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A mechanism is suggested for two-photon spontaneous atomic relaxation in an external
monochromatic field. A unitary transformation of the initial Hamiltonian and a technique
involving Ito’s quantum stochastic differential equation are employed to obtain an equation for
the atomic density matrix and the relaxation constants that describe two-photon atomic
relaxation. The equation for the density matrix is generalized to the case of relaxation involving
one photon of the monochromatic field and one photon of the squeezed vacuum. The possibility of
experimentally studying two-photon relaxation is also demonstrated.

INTRODUCTION

Analyzing spontaneous atomic relaxation in an exter-
nal coherent field usually involves solving an equation for
the denisty matrix with given spontaneous relaxation con-
stants and then determining the effective relaxation times.'
It is commonly assumed that spontaneous relaxation is due
to one-photon transitions in the absorption or emission of
resonant vacuum photons. But in addition to one-photon
processes, there can be a complex hierarchy of multiphoton
spontaneous processes in the external field, when the transi-
tions in an atom that lead to additional relaxation occur with
the absorption of one or several photons from the coherent
field simultaneously with the absorption or emission of a
vacuum photon. Owing to the intensity of the external field,
such processes may be pronounced and can dominate ordi-
nary one-photon spontaneous relaxation. Obviously, when
the intensity of the coherent field is high and the role of these
processes is important, one must re-examine even the ordi-
nary two-level model of an atom,? since for any such field,
resonant or nonresonant to two selected energy levels, other
energy levels and an appropriate frequency of the vacuum
photon can always be found, with the result that one is
forced to allow for relaxation transitions from the two select-
ed levels to other levels with photons of both coherent and
vacuum fields being involved. The respective relaxation con-
stant will depend here on the intensity of the coherent field in
the starting equations for the density matrix of the atom and
must be taken into account in the N-level approximation.
Needless to say, this constant will affect many optical phe-
nomena.

In this paper" the above mechanisms of spontaneous
relaxation in an external coherent field described in classical
terms are taken into account systematically. For the sim-
plest case of one- and two-photon relaxations an equation is
derived for the atomic density matrix containing, in addition
to the usual Einstein relaxation constant, relaxation param-
eters that depend on the intensity of the external coherent
electromagnetic field. The equation is generalized to the case
of a squeezed vacuum, whose photons participate only in
two-photon relaxation transitions. Relaxation constants
that allow for these processes are obtained for the three-level
model of an atom. The possibility of experimentally studying
two-photon spontaneous relaxation is illustrated by the ex-
ample of Raman scattering of light in the coherent excitation
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of a three-level system by a pair of ultrashort pulses in reso-
nance with adjacent optically allowed transitions.>

The theoretical approach expounded here is based on
the unitary transformation method*’ and the technique of
Ito’s quantum stochastic differential equation.® In Sec. 1 the
unitary transformation method is used to derive an effective
Hamiltonian that in addition to one-photon relaxation tran-
sitions allows for two-photon transitions involving a vacuum
photon and a coherent photon. The quantum stochastic
equations of Langevin and Ito are derived in Sec. 2. Section 3
is devoted to the equation for the density matrix and its gen-
eralization to the case of a squeezed vacuum. Section 4 gives
the relaxation constants for various three-level models of an
atom. Finally, Sec. 5 discusses the possibility of experimen-
tally studying two-photon relaxation.

1. THE EFFECTIVE HAMILTONIAN OF SPONTANEOUS
PROCESSES IN AN EXTERNAL COHERENT FIELD

We will describe the system consisting of an atom, the
field of a classical electromagnetic wave of frequency v and
electric field strength

E=&e™+c.c. (1)

and the vacuum electromagnetic field by the Hamiltonian

H=H+HA+V pintV,, H, =2 E.a,*a,,

o

Hl,=j dohob,*ba, a
)

