
Low-frequency radiation of relativistic particles moving along the arc of a circle 
B. M. Bolotovskiiand A. V. Serov 

Lebedeu Physics Institute, Russian Academy of Sciences 
(Submitted 17 July 1992) 
Zh. Eksp. Teor. Fiz. 102,1506-15 1 1 (November 1992) 

Spectral-angular distribution of low-frequency radiation of electrons moving along the arc of a 
circle has been measured. The experiments have shown that radiation intensity distributions 
differ from synchrotron ones even for particle deviation angles much larger than y- ' in the 
turning magnet field. An analytic expression for the spectral-angular distribution of low- 
frequency radiation has been found and shown to be in agreement with the measurements. 

INTRODUCTION 

The radiation of relativistic charged particles in inho- 
mogeneous fields has been investigated in detail (see Refs. 1 
and 2 and the citations therein) basically for two reasons. 
First, this radiation forms a background in undulator-radi- 
ation sources, based on electron synchrotrons and storage 

Second, it is this very radiation that allows diagnos- 
tics of proton synchrotron beams by optical  method^.^.^ In 
both cases only the high-frequency spectral region, where 
the radiation power is the greatest, has been studied. In the 
low-frequency region the radiation power is low and de- 
creases as w' I3 .  This is probably why the low-frequency radi- 
ation has not yet been analyzed. In the low-frequency region, 
however, the wavelength can become of the order of the 
bunch size. Electrons are emitted coherently, and the radi- 
ation power increases by a factor of N in comparison with 
the case of incoherent radiation ( N  is the number of particles 
in a bunch). This increase can be larger than the radiation- 
power drop in the low-frequency region. Generation of low- 
frequency radiation of particles moving along the arc of a 
circle has been considered in Ref. 7. However only the gener- 
ation at a very low (zero) frequency has been studied (i.e., 
the case w  -0 has been considered), and the results do not 
allow to calculate the spectral-angular distribution of low- 
frequency radiation. 

In the present work the spectral-angular and polariza- 
tion characteristics of low-frequency particle radiation have 
been measured. It has turned out that the results can be ex- 
plained by invoking the Huygens principle, according to 
which the radiation from a finite section of an orbit is the 
result of interference of the waves emitted by a particle at 
each point of its path. Therefore, for example, if the charge 
radiation from a finite section of the path is observed at a 
distant point (when the distance to the observer is large in 
comparison with the orbit size), the radiation is formed as in 
Fraunhofer diffraction. If, however, the distance between 
the observation point and the orbit is comparable to the orbit 
length, there is a close analogy with Fresnel diffraction. As 
the measurements have shown, the distributions have some 
features which, apart from their theoretical significance, 
may turn out to be important practically. 

1. EXPERIMENTAL PROCEDURE 

The experimental setup is shown in Fig. 1. Relativistic 
electrons were emitted from a microtron. The accelerated 
current comprised a sequence of electron bunches of length 
10 mm each following each other at a distance 100 mm. The 

electron energy E was 7.2 MeV and the current Iwas 40 mA 
in a pulse of length 4 ps. The particles were transported 
along a path containing correctors and lenses and were ex- 
tracted from the microtron vacuum volume into the at- 
mosphere through a copper foil of width 100pm at the path 
flange I. The beam passed next through a turning magnet 2 
and was absorbed in a Faraday cylinder 3. The turning mag- 
net of width 80 mm created a field of amplitude H = 1000 Oe 
in which the particles were deflected by an angle a = 20". 
Note that this angle is much larger than the characteristic 
angle v- ' = 3.5", where y = E /mc2, so that the turning mag- 
net cannot be considered The orbit section from 
which the electromagnetic radiation was collected was situ- 
ated in the air between the foil through which the beam 
passed and the Faraday cylinder. This part of the orbit is 
shown in Fig. 1 by a dashed line. The radiation intensity was 
measured by a receiver 4 containing a silicon point diode D- 
407 or D-402 and an amplifier. The diode D-407 has the 
greatest sensitivity at wavelengths 5 to 7 mm, and the diode 
D-402 at wavelengths 10-12 mm. These wavelengths lie in 
the low frequency region of radiation spectrum, since the 
critical wavelength near which the maximum of the radi- 
ation spectral distribution is situated is equal, in our case, to 
il = 4~r,/3? = 0.3 mm, where r, is the orbit radius. The 
diode is constructed in such a way that it detects only that 
part of radiation which has a definite polarization with re- 
spect to the diode receiving window. This gave us the possi- 
bility to detect the o- and T-components of the radiation 
polarization by rotating the diode about its axis. The radi- 
ation receivers could be remotely moved in the horizontal 
plane perpendicular to the path axis. This allowed us to mea- 
sure the horizontal distribution of the intensity of the o and 
.rr components of radiation polarization at various wave- 
lengths. Variation of the position of the radiation receiver 
changed the angle g, between the tangent to the beam orbit in 
the middle of the turning magnet (the y-axis in Fig. 1) and 
the line connecting the magnet and the receiver. 

