lande factor, J is the RE-ion angular-mo- 
mentum operator, and p ,  is the Bohr magneton. The two- 
ion quadrupole Hamiltonian H, describing the JT correla- 
tions is expressed in the molecular-field approximation 

A magnetoelastic Hamiltonian linear in the components of 
the strain tensor6 E* (harmonic approximation) is deter- 
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mined in the quadrupole approximation by five independent 
magnetoelastic coefficients B p :  

In expressions (2),  (4), and (5)  we use the notation 
0: = 3Qzz = 3Jf  - J(J+ I) ,  0: = J :  - J:, Q, 
=+(JiJi +4Ji) (ij=xy,zx,zy). 

The influence of the JT correlations depends strongly 
on the magnetic-field direction. To take this dependence into 
account correctly, we calculated the spectrum and wave 
functions of the RE ion, solving numerically the secular 
equation for the Hamiltonian H, = H,, + HzHQ. The in- 
fluence, leading to the AE effect, of the magnetoelastic inter- 
action on the spectrum and wave functions of RE ions, was 
calculated in the very convenient strain-susceptibilities for- 
malism already used by us.3 The magnetoelastic contribu- 
tion to the initial elastic constants C c  is described by the 
expression 

and the AE effect is determined by the change of the strain 
susceptibility in the field 

We note once more that the strain susceptibilities xp defined 
by the equations 

{ l(nlQln)12 -2x l(nlQl~)12 
T En-Em 

are calculated for an RE-ion electron structure determined 
by an Hamiltonian H, that includes a Zeeman term as well as 
the JT correlations. The form of the normalization of the 
elastic constants on account of the JT correlations (6) 
differs therefore from the one obtained by perturbation theo- 
r ~ . ~  

The strain susceptibilities of RE phosphate were calcu- 
lated numerically for the CF parameters systematized by us7 
for all RE ions. In the case of JT compounds, the coefficients 
K p  that determine the JT correlations were varied between 
reasonable limits using the published data; for TmPO, we 
used our estimates in Ref. 3. 

3. SAMPLESAND MEASUREMENT PROCEDURE 

We investigated the elastic properties of polycrystalline 
RE-phosphate specimen synthesized by a ceramic technolo- 
gy with double annealing in air. RE phosphate samples 
shown by x-rays to be single-phase were obtained by anneal- 
ing at TI = 1200 "C a charge of stoichiometric oxides R20, 
and NH,H2P04. The annealing was repeated at T, = 1400 
"C to improve the homogeneities and mechanical properties 
of the ceramics. To obtain single-phase TbPO, with zircon 
structure, the first and second anneals were at 
TI = T2 = 1200 "C. The phase composition was monitored 
with a "Geigerflex" x-ray diffractometer accurate to - 1%. 
The ceramic-sample density was (65-75) % of the x-ray val- 
ue. 

The Young's modulus E and the internal-friction coeffi- 
cient q - ' were measured with a compound cavity at - 150 
Kin the temperature interval 2-100 K and in magnetic fields 
up to 40 kOe. 

4. RESULTS AND DISCUSSION 

A great variety of values and features of the field depen- 
dences of the AE-effect isotherms were observed for RE 
phosphates with different Young-modulus temperature de- 
pendences. The measured temperature dependences of 
Young's modulus of RE phosphates made it possible to di- 
vide them, depending on the magnitude of the JT interac- 
tion, into two groups, the AE effect in which is best consid- 
ered separately. 

The first and most numerous group includes those in 
which the JT correlations are not too substantial, and the 
renormalization of the elastic moduli can be described by 
using a single-ion magnetoelastic intera~tion.~ The strongest 
magnetoelastic renormalization of the elastic moduli in this 
group is observed for DyPO, (Ref. 3), which we shall use as 
the model in the treatment of the AE-effect features. 

DyPO,. Figure 1 shows the relative change of Young's 
modulus AE(H)/E = [E(H)  - E(H = O)]/E(H = 0) of 
DyPO, as a function of the squared magnetic field at various 
temperatures. The A E  effect is evidently quadratic in the 
magnetic field and has a nonmonotonic temperature de- 
pendence, reaching a value AE(H)/E= 1.2. lo- '  at 25 K 
and 40 kOe. 