Vcoh.int=_$e~i“ 2 dm'au*a,ar + H.c,

Vb=-i2 j doK(w)dea asta, b, +H.c.,

where H, is the Hamiltonian of the isolated atom, H, the
Hamiltonian of the photon thermostate, V., ;.. the operator
of the interaction of the atom with field (1), and ¥, the
operator of the interaction of the atom with the thermostat
photons. We have introduced the following notation: a;
and a, are the creation and annihilation operators of an
atom in a state with energy E,,, satisfying the commutation
relations [a,,a; ] =6,,; b, and b, are the creation and
annihilation operators of photons of frequency w, with
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[0 ] =6(w—w'); dyy is the matrix element of the
operator of the dipole moment between states with energies
E, and E_; and K(w) is the coupling constant.”? We have
ignored polarization effects and recoil and employed the
one-dimensional approximation, while the interaction with
fields is considered in the electric dipole approximation.

Theinitial Hamiltonian A describes the evolution of the
density matrix p of the entire system:

ihdplot=[H, p). (3)

To identify in this Hamiltonian the effective terms responsi-
ble for the hierarchy of the spontaneous processes under dis-
cussion, we perform the following unitary transformation:

ihaplot=1H, 5).

—p—iS

6—8 peis. H=e“ich‘S—iﬁe“[saeis/at.

(4)

We write S and H in the form of series in powers of the
strengths of the coherent and vacuum fields:

S=SUO+SE 4S04
H=H(00)+H(10)+H10U+H(“)+' o

where the left index in each pair of superscripts refers to the
external coherent field and the right index to the vacuum
field. Obviously,

A =H+H,,
A=V i~ (SO, A +09Sot,
AY=V,—i[S", B ]+raS""/ot,

A" =—(i/2) [S°Y, Venine]—(i/2) [S"7, V]
—(i/2)[S““’, Huo)]

—(i/2) [SU0, AOV) =[SOV, BV)+R3S]t, . . .

(5

Now we must require that H '? vanish since the exter-
nal electromagnetic field (1) is assumed to be out of reso-
nance with the atom. The quantity A ©" must contain only
terms with the appropriate frequency dependence, corre-
sponding to absorption and emission of resonant vacuum
photons:

HY=—j 2 j do(aa)K[w:(aet') 1dew @at o be, (aar
X6(E,—Es )+ Hec. (6)

According to Ref. 7, the frequency spectrum of the vacuum
photons is divided so that to each atomic transition there
corresponds an individual source of noise related to the reso-
nant interaction with thermostat photons, whose frequen-
cies are denoted by w; (aa’). Here w, (aa’) = w, (a’a), and
the central frequency of this noise source, @,(aa’), is equal
t0 |@,e |, Where w,, = (E, — E, )/#i. We must also bear in
mind that all the sources of noise just mentioned act as a
single source in relation to an atomic transition out of reso-
nance with these sources. We have also used the standard
notation for the unit step function, thatis, 8(x) = 1forx >0
and 6(x) = 0 for x <0. Then, assuming that the coherent
field is switched on adiabatically, we get
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, oo EeMaytag,
S(m)_—_-—l V oo o QAo +He,

et B (g — V)

. ¢’ K (o) oot aab.
L5(01)= oo bo GV
ZS do 7 (0ge — ©)

+ Z S d oy (o’

H(wl (aa’)) dam’aa+aa'bwl(aa’)0 (Ea/ - Ea)
B [@qor — @ ()]

+ H.c.’

where the prime on the integral sign indicates the absence of
terms with resonant denominators.

