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The Hamiltonian quantization of the (2 + 1)-dimensional theory of gravity coupled with a Dirac
field is performed on the basis of the dynamical-quantization method developed previously by the
author. The space of the regularized states of the system is constructed. A perturbation theory in
terms of the gravitational constant is developed, and is used to solve the regularized Heisenberg

equations.

1.INTRODUCTION

The idea of dynamical quantization of field theories was
formulated by the author in Refs. 1. Here this method is
applied to the quantization of (2 + 1)-dimensional gravity.
The result obtained gives us grounds to suppose that the
method of dynamical quantization can be used to construct a
consistent quantum theory of gravity (and of other generally
covariant field theories, such as, e.g., the theory of a relativ-
istic string).

We now give a schematic outline of the idea of the meth-
od of dynamical quantization.

Consider a particular field theory. Assume that in this
theory the physical degrees of freedom in the ultraviolet re-
gion can by classified by modes with the following proper-
ties:

a) The occupation numbers of these modes are con-
served or are adiabatic invariants of the motion;

b) the corresponding creation operators a5 and anni-
hilation operators a,, are gauge-invariant.

The properties (a) and (b) are fundamental for the
method of dynamical quantization. The regularized theory
is developed by imposing the constraints of the second kind

(1.1)

for quantum numbers N from the ultraviolet tail. The con-
straints (1.1) cause the initial formal commutation relations
(CR) to be replaced by the corresponding Dirac CR. Next
one must solve the Heisenberg equations obtained by means
of the Dirac CR. Thus, the theory becomes regularized with
a definite number of physical degrees of freedom. Moreover,
since the creation and annihilation operators in Egs. (1.1)
are gauge-invariant, the imposition of the constraints (1.1)
does not destroy the gauge invariance.

We must draw attention to the difference between
Feynman quantization and dynamical quantization of field
theories. Feynman quantization is based on the hypothesis
that the interaction can be switched on and off adiabatically.
This hypothesis is equivalent to the assumption that the
physical vacuum differs little from the naive vacuum (with
the interaction switched off). This assumption leads to the
Feynman rules. But, generally speaking, Feynman perturba-
tion theory cannot be regularized in such a way that the
number of physical degrees of freedom is well defined. As
Gribov noted,? this nonconservation of the total number of
degrees of freedom of the system leads to the appearance of
gauge anomalies.

ay*~0, ay=0
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Consider, for example, Weyl electrodynamics, in which
the gauge field interacts minimally with a right-handed
(left-handed) Weyl field. Place this system in a spatial box.
Let the Weyl field be expanded in plane waves or in some
other modes, and let a, and a, denote the corresponding
annihilation and creation operators. Then regularization of
the theory in accordance with (1.1) leads to the appearance
of a gauge anomaly or to nonconservation of the fermion
current. The reason for the appearance of the anomaly is that
the equations of motion relate all the operators a, and a,,
provided that the chosen modes do not satisfy special condi-
tions. The dynamical coupling between the operators a, and
ay implies that the imposition of conditions of the form
(1.1) is dynamically inconsistent. It follows from this that
thereisin the system a flow of particles from the region of the
ultraviolet tail into the region of the physically accessible
final energies, and vice versa. For this reason, the regular-
ized fermion current is not conserved when the constraints
(1.1) are imposed. The occurrence of a gauge anomaly in
Feynman PT for any regularization indicates that in Feyn-
man theory it is impossible to perform a regularization that
is completely consistent with the dynamics of the system.
The hypothesis of adiabatic switching on and off turns out to
be extremely restrictive in this aspect. Here it should be not-
ed that in Dirac massless electrodynamics the right and left
Fermi currents are not conserved separately, but their sum is
conserved in the Feynman theory.

If, however, the fermion modes considered above are
not constants in time, but vary in accordance with the equa-
tions of motion in such a way that the annihilation and cre-
ation operators corresponding to them are conserved by vir-
tue of the dynamical equations, then imposition of the
constraints (1.1) is possible. Dynamical quantization is
thereby realized. In this case the gauge anomaly is absent.
This approach to the study of the gauge anomaly was applied
in Ref. 3. A deficiency of Ref. 3 was the fact that the gauge
field remained unquantized. In addition, in dynamical quan-
tization it is impossible to state that stationary states exist in
the theory. The latter circumstance is not important in gravi-
tational theory.

It appears to us that, in generally covariant theories
such as gravitational theory, upon dynamical quantization a
consistent quantum theory free of ‘“‘harmful’’ anomalies can
be constructed in a natural manner.

We note also that the Feynman rules admit Wick rota-
tion, as a result of which the equivalence between
[(D — 1) + 1]-dimensional quantum field theories and D-
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dimensional classical statistical models is established.
Therefore, Euclidean quantization is automatically equiva-
lent to Feynman quantization.

In this paper we present a dynamical quantum theory of
gravity interacting with a Dirac massless field in (2 + 1)-
dimensional space. The space of the regularized states of the
system is constructed, and the regularized Heisenberg equa-
tions for the field operators are written out. Next, we develop
a mathematically correct PT in the gravitational constant
and use it to carry out certain calculations. The construction
of the PT in the gravitational constant is the main achieve-
ment of this paper.

Note that the (2 + 1)-dimensional theory of gravity is
close in a certain sense to the chiral Schwinger model studied
previously by the method of dynamical quantization.! In
fact, in both theories the gauge fields (the connection and
the triads in the theory of gravity) do not have their own
independent local degrees of freedom (the photon is absent
for D =1 + 1, and the gravitation is absent for D =2 + 1).

2. THE LAGRANGIAN AND HAMILTONIAN OF THE SYSTEM

Let x* = (x%x',x*) denote local coordinates in some
three-dimensional metric space: the metric is represented in
the form

d82=g1w dZ“ dl‘v=ellaeav d:d‘ dzv7 (2' 1 )

where e are triads. The Latin indices a, b, ... =0, 1, 2 per-
tain to local Lorentz frames, and the diagonal matrix 7, is
defined as follows: 7, = diag(1, — 1, — 1). Let g*¥ be the
inverse metric tensor, and

e¢u=glwnabevb-
Then
ele =00

e e =08,",

(2.2)

The connection 1-form is denoted by wy = w}, dx”. Since the

connection is consistent with the metric, we have
(2.3)

Wepp= nac(l)bnc = —Wpap.

Following Witten,* we shall use the equivalent quantity

0u"="/6" Q. (2.4)
In this notation the scalar curvature has the form
g R=g""€: (0,0, —0,0,°—Ea°®,°@"),
g=detgy.v. (2.5)

As the Dirac matrices ¥, satisfying the conditions

=20, (2.6)
we take the Pauli matrices
V'=0, y'=ios Y=o, (2.7)

We denote by ¥ and ¥ = ¢ * 7° the Dirac two-component
complex field. The covariant Dirac operator is represented

as follows:
i Va=iy'es (0u—"laieny") - (2.8)

According to (2.5) and (2.8), the simplest generally
covariant action has the form
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1
.-A= j d’z{ _— 16:C Swhecx(o,.(ﬂvc— av&)"°—8¢b°0)u°(0vb)

+/41 (FTV p— V,.El‘”ip)}, (2.9)
where
Vap= (au_‘/zimuﬂ“) P, (2.10)
V. p=0,9+' /iy @ap,
Tr=g"e M o="/,8" g 00 €1 Y". (2.11)

Note that the fermion part of the action (2.9) has been sym-
metrized to make the action Hermitian. In fact, the expres-
sion

| digD v,

is not Hermitian if the connection has torsion. But the equa-
tions of motion that follow from the action (2.9) lead to a
connection with torsion.