FIG. 1 .  Isotherms of A E  effect of polycrystalline DyPO, sample at low 
temperatures: I-T = 4.2 K ,  2-T = 15 K ,  3-T = 25 K ,  4-T= 40 K ,  
5-T = 50 K. 
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As shown earlier,3 in the absence of JT correlations the 
largest contribution to the magnetoelastic renormalization 
of Young's modulus of a polycrystal is made by the strain 
susceptibility x,, so that the AE effect for the polycrystal is 
due in this case predominantly to the variation of X, in the 
field. Numerical calculations of AX, (H) for different field 
directions make it possible to analyze its orientational de- 
pendence and carry out the averaging for a polycrystal. 

Figure 2a shows the calculated field dependences of the 
strain susceptibility - AX, (H 2 ,  for DyP0, at 20 K. Evi- 
dently, - AX, is negative and practically isotropic in the 
basal plane (curves I and 2). For a field along the tetragonal 
axis, the effect is positive (curve 4), but decreases very rap- 
idly on deviation from this axis. Analysis of the orientation 
dependence of - AX, and averaging over various magnetic- 
field orientations yield, in accord with experiment, a nega- 
tive resultant AE effect. The minus sign of - AX, for mag- 
netic-field orientation in the basal plane determines 
therefore the signs of the AE effect for a polycrystal. 

Averaging, by a single procedure, - Ax,(H) for 
DyPO, for various temperatures, it is possible to describe the 
experimentally observed nonmonotonic temperature de- 
pendence of the AE effect, with a maximum in the region of 
25 K. Figure 2b shows the - AX, (H 2, dependence for a 
field orientation H Ilx, which makes the largest contribution 
to the AE effect of a polycrystal at different temperatures. 
The nonmonotonic temperature dependence of 
- AX, (H 2, for a field oriented in the basal plane governs 

the experimentally observed variation of the AE effect of 
DyPO, effect with temperature. 

FIG. 2. Calculated field dependences of the strain susceptibility 
- Axa of DyPO, at low temperatures: ( a )  AX, ( H Z )  dependences 

at T = 20 K for different magnetic-field orientations ( I-H ((x,  2- 
H Ilxy, 3-H Ilxz, 4-H 112); (b)  AX, ( H z )  dependencesforH Ilxat 
different temperatures (I-T = 4.2 K, 2-T = 20 K, 3-T = 30 
K, 4-T = 40 K. 

A quantitative comparison of the experimental data 
with the theoretical results for magnetoelastic effects calls 
for knowledge of the magnetoelastic and elastic constants. It 
is possible, however, to compare the values of the AE effect 
and the temperature anomaly of Young's m o d ~ l u s , ~  
which have like dependences on these potentials. As seen 
from Fig. 1, at T =  4.2 K and H = 40 kOe we have 
AE(H) /Ez  3.7. lop4. For the temperature anomaly we 
have AE(T)/E = [ E ( T =  4.2 K )  - E ( T =  50 K) ] /E (T  
= 4.2 K )  zz 1.8. 10W2 (Ref. 3), and the ratio of these quanti- 

ties amounts to -49. The ratio of the corresponding aver- 
aged differences of the strain susceptibilities - Ax, is - 33. 
In our opinion, the proximity of these numbers is evidence 
that the temperature and field dependences of the Young's 
modulus of DyPO, can be described quite adequately by a 
single set of magnetoelastic and elastic constants. 

TbPO,. The AE effect for phosphates, which exhibit 
appreciable JT correlations, is substantially larger and is 
characterized as a rule by a strong anisotropy and nonmono- 
tonic field and temperature dependences. The distinguishing 
features of the AE effect depend strongly on the magnitude 
and type of the JT correlations. In the real JT elastic TbPO,, 
somewhat above the structural phase-transition tempera- 
ture T, = 2.2 K, the observed AE effect is gigantic and posi- 
tive, - 3 . 1 0  ' , and decreases with rise of temperature (Fig. 
3a). This means that the softening of Young's modulus with 
decrease of temperature, observed at H = 0, decreases sub- 
stantially to -0.14 in a magnetic field H = 30 kOe (Fig. 
3b). 

The largest contribution to the magnetoelastic renor- 

FIG. 3. AEeffect of polycrystalline TbPO, sample at low tempera- 
tures: (a )  isotherms of AE effect (I-T = 2.6 K, 2-T = 4.2 K ) ;  
( b )  temperature dependences of the relative value of Young's mod- 
ulusforH=O ( I )  andH=30kOe ( 2 ) .  
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malization of the Young's modulus is made in the case of JT 
compounds by the correlationally enhanced component of 
the strain susceptibility. The preceding experiments and cal- 
culations3 show that the most substantial for TbPO, is the 
strain susceptibility x,. The field dependence of - AX, for 
different magnetic-field orientations at T = 4.2 K is shown 
in Fig. 4a. The magnitude of the A E  effect depends naturally 
on the JT-correlations parameter K,. The - AX, curves of 
Fig. 4 were calculated using the value K, = 0.2. lo3 K/ion, 
corresponding to the JT-correlations constant K, used in the 
pseudospin-operator formalism of Ref. 8. Allowance for JT 
interactions is essential only if the most strongly interacting 
local strains are induced by a nonzero quadrupole moment 
Q,,. Analysis shows that for TbPO, it suffices to take into 
account the JT interactions for a field oriented in the xz 
plane. 