_We now substitute these expressions into the formula
for H "V and retain only the terms with the correct frequency
dependence (by defining S 'V appropriately), which in the
final analysis corresponds to the approximation of slowly
varying amplitudes:

q'"=— 7[2 5 doe(ay) K ((0e(ay) ) Ee™a, aba, )
X oy (v) + oy (06 (G'Y) )18 (Ea—Er)

+.2‘_25 dog(ay) K (e, (ay))

X&e~ '\.taa.”a'rbm:(a'() l Ha1 ('\’) +na1 (_mq (a'f) ) 10 (E’I_Ea)
2 2] s (o) K (s o) =0 b e

X[ Moy (v) + ey (_mp(a'f)) 16(E.—Ey)

N PR
X [Ta (v) +1a (@) ] + Hee. 7

The noise source w,(ay) with the central frequency
@, (ay) is in two-photon resonance with the two-photon
(optically forbidden) transition E,—E,, that is, @,
(ay) +v =(E,—E,)/#(E,>E,); the noise source
o, (ay) with central frequency @, (@y) and the noise source
w, (ay) with central frequency @, (ay) are in combination
resonance with the two-photon transitions E, — E,, that is,
o,(ay) —v=(E, —E,))/#E,>E,) and v—o,(ay)
= (E, —E,)/#,(E, >E,); and the central frequency @,
of the noise source w,, coincides with the frequency v of the
nonresonant wave (1). Here we have introduced the follow-
ing notation:’

dasyy (1 1 )
o = + y
H Y((’)) 2 h \(l)pa_i-(l) Op—©

determines the effective dipole moment of the two-photon
transition, and
),

o) = LASL (s =

@ao T O

determines the Stark shift of the level £, . Since
Moy (v) =ILay (@e (7)), Moy (v) =Iay (—@g(ay))
and  Har(v) =T (—0s(at),
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ignoring the frequency dependence of the Il parameters, we
can write

B =—i Z j. d(ﬂe(aY)K((@a(aY))ge—i“ aa+ a'[bme(u'{)

X HGT (v)ﬂ (EG_E‘[)
i 3 dogtan) K (0g (o) Be- 0 arb o

X oy (v) 0 (E1—E,)

+i Z “ doy(ay)K(op(ay))&e” “"a,,'*a.,b@:m,

X Ty (v) 0 (Ea—Ey)

+i2 j doK(0,)& e a."a,b, .-Ha (v) + H.c.
(7"

The term H ?” is obtained in the same way as in the classical
case’ and describes the Stark shift of atomic levels:

A= Z | & |* o (0) te™ . (8)

Thus, the effective Hamiltonian of the atomic system
and vacuum photons in the field of a classical coherent elec-
tromagnetic wave can be written as the sum of four terms
determined by Eqgs. (5)-(8):

H=H(°°7+H*“”+H‘“H—H‘"). (9)

The first term H ©? is the sum of the Hamiltonians of the
atomic and photon subsystems isolated from each other and
from the other fields. The term H ?® characterizes the Stark
shifts of the levels in the field of the nonresonant wave (1).
Both H " and H"" correspond to spontaneous relaxation
processes in the slowly-varying-amplitude approximation,
with H ©? corresponding to one-photon relaxation and H "
to two-photon relaxation involving thermostat photon and
the coherent wave. In what follows it is convenient to think
of the effective Hamiltonian (9) as the sum of the Hamilto-
nian of the atomic system in the external coherent nonreson-
ant field H,, the vacuum-photon Hamiltonian H,, and the
operator of one- and two-photon interaction of the atom
with the vacuum photons:

where H,,, = H, + H®" and H,,, = H®" + H"", and for
the sake of brevity we write

Hint=""iﬁ2j d(l)jK((l)j) [fJ (t)Rj+bmJ._f5. (t) ij,:; ]. ( 10)

In such expressions the sum index j numbers the atomic tran-
sitions and all the above-mentioned noise sources (Fig. 1)
that are in resonance both with optically allowed transitions
(j=1and 0, =w,, >0) and with two-photon transitions
(j = 6 for the double resonance wy + v=~w,, >0,andj=gq
and j = p for the combination resonances v, — v~®,, >0
andv — 0, ~®,, >0). Theoperators R; and the parameters
Jf; (¢) for the respective transitions are

R=a,"a, 0(E,—E,), f(t)==d,./n,
Ry=a,"a,0 (E,—E,), fo(t)=&e "' (v)/h,
R,=a,% a0 (E,—~E,), f,(t)=&" e (—v)/A,
Ry=0,%a,0 (E,—E.), fp(t)=&"e"' oy (—v)/h.