Everywhere below we shall use the letters x, y,... to de-
note the set of spatial coordinates (x',x?), (»'.)°), ..., the
time argument x° will be omitted, and a dot over a symbol
will denote the derivative d /dx°. In addition, we introduce
the notation

d*z=dz'dz*, 8% (z)=08(x')6(2?).

In the derivation of the Hamiltonian from the action
(2.9) the following difficulty arises. Since the action (2.9)
contains the quantities 1 and #, both the fields ¢ and ¥ must
be regarded as coordinate variables. However, the corre-
sponding momentum variables 7, and 7 are proportional
to these same fields ¥ and . Therefore, the following con-
straints hold:"

T=nw—-’/2$I‘°ZO, (212)
1=n5—'/,I°p=0.

Thus, the Hamiltonian dynamical variables are com-
bined into the following pairs:

(‘P, nv)v ($7 ﬂ"i), (ml'av Pai)v

Pai = — —&W—Ge;,-e.,.

The Latin indices i, j, ... are spatial indices, taking the values
1,2;¢; = — ¢;. Thefields 0 = w”and e5 = €” play the role
of Lagrange multipliers.
We shall need the parity function a, defined on uniform
fields or operators with values in the group Z,. By definition,
a(0?)=a(e?)=a(w:s’)=a(P)=0,
a(p)=a(n,) =c(P)=a(nz)=1.
If the function « is defined on operators 4 and B, we set
a(AB) = [a(4) + a(B)]/mod 2. Throughout, by the
commutator of two homogeneous operators 4 and B we shall
mean the expression

[4, BJ=AB—BA(—1)*®W*®, (2.13)
The initial nonzero single-time CR are written as follows:
loc(z), P (y)] =ibi8°0" (x—y),
[b(2), me(y)]=1-6® (z—y),
%), 75(y) 1=1-6 (z—y).
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The Hamiltonian of the system has the form
H=H,+H,,

H,=——S BPPZOa, (2.14a)

1
H,= P j d*ze.q°,

where

X,a=alpai_’/zeub(michi+Pci(Dib)+‘/2$glbeaolpv (214b)

(p“=’/z€,ﬁ (aiﬁ)ju"aj(l)ia_Sbca(l)ibﬁ)jc)
+1/,i(8nG ) *eu (PY° P 0:p— O PPy )
+/,(8nG) e, F{Pe 0as [sy*y*+ (1—8) 'y’

+ouP:’ [ (1—3)'1"1“4-31"7"] } . (2.14¢)

The quantity g'/%¢* must be expressed in terms of the
canonical variables:
g"‘e,,°=’/g (SJ'IG)2 eabceijpbipci1
(2.15)
ghe,=—e (8nG)e, Py .

In (2.14c) s is a free real parameter. The existing arbi-
trariness in the choice of the parameter s implies arbitrari-
ness in the ordering of the operators in the Hamiltonian
(2.14). This arbitrariness will be eliminated below.

Up to the end of Sec. 2 we shall ignore the noncommuta-
tivity of the operators, and, therefore, we shall not keep track
of their ordering. At the same time we shall regard the
bracket [..., ...] as a classical Poisson bracket.

According to the general scheme for the construction of
the Hamiltonian mechanics for systems that are invariant
under arbitrary coordinate transformations, the Hamilto-
nian should be a constraint of the first kind.® In our case this
implies that

anoq (TJ“z'O,
[iav T] NO, [(T)ﬂ- 1:]%0, [zay Zb]zoy (216)
(%) 31 =0,  [§ar Gl =0.

Here the quantities y“ and @, can differ from y“and ¢, by a
linear combination of the constraints 7 and 7. From the
definition (2.12) and the initial CR the value of the Poisson
bracket is easily derived:

[Fo(z), To(y) ] = —6® (z—y) oo’ (),

where o, p=1, 2 are spinor indices. Using (2.13) and
(2.17), it is not difficult to establish that the quantities

(2.17)

Xa=Xn+1/ZE’YaT+’/2T'Ya\pv
(~Pa=(pa+i (SJIG) zEmeci{T(Fo) _l'YszllJ— Vi",lFb (FO) _1.':}

satisfy the conditions (2.16). The relations (2.16) and
(2.17) imply that on the classical level the constraints
(2.12) can be regarded as constraints of the second kind.
This gives the possibility of going over to the corresponding
Dirac commutation relations, after which the constraints
(2.12) can be set equal to zero in the strong sense.

3.FORMAL COMMUTATION RELATIONS

We proceed to the Dirac commutation relations that
arise when the constraints (2.12) of the second kind are im-
posed.

940 Sov. Phys. JETP 75 (6), December 1992

Obviously, the quantity
_6(2) (y—z) (1"0)‘"—1 (Z)

is the inverse of the quantity (2.17). (The definition of the
quantity I'* is given by (2.11) and (2.15).) Let 4, B, C, oo

denote the homogeneous fundamental fields w{, P%, ¢, ¢.
The Dirac CR are defined as follows:

(4, B]'=[4,B]+ deZ{[A. 75(2) 1 (T*) o7 (2) [70(2), B)
—(—1)*®®[B, 7,(2) ] (T°) 57 (2) [10(2), 4]}. (3.1)

Let us clarify the meaning of the definition (3.1). Since
7 and 7 are Fermi operators it is useful to follow the transi-
tion to the Dirac commutation relations in a system contain-
ing only one pair of fermion creation and annihilation opera-
torsa* and a, which should be set to zero. The CR

[a*,a]=1, (3.2)
and the constraints
at=0, a=0, (3.3)

hold. For arbitrary operators the following representation is
valid:

A=Ky +Ka*+Koat+K,ata,
(3.4)
B=Ly+L,a*+Lyat+Lja*a.

The operators K; and L; (i,j =0, 1) in (3.4) can de-
pend on any of the boson and fermion operators except the
operators a* and a.