FIG. 1 .  Diagram of the experimental setup. 
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2. DISCUSSION 

Typical horizontal-angular distributions of the mea- 
sured radiation intensity are shown in Fig. 2. It is seen that if 
the observation angle changes, the a component of the radi- 
ation intensity grows from nearly zero at small angles to a 
maximum at a certain angle that depends on the wave-length 
of the detected radiation. Note that such dependences are 
not at all typical of relativistic particle radiation in a magnet- 
ic field. It follows from the theory that the radiation is direct- 
ed along the tangent to the orbit and is concentrated in a 
narrow beam of angular width y- '. Therefore only the radi- 
ation generated by an electron over a short part of its trajec- 
tory, of length r d y  (Ref. 1 ), is detected at the observation 
point. Accordingly, when particles are turned in magnetic 
field through an angle larger than y- ' the greatest radiation 
intensity must be observed at angles q z O .  In the experi- 
ments, however, the maximum of the a-component of radi- 
ation is observed for angles not only not equal to zero but 
much larger than the angles y- '. (In our case y- ' z 3.5" and 
the radiation maximum corresponded to q, z 12" at A z 7 mm 
andtoq,z18"atRzl2mm.) 

It is known8 that if a charged particle moves according 
to a law r ( t ) ,  the radiation field at a frequency o can be 
expressed in terms of the Fourier component A, ( r )  of the 
vector potential: 

Here v(r) = dr(t)/dt is the charge velocity at the time t, r is 
the radius-vector of the observation point, and q is the 
charge. If the observation point is far enough from the 
charge trajectory, so that the distance between the observa- 
tion point and the trajectory is large in comparison with the 
orbit size, Eq. ( 1 ) takes the simpler form 
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FIG. 2. Experimental horizontal-angular distribution of intensity of the a 
(a) -  and .rr (b)-components of radiation polarization: a) 0 = 0, A = 12 
mm ( I )  and 7 mm (2; b) 0 = 0.2, A = 12 mm. 

where R is the distance between the orbit and the observa- 
tion point, k is the wave vector of the emitted wave ( k  = o/ 
c, and the vector k points from the orbit to the observation 
point). Let the particle move along a trajectory in the xy- 
plane (see Ref. 8, Sec. 74, Fig. 16, where the same geometry 
is adopted). The trajectory is a part of a circle of radius ro 
between the azimuths q, = q,, and q, = q,,. The observation 
point lies on the y-axis far enough from the orbit center, i.e., 
k, = 0. From Eq. (2)  we can get the expressions for the a- 
and 7~-components of the radiation field vector-potential: 

esp ( ikR)  
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where q, = w,t, o, is the frequency of electron rotation along 
the circular orbit, o, = u/r,, 6 is the angle between the xy- 
plane and the radiation direction, and n = doo. In the case 
of a uniform rotation along the circle, the integration is per- 
formed over the full circle, from q, = 0 to q, = 27~. In the 
meaurements described above the difference q,, - q,, re- 
mained constant and comprised 20". In the experiment, 
when the detector is moved, its position with respect to the 
emitting section of the orbit changes. In integrals (3)  we 
allowed for this by varying the position of the emitting re- 
gion and assuming that the observation point is fixed. When 
the observation angle changed, the arc of the circle con- 
tained between the angles e, = q,, and q, = q,, moved along 
the circle. The observation angle changed from pzOO to 
p =: 30". In Fig. 1 the observation angle q, = 0 corresponds to 
the direction of the y-axis and can be varied only in one direc- 
tion, owing to the setup geometry. 