In addition, j “incorporates” the noise source , at the fre-
quency of the nonresonance wave (1) (j=vatw, =v).In
contrast to the noise sources w,, wy, @,,and ,, the w,, pho-
tons cause random variations to occur in the Stark frequency
shifts rather than participate in atomic transition. For this
source,

R\'=Z aq,'*‘(lanu.(’v), fv(t)z_g'eivt/h.

If in addition to the nonresonant field (1) there is a
resonant classical electromagnetic field acting on the atomic
system, the atomic Hamiltonian H, incorporates the term’
that allows for this resonant interaction in the slowly varying
amplitude approximation. This introduces additional terms
into S "% that contribute to (10) and to the Stark shifts of the
resonant levels. In relation to nonresonant transitions some
of these terms are the same as those considered above but are
determined by this resonance frequency. The other fraction
differs for resonant transitions and, among other things, is
the cause of the Bloch—Siegert shift.> Often, however, these
terms can be ignored, which is done in the actual calculation
in Sec. 5.

2. THE QUANTUM EQUATIONS OF LANGEVINAND ITO

We go over to the Heisenberg representation and write
the equation of motion for an operator of the atomic system,

H=H,, +H,+H,,, (9)  say4:
!
|
R v
=& !
| .
] U' "— f ""
—f,, ' - \
! , 1 @ FIG. 1. The energy levels and noise sources participating in (a)
! w, e £ one-photon and (b)-(d) two-photon relaxation processes.
| w, v I ”
| | v
S E, —l—k, = «
a b c d
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l

A= L4 b0~ Y fdoK @) (014,871,

17 (1) L4, R}1by%).

In this equation we replace b,, with the integral representa-
tion

1

bumexpl—ioo,(t—t) Voo VK (@) § 17 ()R

&
x expl—iw;(t—t') 1dt’,

where b(,a,j is the value of bw, at the initial time #,, and apply
the Markov approximation®

K(wg)=(n;/2m)". (11)

Assuming that

1
SR,(t')ﬁ(b—t')dt' = —é—RJ(t)7

t

we arrive at the quantum Langevin equation

A=——14,Ho)- Y {1ar

%®

X (Wf"b(mw(t)fl(t)+ 2’ |f,(t)]2R1)

. ;i
~(wpiah o+ 20 1R) 14, R) .
(12)
Here for each noise source we have introduced the in-fields

1

(zn)'h

Bimy; (1) = 5 do;exp[—iw; (t—to) 1 0o, (13)

which satisfy the commutation relations
LB giny (1), bzn)j' (") )1=648(t—t"),  [bein)(t), bomyy (¢7)1=0.

Note that \/x; b, (1)f; (2) + 4x;| f; (£)|’R; commutes with
any atomic operator.
We assume that the in-fields are sources of white noise:

Tr{im) Dimys (£) Donys? (8) } = Cbiny (8) bemysr (8) Y =Ny (1),
T {00t Beimys (8) Biimysr (¢)} 2= CBomys () B imyy ()
= (N;+1)§;-6 (t—t), (14)
CBims () Damys (£)Y=CB iy (1) binyy (£) > =0, (15)
which corresponds to
Cbow booy)=NB (05—=0;), <booboyd=(N;+1)8(0;—0;'),
Cboo Buay>=Cbos, bou; >=0,

with p;,, the density matrix of the in-fields. If we also as-
sume that N; =N(w;), where N(w)=1/[exp(fiw/
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kT) — 1], Egs. (14) will correspond to the case of a photon
thermostat of a temperature 7.

If we reason along lines similar to Ref. 6, we can also
examine out-fields and the respective quantum Langevin
equation reversed in time. But this will not be needed here.