We define the Dirac CR analogous to (3.1) in the case
when the constraints (3.3) are imposed:

(4, B]'=[4, B]-{(4, a*]lq, B]

—(—1)*2B (B a*]|a, Al}. (3.5)
To avoid ambiguities it is necessary to adopt the follow-
ing rule:
Rule I: Before the constraints (3.3) [or (2.12)] are im-
posed, the operators a* and a (or 7 and 7) should be nor-
mally ordered, i.e., the operators a * (or 7) should stand to
the left of the operators a (or 7).
Taking this rule into account, using the CR (3.2), it is
easy to find that

[AVB].=[K007 Loo']- (3-6)

Thus, the Dirac CR (3.5), after imposition of the constraints
(3.3), can be expressed in terms of ordinary CR in accor-
dance with (3.4) and (3.6). Obviously, we can also assert
that the Dirac CR (3.1), after imposition of the constraints
(2.12), are expressed in terms of CR of the form (2.13). It
follows from this that the Dirac CR (3.1) satisfy all the gen-
eral properties of arbitrary CR; namely, for arbitrary com-
plex numbers x and y the following equalities hold:

[4,B]: = —[B, A} (—1)*@ea®)
(3.7)
[zA+yB, C)'==z[4,C1"+y[B,Cl",

which is directly obvious from the definition (3.1). In addi-
tion,
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A,BC)'=[A, B} C+B[A, C]"(—1)*4)e®,
[ =l 4. cr e (3.8)

[A, [B, C].]‘(—i)G(A)u(C)-f-[B, [C,A]']'(—i)““”““”
+[C, [A, B]*]* (—1)a®ea©) =,

We now write out the nonzero single-time Dirac com-
mutation relations (3.1) for the fundamental fields:

[%a (@), $o (y) ] =0 (x—y) (T") ™" (¥),
[P (2), 0 (y)] = —id:8.°0'” (z—y),

[00(2), (0)]
1,8 (a-y) (Br6) e (PAT) - P9 (1), (3.9)
los(2), $(y)]
1,6 () (81G)* eqes® (B (T~ P) (1),
N i . s - eﬂa 0b
(07 (2), 04 (1)) = 56® (o) @GV eu T ¥) @)-

The quantities €2 are given by (2.15). Here and below,
we omit the asterisk in the symbol of the Dirac CR (3.1);
everywhere below, [ ..., ...] denotes the Dirac CR (3.1), and
the constraints (2.12) are set equal to zero in the strong
sense. The formulas (3.7)-(3.9) inductively determine the
Dirac commutation relations for any functionals of the fun-

damental fields w?, P., 9, 9.

4.EXTRACTION OF THE GAUGE-INVARIANT DEGREES OF
FREEDOM AND REGULARIZATION

To perform the quantization we must construct the
states that are annihilated by the operators (2.14) and solve
the Heisenberg equations id = [A, H), where 4 is any of the
fundamental fields (or a functional of them) and H is given
by (2.14).

However, this problem can be solved only jointly with
the problem of extracting the gauge-invariant degrees of
freedom and regularizing the theory. In this section the lat-
ter problem is solved.

The regularization of the theory is performed in Sec.
4.2. Therefore, at first sight, the account in Sec. 4.1 has a
heuristic character. However, all results needed in this sub-
section are rigorously justified below. These justifications
are based in essence on the fact that the regularized Heisen-
berg equations for the fundamental fields have the same
form as the formal equations. Therefore, the proposed con-
struction is self-consistent.

4.1. Extraction of the conserved gauge-invariant fermion
variables

Let the Heisenberg equation for the Dirac field have the
form

wp=0",
0 = —*hod—i(T) = TV, .

(4.1)

and let {¢y (x)} be a complete set of boson spinor fields
satisfying (4.1). This implies that at any moment of time the
following formulas hold:

[ @22 oy=bsem, (4.22)

Y b @)F (1) =8 () (™) (). (4.2b)

The set of functions {1, } can be obtained as follows. Let
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{xy} be a complete set of c-number spinor boson fields, sat-
isfying the conditions

f Bxnr T Hhy=0mn. (4.3)
Then for the fields
Pv=(T"()) " (1°)* %n (4.4)

the conditions (4.2) are fulfilled at the time ¢,.

If the fields ¢, satisfy Eq. (4.1) and the quantity I'°
varies in accordance with the Heisenberg equations, the con-
ditions (4.2) remain valid with the passage of time (as
shown below, both in the formal theory and in the regular-
ized theory). Therefore, we must solve (4.1) with the initial
conditions (4.3) and (4.4). The problem of the determina-
tion of the complete set of spinor fields with the properties
(4.2) is thereby solved.

It turns out that the fields constructed in this way pos-
sess a further important property: The right-hand side of Eq.
(4.1) for the fields 1, can be represented in the form of the
Heisenberg commutator [#,,H ]. The proof of this fact is
given in the Appendix.

Thus, (4.1) can also be written in the form

ile:O"bN:[‘pN) H]. (4-5)
From the relations (4.5) it follows that
(s, Y] =[P, Hu] =0. (4.6)

In fact, the CR (4.6) are valid at ¢ = ¢, as a consequence of
the definition (4.4) and the CR (3.9). But it follows from
(4.5) that the evolution in time reduces to a unitary transfor-
mation. Therefore, the CR (4.6) is preserved in time.

Now we can define conserved fermion creation opera-
tors a,t and annihilation operators a, with the commuta-
tion properties

[an™, azv] =8un, [am, an]=0,
4.7)
[am "pM] = laN+y "PM] =0
and
lan, %a]1=0, [an, 9a]=0. (4.8)

It follows from (4.8) and (4.5) that all the CR are dynami-
cally reproduced.

The relations (4.2) and the CR (4.6), (4.7) make it
possible to represent the Fermi fields in the form

(@)=Y, axtw (2),
" (4.9)
F@ =Y ax'Tn (@).
N
It is obvious that the fields (4.9) satisfy the correct CR

(3.9). From what has been said it also follows that the cre-
ation operators can be represented in the form

ax= | dcpTopy. (4.10)

(If particular formulas are written out for the quantities a
or 3, the analogous formulas for ay or i are obtained by
Hermitian conjugation. )
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Remark: The outcome of Sec. 4.1 is the extraction of
gauge-invariant dynamical variables. In a number of gauge
theories this problem is easily solved. For example, consider
in flat space a set of modes {¢y} of the Dirac operator

— iy'V,, where V, = 9, — iA,. Then in the expansion (4.9)

the operators ay and a5 are gauge-invariant. However, in
contrast with an ordinary gauge theory (such as electrody-
namics), in gravitational theory the gauge transformations
exhaust the entire dynamics of the system.

4.2. The imposition of regularizing constraints

As has been elucidated by Witten,* in the absence of
matter quantum gravity in (2 + 1)-dimensional space is not
only a renormalizable theory but is even finite (in the frame-
work of Feynman theory). However, the introduction of the
Dirac field makes Feynman quantization impossible, since
in the Witten variables (P/,»?) the zeroth approximation
for the Dirac field is absent. The reason for this is that, ac-
cording to Witten, the variables P’ and o? fluctuate about
the classical values P = 0 and »? = 0. This point of view is
also adopted in our work. But it can be seen from (2.14) that
in this case the fermion contribution to the Hamiltonian con-
tains only contributions of higher than quadratic order in
the fundamental fields. Therefore, the fermion part of the
Hamiltonian can be taken into account only as a whole by
perturbation theory, which is impossible in the framework of
Feynman theory.

The picture is different for dynamical quantization. Dy-
namical quantization permits one to preserve in the theory
any (including a finite) number of fermion degrees of free-
dom. In this case the remaining fermion degrees of freedom
are eliminated completely from the dynamics. The theory
thereby becomes regularized.”> Moreover, since the “num-
ber” of conserved fermion degrees of freedom can be “suffi-
ciently small,” the development of a PT by expansion of the
Hamiltonian in its fermion part becomes possible.