It is seen from Fig. 4a that an effect that is maximal and 
positive is observed when the field is oriented in the direction 
of the spontaneous strain of the lattice in a structural phase 
transition, i.e., for H llxz (curve 3). In fields H 5; 10 kOe the 
quantity - Ax, is negative and small, but reverses sign and 
increases sharply in stronger fields. Analysis of the field de- 
pendences of the Tb spectrum shows that this is due to a 
singularity of the crossover type for the second and third 
levels at H z  10 kOe for this field orientation. The effect for 
other field orientations is smaller and reverses sign at H Ilx 
sign and H llz. It is interesting that the strongest and positive 
change of the strain susceptibility X, takes place when the 
magnetic field is oriented in the xz plane. Therefore averag- 
ing over the magnetic-field orientation yields, in agreement 
with experiment, a positive A E  effect for the polycrystal. 
This accounts also for the weak change of the Young's mod- 
ulus in fields H5; 10 kOe (curve 2 of Fig. 3a). 

The variation of the A E  effect with temperature is clear- 
ly seen in Fig. 4b, which shows the temperature dependences 
of - Axx, for H = 0 (curve I) and H = 40 kOe (curves 2 
and 3)  with the magnetic field directed along xz. Curves 2 
and 3 were calculated in the presence and absence of JT cor- 
relations, respectively, so that the role of the JT interaction 
in the magnetoelastic renormalization of the elastic moduli 
can be quantitatively estimated. Since the constant K, of 
TbPO, is not very large, allowance for the JT correlations 
increases the A E  effect by only - 25%. 

FIG. 5. Isotherms of A E  effect of polycrystalline TmPO, sample at low 
temperatures. 

TmPO,. The effect of a magnetic field on Young's mod- . 
ulus of the virtual JT elastic TmPO, is weaker and differs 
qualitatively in character from TbPO, (Fig. 5). A negative 
A E  effect amounting to -0.07 is observed at low tempera- 
ture ( T = 4.2 K )  in fields up to 40 kOe. The absolute value 
of the A E  effect decreases at higher temperatures ( T = 10, 
15,20 K )  and it becomes positive in stronger fields. The A E  
effect of TmPO, at T> 25 K is positive in the entire range of 
investigated fields. 

A magnetic field produces in TmPO, the largest 
change, as expected, in the strain susceptibility x,, which 
determines the renormalization of the "soft" modulus C,,. 
Figure 6 shows the field dependence of the strain susceptibil- 
ity - Axxy for different magnetic-field orientations at 
T = 4.2 K. Note first of all the anisotropy of - AX, for H 
oriented in the basal plane. For H Ilx (curve I ) ,  - Ax, is 
negative and is independent of the JT-correlation constant 
K,. This means that a field H llx softens C,, even more, in 
agreement with the theoretical9 and experimentallo results, 
according to which a field H Ilx induces in TmPO, a struc- 
tural phase transition of type B,,. 

b - 

-4 - FIG. 4. Calculated field dependences of the strain sus- 
ceptibility - Ax,, of TbPO, at low temperatures with 

- allowance for the JT correlations K,  = 0.2. 10' K/ion; 
(a) - Axx, (H)  dependences for various magnetic 
field orientations (I-H llz, 2-H llx, 3-H llxz, 4- 

-8 - H llxy, 5-H Ily, 6-H llxyz); (b)  - AX,, (T)  depen- 
dences at H = 0 in the absence of JT correlations ( I )  - and at H = 40 kOe in the absence (2) and presence (3 )  
of JT correlations for H Ilxz. 

-12 - 

- 

I I I I j I I  I I I I I I  
0 0 20 JO H,kOe 0 4 f i  * T , K  
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FIG. 6 .  Calculated field dependences of the strain susceptibility - AX, 
of TmPO, at T = 4.2 K for various magnetic-field orientations and var- 
ious JT correlations K,: I-H Ilx, 2-H llxy and K,  = 0,  3-H llxy and 
K,  = 2Kg, 4-H llxy and K,  = 5K: ,  5-H 1lxy.z and K,  = 5K:;  
Kg = 0.8.103 K/ion. 