Weintroduce the quantum Wiener processes B, (,Z,) in

the following manner:
t

By(t, t0)= § by ()",

to

(16)

with [B;(1,4,),B ; (t,t)) ] = (t — t,)6;.. Defining the Ito
integral and differential in the usual way,® we have the fol-
lowing basic formulas of stochastic analysis:

dB;* (t)dB; (t)=Ndydt, dB;(t)dBy* (t)=(N;+1)5;dt,
dB,(t)dB; (t)=dB;* (t)dB,*(t) =dtdt

=dtdB;*(t)=dtdB;(t)=0. a7

To obtain Ito’s quantum stochastic differential equa-
tion from the quantum Langevin equation (12), we must
replace b ;,,; (¢)dt with dB; (¢) and then add terms that will
guarantee the validity in the obtained equation of Ito’s rule
of differentiation; namely, that

d(4,4,)=(dd,)A,+A4,dA,+(dA,) (d4,)

for each pair of atomic operators 4, and 4,. This leads to the
quantum Ito equation

A= — L4 Holdi— Y2 i
% 2
x ([4, Bi*IR—R*[R;, A])dt
_ Z%mw I*N;([[4, R;*), R)+ (4. R)), Ri*1)dt

+ Z #s"f; (¢) [4, R;)dBy* (t)— Z’ %5°f;(t) (4, Ry*)dBy(t),

(18)
which can be written as

dhm — (A Bk 2 O (V) (R LA, B
i
+[R*, A]R,—)dH—Z—-z— [£;(2) |*N;(R;[ A, Ri* ] +[R;, AIR;)dt:

£ 2w (O LA RAB ()= X (1) L4, R 1B, (1),
(18")
The structure of this equation coincides with that of the
Ito equation of Ref. 6, but because of the factor | L@ | the
terms with j = 6, j = ¢, j = p, and j = v are proportional to
the intensity of the external field (1) and describe the spon-
taneous processes of two-photon relaxation with simulta-

neous participation of the coherent wave (1) and vacuum
photons.

3. THEEQUATION FOR THE ATOMIC DENSITY MATRIX

In the Ito equation the coefficients of dB;(¢) and
dB ;" (t) are nonadvanced operator functions. Hence, aver-
aging (18), we get

A. M. Basharov 614



<dA(t)> _ ~<-—-[A H,,. >~ <2-——|f](f)|

x([4, R |R—R;* Ry, A])>

(R0 AR, RIFHLAR)L BAD ).

Here the average of an atomic operator in the Heisenberg
representation is defined in terms of the density matrix

p (t) =Tr,{exp [iH (t—1to) /7] pays (fo)

®p, (to) exp[—ifl (t—t0) /7] }
as
CA(1)>=Tr{A(t:)p(1))

[initially, at ¢ = ¢,, the density matrix is equal to the product
of the density matrix p,, (#,) of the atomic system and that
of the photon thermostat, p, (¢,) ]. Here
A (1) dA(t)
. dt

E —|f:(t) |*(Ny+1) 2RpR;* —pR*R,—R;*Ryp) (19)

=1e{ 40 (Lo, Hu

+ X110 1N, @R oR—oR A ~ER0) ) |

Since
d{4 (t)>
dt

{A(t) (20)

p()}’

and the above equations are valid for any atomic operator 4,
comparison of (19) and (20) yields the following equation
for the atomic density matrix:

dp

% e ol + 251400 )

X (2R,pR*—pR;*Ri—R;*Ryp)

X, .
+ Z —21_ |£;(¢) |*N; (2R;*oR;—pR.R;* —R;R;*p).
21

This equation can easily be generalized to the case that
lately has been a topic of intensive investigation,®'? where a
vacuum field (with j = /,6,q, or p) or several such fields are
ina“squeezed” state.!> In Refs. [8-12] and other papers the
relaxation of an atomic system was considered as being in a

" squeezed vacuum in resonance with optically allowed transi-
tions. The above reasoning, however, suggests that after the
transformed Hamiltonian is written in the form (9') and
(10), the general analysis of ordinary one-photon relaxation
and of the mechanism of two-photon relaxation proposed in
this paper can be conducted along similar lines. Hence in
what follows we denote by w, the frequencies of the fields of
the squeezed vacuum that are in one-photon resonance with
optically allowed transitions (@, ~w,, >0) and in two-
photon resonance with optically forbidden transitions
(0, + v=w,, >0 for a double resonance and o, — v=w,,