For example, let the surface x° = const be a compact
Riemann surface of genus g, which we denote by =. We in-
troduce on the surface = a certain metric and a connection
that is without torsion and consistent with the metric. In the
local coordinates x' (i = 1, 2) let e,;(x) (a =1, 2) denote
dyads, so that

gi7=e€ui€aj, - Oap=e,'Cus,

(4.11)

where g;; is the metric tensor in the coordinates x". The
connection can be represented as w,,; = £,,®;. In this case
the quantities (2.11) have the form

I'= Z Fy= Z g"'e=‘x"=z eseanlsY,  g'=det(gy).

a=12 a=12 a,b,j

The covariant Dirac operator on the surface = can be written
as follows:

—il'V=—ilY° (Y°0i—'/:0:8a7°). (4.12)
The absence of torsion is expressed by the equality
6;1‘.,"—8.,,,0)11",,"=0. (4 13)

As a consequence of (4.13) the operator (4.12) is self-ad-
joint. Therefore, the operator (4.12) has a complete set of
eigenmodes {x, (x)}:
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‘iYoFiVi%N=7m’KM (4.14)

Znn (@)%t (y) =8 (z—y).

N

The c-number boson spinor fields x, found in this way will
be used in Eq. (4.4).

Since X is a compact surface, it may be assumed that the
set of indices N coincides with the set Z.

The theory is regularized by imposing an infinite series
of second-class constraints:

ayt=0, ay=0 for |N|>N.,eZ. (4.15)

The specific choice of the metric (4.11) and of the
modes x for |N | < N,, and also the way of filling the “vacu-
um” (see below), implies a choice of initial physical condi-
tions.

5.DIRAC COMMUTATION RELATIONS

The Dirac CR corresponding to the constraints (4.15)
are determined in analogy with the CR (3.1) and (3.5).
We define for the fundamental fields 4, B, ... the quan.i-

ty
[4,Bli= Y, {[4,ax"] [an, B]

INI>No

—(—1)* @B, ay*][an, A1}. (5.1)

Then the nonzero Dirac CR for the Fermi fields have the
following form:

= Z P () (y).

INI<N,y

In the derivation of the CR (5.2) we took Egs. (4.6) and
(4.7) into account.

If we take the point of view that (see the Appendix) the
fundamental boson variables are the generators y,, ¢, of
gauge transformations and the local coordinates (7) in the
gauge group ¥, while the fermion variables are the opera-
torsay anda,y for |V | < N,, the picture becomes rather sim-
ple. In fact, as a consequence of (4.8) and the definition
(5.1) we have

[v(2), % (y)1=0,
and so
b (), H'=[v(2), H], [$(2), H)'=[¥(2), H]. (5.4)
Analogously, we obtain the following result:
(Xa(2), H)'=[a(2), H]— [%a(2), H)2=[xa (), H],
(9a(z), HI'=[qa(z), H]. >3

(5.2)

[¥(z), 9a(y)17=0, (5.3)

According to Sec. 3, the Dirac CR defined in this way satisfy
all the necessary properties of the arbitrary CR (3.7)-(3.9).
Therefore, the Dirac CR for composite fields (such as w{and
P!) can be defined with the aid of Egs. (3.7)-(3.9) with
allowance for the CR (5.2)—(5.5). Thus, we obtain

[0c(2), H)'=[0s(2), H],
[P (z), H]"=[P.(z), H].

(5.6)
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The equations (5.4)-(5.6) show that the regularized Hei-
senberg equations for the fields w?, P’ and ¢, ¥ coincide with
the formal equations, and the regularized algebra of the
gauge transformations coincides with the formal algebra.

It is possible to arrive at the same result by working
directly with the fields w?, P’, Tp, ¥. To shorten the expres-
sions we introduce some notation:

6 ,~P.,"=6;P,"—’/ze,b‘ ((l)(bpci"‘Pei(\){b) )
%a V1P0+Tm (5'7)

F°='/38u (aimf— 030)4“—81;::“0)100”0) )

*=F"+R".

Thus, the quantities 7, and R, are the fermion parts of the
operators y, and @,, respectively,

Since in (5.7) the operators V, P!, F¢, etc., are compli-
cated, Dirac CR of the form [F*(x), ¢(p) ]* can be decom-
posed into Dirac CR of the fundamental fields, in accor-
dance with (3.8). Therefore, we must define the Dirac CR
for the fundamental fields. Suppose that, by definition, Egs.
(5.4) hold. Then the relations (5.2) and (5.4) define the
Dirac CR

[%(2), )] [9(2), P ()] [9(2),-0°(y)]"

The last two CR can be determined in practice by expanding
in the parameter G. Since expanding in G is equivalent to
expanding in the quantities 7, and R, in (5.7), which are
the fermion parts of the constraints y, and @,, while the
number of fermion degrees of freedom is bounded, for a suffi-
ciently small value of the parameter G this expansion is
mathematically correct. In Sec. 7 this expansion is discussed
in more detail.

In the next section it is shown that the right-hand sides
of Egs. (4.1) and (5.4) coincide. Suppose that in the expan-
sion (4.9) for the Dirac fields the summation is bounded by
those N for which | N | < Ny holds. In addition, the CR (4.7)
hold. Then the Fermi operators a, and a5 are integrals of
the motion. In fact, it follows from what has been said that

Y o (@) [ax, H1=0,

N<No

whence, by virtue of the linear independence of the functions
Yy (x), it follows that

[ax, H"=0, |N|<N.. (5.8)

Asaconsequence of (4.5) the relation (4.2b) is conserved in
time. Consequently, the relation (4.2a) is also conserved.
Therefore, the conserved operators (a5, a,) can be repre-
sented at any moment of time in the form (4.10).

Comparison of (5.8) with the analogous equations in
an ordinary gauge theory [see (3.17) in Ref. 1] shows that
the application of the method of dynamical quantization to
generally covariant theories is the most natural. This is be-
cause in the given case the entire dynamics reduces to gauge
transformations, and the essence of the method consists in
singling out gauge-invariant operators of the type a5 and
ay. As Ref. 1 shows, in ordinary gauge theories the analo-
gous gauge-invariant operators near the momentum cutoff
acquire a phase factor in the process of the dynamics.

We now define the remaining Dirac CR. In the defini-
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tion of Dirac commutation relations of boson variables, of
the form [P.(x),P,(y)]* etc., the difficulty is that the
quantity [see (5.1)] [P} (x),P’,(») ] cannot be determined
directly, since the commutators [ — P’ (x,ay] are un-
known. However, these commutators can be found by means
of Egs. (4.8). (The analogous commutators in Ref. 1 were
found in the same way.) For example, in place of the quanti-

ty
[V.PSi(z), ax)

we must everywhere substitute
—[T.(x), an].

In addition, in place of the quantity
(Ta(z), To(y)]=

we shall everywhere substitute

(To(2), To(y) 1= [Ta(2), To(y)]".

The latter quantity is more convenient, since in its cal-
culation we can use the usual rules (3.7)-(3.9), expandingit
in the CR of the fundamental fields.