I f H  Ilxy, the - AX, (H) dependence is nonmonotonic 
and depends substantially on the JT correlations (curves 2, 
3, 4). As seen from Fig. 6 , the larger the constant K, the 
weaker the field in which the decrease of - AX, give way to 
an increase and the steeper the growth of - AX, in strong 
fields. Our calculations show that this character of the AX, 
dependence is due to the nonmonotonic field dependence of 
the lower component of the first excited doublet of the Tm 
ion. 

When the magnetic field leaves the basal plane, the 
character of - AX, remains unchanged, and the effect de- 
creases the larger the field component along the tetragonal 
axis. Figure 6 shows by way of example a plot of - AX, at 
H llxyz (curve 5). 

Thus, the - AX, dependences for H Ilx and H llxy de- 
termine the main features of the behavior of the AE effect of 
a polycrystalline sample. Since the directions x and xy have 
the same periodicity, the averaging reduces in this case to 
simple summation of these two dependences. From a com- 
parison of the averaged Gxy (H) dependence with the ex- 
perimental AE(H)/E we can estimate the JT correlations 
K,. The best agreement of theory with experiment is for 
K, = (2-3) .K: (K: = 0.8. lo3 K/ion), in accord with the 
available published data for TmPO, (Refs. 4 and 11 ) . 

Figures 7a and 7b show plots of - Axxy (H) at 
K, = 3K for H Ilx and H Ilxy, respectively, at various tem- 
peratures. These plots describe the variation of the AE effect 
of TmPO, with temperature. The - AX, dependences for 
H ((x remain monotonic and decrease in absolute value as the 
temperature drops. The variation of - AX, at H llxy with 
rise of temperature is such that the absolute value of the 
effect and the field in which the sign of the derivative 
d(A;yxy )/dH, is reversed decrease in weak fields ( < 10-20 
kOe). It is important here that the rate of change of AX, in 
stronger fields ( > 30-40 kOe) remains changed with rise of 
temperature all the way to T- 30 K. This leads initially to 
the onset of nonmonotonicity and then to reversal of the sign 

FIG. 7. Calculated field dependences of the strain susceptibility - AX, 
ofTmP0,formagneticfields H Ilx (a) andforH llxyand K, = 3K: (b) at 
various temperatures: I-T= 4.2 K, 2-T= 10 K, 3-T= 20 K, 4- 
T = 30 K; KO, = 0.8. lo3 K/ion. 

of the AE effect of polycrystalline TmPO, with rise of tem- 
perature. 

5. CONCLUSION 

We have thus reported experimental and theoretical in- 
vestigations of the AE effect in the RE phosphates 
RPO, (R = Tb-Yb). Let us formulate briefly the main re- 
sults. 

The variation of the Young's modulus of RE phos- 
phates in a field is adequately described by the changes, cal- 
culated using known crystal-field parameters, of strain sus- 
ceptibilities AX, (H) with various symmetries. In the 
absence of JT correlations (DyPO,) the decisive role is as- 
sumed for the AE effect by the strain susceptibility X, (H), 
while the magnitude of the AEeffect is described, accurate to - 30%, by magnetoelastic coefficients determined before- 
hand from the thermal expansion and the temperature 
anomalies of Young's modulus. 

In the presence of JT correlations (TbPO,, TmPO,), 
the AE effect is determined by the corresponding correla- 
tion-enhanced strain susceptibility AX,, with a strongly pro- 
nounced anisotropy of the magnitude and character of the 
- AX, (H) dependence for different magnetic-field orienta- 

tions. Since the magnitude of the effect, as well as the charac- 
teristic fields and temperatures at which the singularities of 
the AE are observed, depend strongly on the JT-correlation 
parameter, it is possible to determine (or refine) the quadru- 
pole-quadrupole interaction parameters by investigating the 
AE effect. 

It must be specially emphasized that in the present pa- 
per, unlike in most theoretical studies of JT compounds, we 
used in the numerical calculations the real spectrum and the 
wave functions of the RE. This permits not only qualitative 
but also quantitative comparisons with experiments. Mea- 
surements on single crystals are certainly preferable, since 
they make it possible to invest not only the strongest JT cor- 
relations (which are manifested also in polycrystals), but 
also weaker JT interaction with strains and phonons having 
various symmetries. 
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