>0and v — w; ~w,, >0 for combination resonances). The
meaning of the respective operators R, and parameters f; (¢)
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remains unchanged. For ideal squeezing the difference from
the case of ideal white noise and thermostat consists in re-
placing condition (15) with

<b({n)s (t) b(i'n)s' (t, ) >=M.965o'6 (t—t,) )
(22)
CBinys (O () =M 8,8 (1),

and, in deriving the Ito equation, instead of

dB,(1)dB. (t)=dB,*(t)dB, "(t)=0

we must assume that

dB,(t)dB, (t)=M.5,..dt, dB,(t)dB.*(t)=M.8,. dt,

where the parameters M, and N, obey the condition
|M, |*<N, (N, + 1), with the equality attained for squeezed
light exiting from an ideal degenerate parametric amplifi-
er.' The following result can easily be obtained:

b o Hul+ Y  TAGIRUARY
X (ZijRj+—ij+R,—R,+ij)
+ 201 10) 1N, 2R o R p BB —RRS70)

- Ziq i,(8) XM, (2R,*pR,* —pR,*R,* —R,*R,*0)
(23)
X 211, 1M @RpR.~pRR~RRup),

where in the sums over j we have included the summation
over s.

4. THE RELAXATION OPERATOR FOR THREE-LEVEL
MODELS OF ANATOM

It has proved expedient to write the equation for the
transformed atomic density matrix p in terms of the relaxa-
tion operator I' as follows:

m(%+i‘)p=m¢.5].

Here the Hamiltonian H, of the atomic system may include,
in addition to I?sys , the interaction of the atom with resonant
(classical) electromagnetic fields. We assume that the ap-
propriate unitary transformation® [similar to (4)-(9)]
have been applied to the initial density matrix and the addi-
tional terms in the initial Hamiltonian that describe this res-
onant interaction with classical electromagnetic fields.

The simplest model of an atom allowing for spontane-
ous relaxation in an external field contains three levels, say
E,, E,, and E_, that form two adjoining optically allowed
transitions E,~E, and E,-E. and an optically forbidden
(two-photon) transition E.—E,. Three different configura-
tions are possible here, A, ¥, and 6, and in each configura-
tion the frequency v of the coherent wave (1) can be either
lower or higher than the frequency w_, of the optically for-
bidden transition. Below for these six three-level models of
an atom (Fig. 2) we list the expres§\ions for the matrix ele-
ments of the relaxation operator (I'p),, . The matrix ele-
ments of the other terms in Eq. (24) are well-known (see,
e.g., Refs. 5 and 15).

(24)
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FIG. 2. Three-level models of an atom and two-photon relaxation transi-
tions in which the photons of the monochromatic and noise fields partici-
pate.

We write the matrix elements of the relaxation operator
in a form that reflects the ‘“‘closed” nature of the three-level
system (i.e., the fact that the number of three-level atoms
does not change):

{ ij)na= (Fu“,)_'_ pa(c))pan_rb(“pbb'— r.:(“'pcc.
(1‘9)01;'—" (Pb('I’+FO(H) Por— Fn(b’pm— l‘cmpcp

(Tp)ee= (T +T ) pee=TE” paa—Ts" ooy
(ba)

(f‘p) ba= (I‘ba

(Tp)av= (TS +TE" 4757 +T0) pes,

75" +Tha” +Tsa) Psar

(Tp) ca= (TS +TLV +T8Y +T0) ear

(ca)

LO=ors™, r=2r$®, no=2r,", 1 =2ry”

(d) (ba)

. =2l ',

N =2ry”