Thus, by definition,

(9.2, (2), V;Py ()]* = [V:Ps (2), VP (v)]

—[Ta (@), Ty ()] + [Ta (@), Ty (1)1* (5.9)
(VP (2), Ts(y) ) =1V P (2), Ts(y))
+[Ta(x), To(y))—[Ta(z), To(y)]". (5.10)
Combining (5.9) and (5.10), we find
(VP (2), %(y)]"=[VPs (), %(y)]- (5.11)
Analogously, we arrive at the following equations:
(VP (z), Fo(y))'=[V.Pe (2), Fs(y))
—[Ta(z), Re(y))+[Ta(z), Ro(y)]", (5.12)
(VP (2), Ro(y))"=[V.P.i(2), Re(y)]
+[T.(2), Ro(y))—I[Tu(z), Ru(y)]", (5.13)
(VP (z), 0:(y)]"=[V.Pe (2), @s(y)], (5.14)
(T.(z), H)'=[T.(z), H). (5.15)

Note that the definitions (5.4) and (5.10), (5.13) are mutu-
ally consistent. In fact, following our rule for the construc-
tion of CR, which leads to the definitions (5.10) and (5.13),
we have

- WRA@ e
=[V.Pi(x), ()] +[Ta(z), V(¥)]r
=[V.Pi(z), () )1+ [Ta(z), v(y)1—[Ta(z), $(¥)]°

etc. The equalities obtained in this way are equivalent to Egs.
(5.4).

In fact, the necessary Dirac CR can be extracted from
(5.2), (5.4),and (5.9)-(5.15) by expanding in the constant
G. In order to begin this expansion we must establish the
order of the following quantities in the parameter G:

‘lpr $~19 mfa~1v P¢i~(G)-‘9
[w, $1'~17 [pnio ij]'~19 [miay (‘)J'b]‘~sz (516)
[¥, Pi1'~1, [, of]'~G, [Pd, o) ~1

The commutator [¢, ¥]* is known exactly by (5.2).
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From the equation
[b(2), % () ]"=[¥(2), % (¥)]

[see(5.4)] we extract the contribution of zeroth order in G.
For this we must neglect the quantities

N’, glheao].’VG
[see (2.25) and (5.16)]. We find
VL9 @), P 1) = X () (Fg*e®) @)

“INI>N,

[lpv mia]'NGy

(5.17)

Here the superscripts (0), (1), ... denote the order of the

quantity in the parameter G.
From the equation

[W(z)v (pa(y)].;_[‘p(z)v (pG(y)]

we extract the contribution of order G. Taking (5.16),
(2.14¢), and (3.9) into account, we obtain

e Vi(y) ([9(2). 0 (1) 1)

=4 Vi (1) [9(2), 02 () 1+[9(2), Ra(¥) 12"
The last term in (5.18) is obtained from R, (») by replacing
¥(p) by the quantity

[6(2), § () )r= Yy ¥ (2)Fw(0).

IN|>No

(5.18)

Analogously, we also find

Vi (@) Vi(y) ([P (=), P (y)])

1
= X (e @

INI>N,
“(Png"es”) () — (Pg"es’pw) (y) (Prgep) (2)},
(5.19)
exVi(2) V;(y) ([P (x), o (y) 1)V

= @neren X, (Feerw) (@)

INI>No

[i(Pxy°Pa'd ip— 0 PwPa'yp)
+/, 98P @i (s7°75+ (1—8) 157¢)
+/2Pn0uPy’ ((1—8) y°y*+s15y°) ) (y)
—[i (’ir)‘Y°Pdiaf"PN—ai$Pd"Y°\PN)
+1/,9Pd 0g: (s7°Y5+ (1—8) ¥34°) Y
T/ P0uPd ((1—5) y*y*+syy*) dv] ()

“(Prghey) (z)}. (5.20)

In view of its unwieldiness, we do not write out the expres-
sion for the quantity

([Fa(=z), Fo(y)]}")® . (5.21)

The equations (5.18)—(5.21) make it possible to deter-
mine the CR (5.16) to lowest order in the parameter G. We
can then develop the iteration in G, using (5.9), (5.12),
(5.15), and the initial values for the commutators (5.18)-
(5.21) and (5.2).

It can be seen from (5.18)—(5.21) that the Dirac CR of
the fundamental fields are not uniquely determined by these
equations. Therefore, the process of determining the Dirac
CR should be supplemented by the principle that Egs. (5.6)
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are valid. The latter are consistent with Egs. (5.11), (5.14),
and (5.15).

It is now not difficult to establish the following:
Assertion: The Dirac CR defined in this section possess all
the necessary properties (3.7), (3.8).

In fact, according to the definition (5.2) and the rela-
tion (3.6), the fermion CR (5.2) are ordinary commutators.
Furthermore, all the remaining Dirac CR are expanded in a
series in the gravitational constant. The first nonzero terms
of these expansions contain only fermion Dirac commuta-
tion relations, and so are ordinary commutators. Since in the
expansion of the Dirac CR in the gravitational constant each
subsequent term is expressed in terms of the preceding
terms, all the terms in this expansion are ordinary commuta-
tors. Consequently, the above assertion is valid.

6. THE HEISENBERG EQUATIONS AND STATE VECTORS

Equations (5.4)—(5.6) show that the regularized Hei-
senberg equations can be obtained using the formal commu-
tation relations (3.9).

Here two questions arise: 1) How does one define a
product of operator fields at one spatial point x? 2) How
does one arrange the operator fields at one spatial point x in
the Heisenberg equations obtained [since the CR (3.9) dif-
fer from the Dirac CR]?

The answer to the first question is as follows: As a con-
sequence of the imposition of the constraints (4.15) the
Dirac fields ¢ and ;_b are smooth, and so their product (in
either order, and, possibly, at the same point x) is regular.

Ifin the theory under consideration the fermion degrees
of freedom were absent, there would be no local degrees of
freedom. In this case there would be only global degrees of
freedom, associated with the fundamental group of a spatial
surface. If the spatial surface is a compact Riemann surface
of genus g, its fundamental group has 2g generators a;, b;
(i, j=1, ..., g), with the single relationship

a;bya7'bit . . . abag'by =1. (6.1)
We introduce the notation
i
U:(V)=T exp [—5— ¢ @aty® dz' ];SO(2, 1), (6.2)
Te(8)

where y; (§;) is some particular representative of the class a;
(b;), and T is the operator of ordering along the contour of
integration. Since, in the absence of fermions, F, = 0, the
quantities (6.2) do not depend on representatives of the
classes a; (b;). The quantities (6.2) satisfy the relation

(6.1):

UV UTVE ... UV UGV =1, (6.3)

The relation (6.3) is a natural restriction for the quanti-
ties (6.2) (see Ref. 4). The wave functions of the system in
the absence of the Fermi fields ¥,(U;, ¥;) depend only on
the quantities (6.2); the ¥, are defined on the hypersurface

(6.3) and are invariant under the transformations
U~E-UE, V,~E'V.E, (6.4)

where E is a certain element from the group SO(2, 1). We

also have the restrictions
VP W,=0, F.¥,=0. (6.5)
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It follows from what has been said that in the absence of
fermions small-scale fluctuations of the fields w? and P’ do
not play any role, and can be “discarded.” By small-scale
fluctuations we mean fluctuations with wavelengths ~A for
which

A<Mks, i (i=1, .... g), (6.6)

where s,, r; are the characteristic lengths of the cycles 7;, §;
in any particular metric. The “discarding” of the small-scale
fluctuations of the fields w? and P’, implies that in the corre-
sponding commutator in (3.9) the §-function is replaced by
a smoothed §-function, which we denote by &, . The actual
way in which the §-function is smoothed is of no importance
here. It is important only that §, acts on smooth functions
(that vary appreciably on scales much greater than 4,) in
the same way as the §-function.