As is known,' synchrotron radiation has the greatest 
intensity near a wavelength A = 47~a/3? called critical. For 
such wavelengths the radiation is collected from a small or- 
bit portion of length ro/y. If this ratio is smaller than the arc 
length ro(q,, - q,,), the integration limits in (3) can be ex- 
tended to the full circle. Then the motion along a finite arc 
gives the same spectrum as the ordinary synchrotron radi- 
ation. If, however, radiation at sufficiently large wave- 
lengths is considered, as in our case, the results depend sub- 
stantially on the size of the arc along which an electron 
moves, and on its position on the circle. To find this depend- 
ence, we have performed numerical calculations using Eq. 
(3). The results are shown by a solid line in Fig. 3. It is seen 
that they are in qualitative agreement with the measure- 
ments. The intensity modulations seen on the experimental 
curves are caused by higher radiation harmonics (A = 1-2 
mm) which can also be detected by the diodes. 

The spectral-angular distribution of low-frequency ra- 
diation, which arises when a particle moves along a finite 
arc, can be described analytically with the help of approxi- 
mate formulas which are found from (3) under the assump- 
tion that in the integration limits the phase variation in the 
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FIG. 3. Angular distributions of the components A, (I,.) and A, (2)  of 
the vector-potential: curves I and 2 correspond to numerical integration 
of Eq. (3) ,  and the closed circles to calculations by the formula (4) ;  
R = 12mm, q, - q, = 20', B =  O(I), and 0.2(2). 

exponent is small in comparison with unity. This assumpton 
is valid, if the radiation harmonic number n and the angular 
size Ae, of the carc, along which the charge moves, satisfy the 
condition Ap( (6/n)'I3. In this case the exponential in the 
integrand in (3) can be expanded in the powers of its argu- 
ment, with account taken of powers not higher than the 
fourth. Thus, the following expressions are derived from 
(3): 

A,,,n=A,,,X (cpd -A , , , .  ( ~ i ) ,  (4) 

where 

The results found in this approximation are shown by points 
in Fig. 3. As is seen, they agree with the results of exact 

numerical calculations in the range of observation angles, 
where the assumption that the phase in the argument of the 
exponential is small is valid. 

CONCLUSION 

By now we know well some relatively simple cases of 
moving-particle radiation, such as transition radiation, 
synchrotron radiation, undulator radiation, diffraction radi- 
ation, the Cerenkov-Vavilov radiation, etc. Each of these 
types of radiation arises only when certain physical condi- 
tions are satisfied. For example, the Cerenkov radiation 
arises when a charged particle moves uniformly and in a 
straight line in an infinite refracting medium with velocity 
higher than the phase velocity of light in this medium. Tran- 
sition radiation arises when a charged particle, moving uni- 
formly and in a straight line, crosses a plane interface of two 
semi-infinite media. Synchrotron radiation arises when a 
charge moves along a sufficiently long circular orbit. 

In practice, however the conditions determining the 
type of radiation are far from being met. In particular, the 
charge motion is far from uniform and straight-line, the real 
medium is always finite, often inhomogeneous; all this 
should be taken into account when we compare theory with 
experiment. When a charge enters a Cerenkov counter or 
leaves an emitter, bursts of transition radiation arise, so that 
it is necessary to allow for the interference of this radiation 
with the Cerenkov radiation generated in the emitter. The 
radiation of a charge moving along a finite arc of a circle can 
differ from the synchrotron one, and the differences may 
vary from one spectral region to another. In particular, at 
frequencies close to the critical one and at higher frequencies 
the synchrotron radiation is formed on orbit sections of an- 
gular size y-', i.e., even when a charge moves along a small 
arc of angular size y-' the synchrotron radiation is ordinary 
with respect to both spectrum and angular distribution. Bear 
in mind that here we speak of radiation harmonics with a 
sufficiently large number n = w/w,~? .  If the number of 
the harmonic is not so large (in the experiment n ~ 3 0 ,  
whereas the critical-harmonic number is of order lo3), the 
radiation formed over a finite arc differs greatly in its spec- 
tral-angular distribution from synchrotron radiation. Note, 
however, that Eq. (3)  is universal and describes radiation in 
all cases. 
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