- ch o
In the formulas referring to the off-diagonal elements of the
density matrix, the order of the indices in each pair of lower
(upper) indices is unimportant. We write the constants I' .5,

a#p (ie.,,,,,and [,,)in the unified form
Dap=t:& | [T (v) =Ty (v) J* (N 1/2) /12, (25)

and the remaining constants for each possible configuration
of the three-level system as follows:

1. A-configuration E, <E,  <E, with v>w., (Fig.
2a):

T =t doa/ B |* (Noat1/2),  Tha” =ntoe| doe/ | * (Woe1) /2,

Tha =%p|&Mac(—v) |* (Np+1) /282,
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D29 =00 | doe/ B |2 (Noet1/2), T =%oa| doa/ B |* (Npat1)/2.

(ca)

Dpe  =2up|& Mo (—v) | *No/ 272

T =up | E T (—v) |2 (NpH1/2)/72,

TS =%oe | Goe/ 2|2 Noe/2,  To" =340 oo/ 7| N/ 2,

2. A-configuration £, < E. < E, withv <w_, (Fig.2b):
Tra” =%ua|dsa/ 2 [*(Nsat1/2), The =ntpe| doe/ | (Noet1) /2,

Te = (#q| & Mea(—V) |*Notxe | ETLa (v) | 2No) /272,
se =Huc| doc/ B * (Noct1/2),  The =taa| doa/ 7 |* (Noat1) /2,

Pa” =[%q| ETa (—v) |2 (N, H1) e | E e (v) |2 (No+1) ) /272,

(ca)

Feo =[%g|EMea(—v) |2(N,+1/2)

0| BT (v) [2(NoF+1/2) /72,

(be)

TS? =%pe| doe/ 2| *Noe/2, T =%sa|doa/ 11| *Noa/ 2.

3. V-configuration E, < E, < E. withv >w_, (Fig. 2c):

L8 =% | dao/ )2 (Nap+1/2). T8 =sey | des/ | *Noo/ 2.

(ca)

Ta =%p|EMac(—v) |* (Npt1) /202,
TS =er | dus/B|* (Ny+1/2), T8 =ta|des/ 7| *Nao/2,
" =xp | &M (—v) |*Ns/20, Te”
=5 | & o (—v) | (Np+1/2) /1,

TLY =20 | Ao/ B2 (N 1) /2, T'e" =%as| das/ 2| (Ney+1)/2,
4. V-configuration E, < E, < E, withv <w,, (Fig.2d):
TS5 =xa|da/B| (N t1/2), Tos” =%ep|des/ 7 |*Neo/2,

TSY = (k| ETLea (=) |*Not %6 | ETLea (v) | 2N o) /272,
TS =xe|da/f|? (Nat1/2), T% =2%a|da/h|*Nas/2,
T = gl EMea(—v) |* (N +1) +t0 | EThea (v) | (Vs H1) 1202,
o =[%e| EMea(—v) |*(N,+1/2)
+x0 | &M (v) |2 (No+1/2) 172

TE =0 A/ 2|2 (Nt 1) /2, Th =%a|da/k|* (N t1)/2,

5. O-configuration E, < E, < E, withv > w_, (Fig. 2e):

(cd)

T =te] doo/ | (Noat1/2), To” =teo| e/ |Nor/2,
Fl(;:n) =% I gnac (—\’) Iz (NP+1) /zhz’
Mt | o/ B| (N H1/2),  T” =nna| doo/2|* (Noa1)/2,
(ce)

b =Ap I(?l]u ('_'V) I sz/zhz,

To” =np | &ML (—v) |2 (N, H1/2) /82,

(ct)

o =% | B/ B (Nat1)/2, TL" =k30| dya/ 2| *N,a/2,
6. 6-configuration E, < E, < E, with v <w,_, (Fig. 2f):
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(ba

so. =Ksa| doa/ |} (Noat1/2), T’ =%es| des/ | *N /2,

TE = (g | Lo (=) "N 20 | E Lo (v) |2V 1/282,
T =% | deo/ B |* (N H1/2), TS =st00| oo/ 1|2 (Noat1) /2,
T =[] EMea () |* (V1) +0 | ETa (v) |2 (No+1) 1723,
P =[%g| ETea(—v) |2 (N, +1/2)
+0|E s (v) | (Ne+1/2) /22,