In our case, in the presence of the fermion degrees of
freedom, one must proceed analogously. Let A be a length
of the order of the largest wavelengths of the functions ¢
for |V | < N,. Then the condition (6.6) for A, should be sup-
plemented by the condition

7\'0<<7‘1F3 (67)

after which the scheme of regularization of the fields wf and
P! remains in force. Thus, we have given the answer to the
first question.

The answer to the second question will be given after we
have carried out certain formal calculations in the unregu-
larized theory.

We say that a given system is formally quantized if the
formal algebra of the operators (y,, @,) is closed and the
structure functions are positioned all to the left (or right) of
the generators (y,, @,), asin Sec. 1.

We shall carry out formal calculations of the necessary
commutators, using relations of the form

Pa (2) P (2) =—Po (%) Ya () +6 (0) (T°) ™" (%),
0l (x) Py (2) =Py (z) o (x) +8® (0)i6,°6/

(6.8)

etc., which follow formally from the CR (3.9). This ap-
proach makes it possible to calculate the (operator) coeffi-
cient of the symbol '’ (0), which arises as aresult of permu-
tations of the field operators in various expressions. In this
way we arrive at the conclusion that the system (2.14) is
formally quantized only for the value
s="%/s. ( 6.9)
Thus, the requirement of formal quantizability of the system
uniquely fixes the ordering of the operator fields in the Ham-
iltonian. The formulas given below are valid for s = 5/8.

6.1. The equations of motion

The formal calculations can be carried out in stages. In
the first stage we find the Heisenberg equations i4 = [4, H]
for the fundamental fields:
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iV, p=",i (81G) e ey ),
iV, PI="0,i (8nG) e. e p7°,

. v 1
pa‘—egbc(ﬂbp,-' +§}E e(,(ajea—e,,,‘(ojbec)

+'/.(8nG) €2 e. (PP, p) =0, (6.10)

i0=i(0:0°—&%.0. ®°)
+1/.(8nG) &re. (Fy*V ip— V y*p)
+1/,i (8nG)2es e (-"chj'Yb [y, H,]
- W’: HW] 'prcjlp) .

In the classical limit all the equations (6.10) with the
exception of the Dirac equations coincide with Euler-La-
grange equations that are obtained by variation of the action
(2.9). The equations (6.10) for the Dirac fields differ insig-
nificantly from the Dirac equations, by only a term that is
equal to zero in the weak sense.

6.2. The algebra of generators of the gauge group

Let 4 be any particular fundamental field. We have the
Jacobi identity

[{p.(2). @:(¥)], 4]
=[qa(z). {@:(x). A11—[0:(7). [@a(2), A4]].

The right-hand side in (6.11) is calculated with the aid of
Egs. (6.10). Knowing the right-hand side of the expression
(6.11), and also the classical Poisson bracket
[@.(x), @,(¥)], as a result of lengthy calculations we can
establish the quantum formal commutator
[@.(x), @, (»)]. Here, in all the calculations, we use only
(6.10) and the formal algebra (6.8). Note that in all the
formal calculations described the symbol 5’ (0) is encoun-
tered to a power no higher than the first, and symbols of the
form &' (0) are absent in the calculations. Also, the final re-
sults do not contain the indeterminate symbol 5* (0).
The answer is

(6.11)

(6.12a)
(6.12b)

[Xa (), % (y))=—i0" (2—y)eay(2),
[xe (), @ ()] =—18" (z—y) ec"g" (@),
[9°(2), ¢*(y)1="12i6" (xz—y) (8nG)*e.” (p) ¢°
+i/26(2) (x__y) (SnG)A (edabeghc_eabcsdgh) .
ABP Y (T°) —**V ip—Vpy? (T°) T P}
+i/‘6(2) (x_y) (SJTG)II (eabhegdl_egabsdfh) .
(AP (I°) 1 s+ B (1) 1 s
FOPYEx (T°) =y s Dy (T°) ~' 1"t
+FPye (T°) ="y b+ QY (T°) ~ Y b
+HYE (T°) oy
+(1—A~B—C~D—F—Q—H)-

PYE(T) b} (6.12¢)

Here A, B, C, D, F, Q, and H are certain numerical real
parameters, satisfying the following equations:

D+F+2=0, B+H—1,
24+D—~F=0,
2B+3D—F+20Q=0.

All the operators in the right-hand sides of (6.12) are taken
at the point x. The right-hand side of (6.12¢) is formally
anti-Hermitian.

6.3. The regularized Heisenberg equations
The theory described above gives us the possibility of
formulating:
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Rule 2: The regularized Heisenberg equations for the funda-
mental fields coincide with (6.10); the values of the commu-
tators

e (@), % ()17, [xa(2), @ (1) 1% {0(2), @"(¥)]"

coincide with the right-hand sides of Egs. (6.12a), (6.12b),
and (6.12c), respectively.

It follows from Rule 2 that the right-hand side of
(6.12¢) is anti-Hermitian in the regularized theory as well.
It is possible that Rule 2 completely fixes the Dirac CR.
However, this question is not answered here.

6.4. The state vectors

First we shall correct the Heisenberg equations (5.8)
for the operators a,, since the Dirac equations (6.10) differ
from Egs. (4.1) for the functions ¢, (x) in the weak sense.
In fact, the conclusion reached above that the quantity
(4.10) is conserved would be rigorously true if the equation
for the functions ¢, (x) coincided strictly with the Dirac
equation for the field ¢¥/(x). Therefore, in our case we have
for the operator (4.10)

[H,aN+]‘=fd2x(aN“X;+5N“¢a), IN|<N..  (6.13)

We work in the representation in which the action of the
operators a5 reduce to multiplication of the vectors by a
Grassmann number, denoted by the same symbol a . Then
the operators @, can be represented in the form

ay=08/day*, |N|<N,. (6.14)
By definition, for the wave functions W, [see the relations

(6.5)] we have

ax¥,=0, |N|<N,. (6.15)
From (6.5) and (6.15) it follows that
Q¥ o=0, 5, ¥,=0. (6.16)

We now have all the means for the construction of the
state vectors. We write out the state vectors with a well de-
fined occupation of the vacuum:

—_. g+ +
Wy ve=an, an." .. an W,

(6.17)
[NJ<N,, s=0,1.....

Any state is a superposition of the states (6.17). From
the relations (6.13) and (6.16) it follows quickly that

Yo ¥y n=0, Q¥ =0 (6.18)

Remark: Since in the theory under consideration the
problem of the normal modes of the Dirac operator has no
meaning, it is impossible to classify the operators a, and a;
by their energy. Therefore, the problem of the occupation of
the physical vacuum remains unsolved here. A criterion per-
mitting one to distinguish the ground and excited states, or
the degree of excitation of the states is completely absent.

7.PERTURBATION THEORY

We show now that in the model under consideration
dynamical quantization makes it possible to construct a
mathematically correct PT in the gravitational constant.
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For simplicity we assume that the spatial surface 2 is a
compact Riemann surface of genus 1, or a two-dimensional
torus.® In this case all the field variables should be doubly
periodic:

A(a', ¥)=A(2'+a, 2*)=A (=", z*+a), (7.1)

In the given case the geometric characteristics of the surface
= can be chosen to be trivial:

g=04, ew=0is, 0:=0.

Therefore, the Dirac operator (4.12) — iy°y'9, is easily di-
agonalized. We have

1 ( x(iky k)

21/2a|kN| |kN| )exp(lkh’x)y

ANz (z) =

2n
(kyy o) n = — (ny,n), n=0,=x1,....

kx| =27n (nl2+n,?) ", (7.2)

— Y Omy, =xhynng.

The Heisenberg fields can be expanded in a series in the
constant G:

A=AO+AO+ .,

where A4 (©° is the zeroth approximation, 4 "’ is the first ap-
proximation, etc. It is obvious that the Dirac CR
[4©®, BY]*should be calculated in the (i 4 j)th approxi-
mation.

Let PX9(x) and w™® (x) be certain operator fields,
having in the zeroth approximation in the gravitational con-
stant the following (nonzero) commutation relations:

[0 (z), P/ (y)]"=id8:° (z—y).
According to (4.4),
¥n (to, ) =(T" (%)) 7" (1°) “2ev (b0, T).

We assume that the index N = (n,, n,) obeys the condition
that |V | <N, if |n,| < no. The regularized Dirac field at the
time ¢, can be represented in the form

1P(0> (z)= 2 aN'le(tOv z).

INI<No

(7.3)

(7.4)

The constant operators {a ~» an } satisfy the CR (4.7).
We extract the zeroth approximation from (6.10):

i(0) . i(0) 1 b(0)
Pu _aabcmbpc + % &4 (ajea—eubcmj mc)=0’
@4 =0,0—es 0 P 0°, (7.5)
V=0, VH=0.

The equations (7.5) are easily solved. We introduce the no-
tation

(1)=‘/ maYuv [ =‘/ €a a’
’ o (7.6)
(ﬂi‘—“/z(ﬂaﬁaa Pi=‘/2pai‘{u~
Let the c-number matrix field satisfy the equation
aU/dt=iwU, U(l,z)=1. (7.7)

From group-theoretical arguments it is obvious that the op-
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erators y, generate gauge transformations, which are easily
eliminated. For this we introduce fields with the tilde sym-
bol:

(Df=UG)ﬁ+ani[7,
P=UPTU, ¢=U%,
é(t,x)=U(t x)e(t,z)U(t,z),

(7.8)

where U = 8°U *7°. We note that UU = 1. In the adopted
notation, the solutions of Egs. (7.5) have the form

& (1) =" (to),
P =P (1) ~ 2 [ar (9-ile”,2)) (), (7.9)
8nG,

P () =9 (&)

In (7.9) all the fields are taken at the point x.

Let us write out the equations for the first-order correc-
tions to the Heisenberg fields (all the fields carry the tilde
symbol, although, to simplify the writing, it is absent in the
formulas):

i7" =1/, (87G) es"e. (FY° Vop— V")
+11,(816)* ey (FPY’ (1)~ T'Vp— VI (I°) ~ 1*Pp),

(7.10a)
. 1 b(1) 1 o) 1y 1(0)
() o o € —_—— be (0) (0)
P SnGe"eub ®; e 5 (8aG)eloe P, 'O,
(7.10b)
WM = —i(I) ' T'Vapt'/,i(8aG) e e (T°) ~* y°*Pxs. (7.10¢)

In (7.10a) and (7.10c) all the fields in the right-hand side
are taken in the zeroth approximation as in (7.9). The solu-
tions of Egs. (7.10) are obvious. As in the zeroth approxima-
tion, we first solve (7.10a) for the connection and then solve
(7.10b) for the triads.

One must also correct the Dirac CR (7.3) so that these
CR will be valid to first order inclusive in the gravitational
constant. This problem is solved in Sec. 5.

Thus, the chain of regularized recursion equations does
not differ formally from the analogous unregularized equa-
tions. In the essence of the matter, however, in our theory a
correctly defined chain of recursion equations arises. This is
a consequence of the regularization of the Dirac field in ac-
cordance with (7.4) and the replacement of the formal CR
(3.9) by Dirac CR.

We note that the set of fields w(®(%,), P"? (¢),
¥ (t,), and '? (¢,) is precisely the field &' (see the Ap-
pendix).

Finally, we consider one exactly solvable model. Let the
system contain only one fermion degree of freedom. This
implies that from the set of modes {¢, } we choose a certain
mode ¥(x) and impose the infinite series of constraints
(4.15) with |N|>0. With allowance for the constraints
(4.15) the Fermi fields have the form

113(-2') =ao\Po (73)~ E(JJ) =$o (1') a,*.
From this it can be seen that
P(@)P(1)=0, H(z)P(y)=0. (7.11)

The relations (7.11) permit us to find the Dirac CR exactly
and to solve the Heisenberg equations exactly. It is easy to
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see that Egs. (7.8)-(7.10) give the exact solution of the Hei-
senberg equations. In fact, subsequent iterations in the gravi-
tational constant lead to corrections that contain the fields ¢
or ¥ to powers higher than the first. As a consequence of
(7.11), all these corrections vanish. Terms containing 3 (or
) to the power 2 or higher vanish even in the case when
these fields are separated by operators w? or P.. In this case
one of the fields ¥ (1) must be moved so that it stands along-
side the other field ¥ (;—b). According to (7.11), such a term
vanishes. In any case, the commutators (of the field ¥ ()
with the boson variables) that arise in this move increase the
order in the gravitational constant by unity. It is clear, there-
fore, that by continuing this process of permutations we
shall obtain either zero or a term of infinitely high degree in
the gravitational constant. Here, everywhere in Egs. (7.10),
by the symbols ¥ and 1 we mean the exact values of the Dirac
fields which satisfy Eq. (7.10c). From this it can be seen that
in the given case the expansion of the Heisenberg equations
in the gravitational constant terminates on Egs. (7.10).

It is not difficult to convince oneself that in the case of
one fermion degree of freedom the expansions for the Dirac
CR in the gravitational constant are also truncated.

8.CONCLUSION

Thus, the theory of dynamical quantization developed
here is found to be adequate for the construction of a quan-
tum theory of gravity in (2 + 1)-dimensional space. The
theory possesses the following necessary properties:

a) The theory is unitary and causal; the set of evolution
operators forms a group (this property is not obvious in Wit-
ten’s theory*);

b) the algebra (6.12) of gauge transformations holds;

¢) there exists a mathematically correct perturbation
theory in the gravitational constant G.

It appears to us that the theory of dynamical quantiza-
tion can be applied successfully to construct a quantum the-
ory of gravity in (3 + 1)-dimensional space. The main dif-
ference between that theory and the present one is that it is
necessary to identify not only fermion but also boson gauge-
invariant creation and annihilation operators. It makes
sense to study the supersymmetric variant of the theory. Dy-
namical quantization should not break the supersymmetry,
in analogy with the fact that dynamical quantization pre-
serves the gauge symmetry (with regard to the absence of a
gauge anomaly in dynamical quantization, see Ref. 1).
Therefore, the occupation of the vacuum can be implemen-
ted in such a way that the contributions from the boson and
fermion zero-point oscillations to the energy-momentum
tensor of matter cancel out. It is evident that in this case a
perturbation theory in the gravitational constant analogous
to the PT considered in Sec. 7 will be valid. Thus, it appears
to us that the method of dynamical quantization gives the
possibility of constructing a quantum theory of gravity in a
space of any dimensionality with the necessary properties

(a)-(b).

APPENDIX

Let the spinor boson field ¥, () be the solution of Eq.
(4.1) with certain initial conditions. We must establish that
the equation for the field ¥, (¢) can be represented in the
form of a Heisenberg equation as in (4.6).
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To establish this fact the following arguments are neces-
sary. '

The set of generators y, (x) and @, (x) in the classical
limit form an algebra, i.e., the Poisson brackets of the form
[Xa>» ®,] are proportional to these generators. For exam-
ple,

[ (), 9o (y) | =6 (x—y) {far® (&) @c () +gu” () X () }.
(A1)

Here the structure functions f,. (x) and g, (x) de-
pend on the dynamical variables. In quantum mechanics
regularization should preserve the algebra of the generators
(Xa> ®.)- This means that the regularized CR should pre-
serve the form of (A1), and the structure functions f,,. (x)
and g, (x) should stand to the left of the generators ¢ and
X. in (Al). This is necessary, since the quantities f,,. (x)
and g,,. (x) depend on the Heisenberg operators. In this case
we can speak of a group & of gauge transformations, the
generators of which are the constraints (y,, ¢,).

We go over to new dynamical variables. We denote by 7
certain local coordinates in the group &. By the symbol
®(¢) we denote the set of Heisenberg fields w?, P, 9, and ¢
at the time ¢, and by the symbol £(¢) the set of ¢c-number
fields w, (¢) and e, (2). It is required that we express the
fields @ () in terms of the coordinates 7, the vector fields on
the group & (i.e., the differential operators of first order on
the group %), and the fields ‘@ that do not depend on the
group ¥ . Thus, the fields @ are integrals of the motion.
This problem has a solution.

In fact, the fields ¢ and P/, constitute independent bo-
son degrees of freedom of the system. At each point x there
are 6 degrees of freedom w{ and 6 degrees of freedom P..On
the other hand, at the point x there are 6 degrees of freedom
of the operators y, (x) and @, (x) and 6 degrees of freedom
of the parameters §(x) = [, (x), e,(x)]. It can be seen
from Egs. (2.14) that the operators y, depend in an essential
way on the longitudinal parts of the fields P!, while the
operators @, depend on the transverse parts of the fields w?.
The gauge transformations (which are generated complete-
ly by the Heisenberg equations) give essential increments of
the transverse parts of the fields P/, and of the longitudinal
parts of the fields w{. Therefore, locally (in the space of the
fields), we can take as the independent boson dynamical
variables the operators y, and ¢@,, and also the coordinates
7. In fact, the fields ¢ can be expressed in terms of the field %
and y,(x), @, (x) by expanding in the gravitational con-
stant G and simultaneously integrating in the group &% over
the variables 7. The fields ® here will also depend on the
constant fields ®®, so that ®(77) - @ for 7 -0.

The fields @, expressed in terms of the variables 7, @,,
Xa»>and @, will be denoted by ®. It is convenient to choose
the variables 7 in such a way that

N=—iln, H]' =&, n—0. (A2)

Equation (A2) shows that as 7—0 the Hamiltonian
operator can be represented in the form of the following dif-
ferential operator:

6
+h
on (x)

To find the operator 4 we can make use of the following

A=—i | &t (2) (A3)
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device. Let {9} = {te,, tw,} be aset of local coordinates in
the group ¥ ; this set can also be regarded as a complete set of
commuting boson variables. The operator (2.14), expressed
in terms of the fields ®‘© and multiplied by ¢, will be denoted
by H {”. We shall represent an element of the group & with
coordinates 7 in the form

J=exp (—iH,").

The product of two elements of the group & can be
represented in an analogous way by means of the Campbell—-
Hausdorff formula:

exp (—if") -exp (—i s y=exp (—iH).

The operator H{ is expressed in terms of the quantity
2(n, A, ®©) in the same way as the operator H " is ex-
pressed in terms of the field % (x). Here, in the quantity H {*’

the operators @ > and y.* stand to the right of the operators

~ 2(x); this is a consequence of the algebra (6.12).

If the theory is regularized, application of the Camp-
bell-Hausdorff formula is legitimate.

Now the vector field (A3) is obtained by differentiation
of the quantity 3:

62 (y) 8

. A3’
A (@) | 1o 01 (7) (A3)

—if ] eysie)

The quantity (A3') or (A3) is a Heisenberg operator in the
new variables. Using the explicit form of the Campbell-
Hausdorff expansion, it is easy to establish that

2(z)=n(z) +A(z) +1I(n, ),

where I1(7n, A)-0ifp—0o0r A —0. From this it follows that
in (A3)

h—>0 as n—-0. (A4)

Since the operator & (4.1) depends linearly on &, it is
useful to note this with the aid of the corresponding notation

0=§0§

Let ¥y (¢) and 9, () be known near the point 7 = 0,
which can be any point in the group &. We shall trace the
change of these fields at the point » = 0. Let 6t—0. From
(4.1) we have

Yy (2+6t) =exp (—itEC:) P (t). (AS)

From this, and from the definitions given above, it follows
that
P (t+88) =exp (—inOy) P (2). (A6)

Here 7 = 6t£ are the coordinates of a point infinitesimally
close to the point 7 = 0. The field ¢, (¢) depends only on the
fields ®'@. As a consequence of (A3) and (A4) we have

[H, 0] -0 as &t—0. (A7)

Let £é—-0. We shall consider the “encased” (A6) (to
simplify the writing we omit the tilde):

eiaHle (t+6t) e—ieH — [eXp (—ie"H‘V]OEG_"H) ]ei‘”xp,ve“'", (AS)

We go over to the limit -0 in (A8). As a consequence of
(A7) and the relation
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eie}lne—ieﬂ=n+8§

(A8) goes over into the equality

e*Mpye~ " = [exp(—ieD) Jpn (£). (A9)

which is valid at any point in the space of the fields. Combin-
ing (A9) and (A6), we obtain the required equality (4.5).
Remark: Since in the regularized theory the Heisenberg
equations and the algebra of the operators ¢,, y, have the
same form as in the formal theory, the derivation in this
Appendix remains valid in the regularized theory.

D This question is also discussed in Ref. 5.
2 Here we are concerned with fermion degrees of freedom only, since in

949 Sov. Phys. JETP 75 (6), December 1992

our case local boson degrees of freedom are completely absent. In more
complicated theories it is necessary to perform an analogous analysis for
the boson degrees of freedom as well.

3 The problem of the calculation of the transition amplitudes with change
of the topology of the space is not considered here.
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