L5 =sep|de/ 2|2 (NopH1)/2, TS =t dpal 2 |*Na/2,

5.DISCUSSION

At present the most effective methods of studying
atomic relaxation are those based on the photon echo phe-
nomenon.'>'® In analyzing two-photon relaxation it has
proved expedient to employ echo phenomena that manifest
themselves against the background of nonresonant illumina-
tion, since if a two-photon transition E, — E, is in some way
excited in advance (g, #0), any probing nonresonant wave
with an electric field strength

E,=&, exp{i(kiz—wot) } + c.C. (26)

experiences Raman scattering, that is, radiation appears at
|@y + @, |.° If the duration and intensity of (26) are suffi-
cient for the spontaneous processes discussed above to mani-
fest themselves, the Raman scattering signals will strongly
depend on the respective relaxation parameters. A simple
example is the Raman scattering of light in coherent excita-
tion of three-level systems. References 3 and 17 show that
when two light pulses (of duration 7, and 7, and separated
by a time interval 7)
E,=& exp{i(kz—wd—q¢,)} +cc  0<t—z/c<T,,

E,=&,exp{i(kz—0ot—@2) } + c.c., TiHTi<t—z/e<ttntr,

act on a gaseous medium in conditions where the first pulse
is in resonance with the optically allowed transition E, - E,
and the second is in resonance with the adjacent optically
allowed transition E. - E, (the V-configuration of the
three-level system; o, ~w,, and w, ~®,, ), this induces spe-
cific Raman scattering on the nonresonance wave (26). Ra-
man scattering at the Stokes frequency w_ = 0, — 0, — @,
and the anti-Stokes frequency v, = w, — w, + ®, emerges,
after the pulses £, and E, have passed, at time

t___z—ztp= @2 (T+-IE~)+
c ®3— O 2

2(1)2_(01
'———_——Tl
2(w:—0,)

and is determined by the following value £, of the electric
field strength of the anti-Stokes (upper sign) and Stokes sig-
nals:

E.=¢.(t—z/c)expli(kiz—0it—@.) ] +cCy 27

e (t) =e.” ()& Lsu, eXpl —YarT—Yea (t—T) | (28)

Here e’, is independent of the field strength (26) and for
small areas of the exciting pulsed fields E, and E, is given in
Ref. 3 (e', =e, /&,). Itis assumed that the nonresonant
field (26) is switched on no later than when the second excit-
ing pulse has ceased to act.
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If there are no vacuum photons
(N,, = N,, =N, =0) and the Stark shifts of levels are ig-
nored, the relaxation constants ¥,, and y,, have the follow-
ing form:

Yo=Y Fa' s Yea=1ca Yoo TYeor

Yo =0 |dao) /A", Yo' =Ya T’ |de]?/RC,

Yoo =20l [ 0% T (—w0) | *+ 0| Hea(w,) | *) /2%,
where the constants {3’ and ¢’ are determined by atomic
collisions and are independent of the intensity of the light

fields, y$;> and !’ describe ordinary spontaneous relaxa-

tion, ¥’ corresponds to the present mechanism of two-pho-
ton spontaneous relaxation with a photon from the mono-
chromatic wave (26) participating in the process, and I, is
the intensity of wave (26) averaged over the period of rapid
oscillations, I, = c| % ,|*/2.

It is easy to see that studying log(/, /I,,) as a function
of I, in experiments makes it possible to avoid determining
27(@, M, (— o) |> + @ |11, (@) |*)/#ic* and to verify
the importance of the two-photon relaxation mechanism.
Experiments involving monochromatic waves of the form
(26) at different frequencies w, and other echo effects
should make it possible to separately estimate the param-
eters |I1., ( —@,)| and |II., (@,)| of the operator of two-
photon interaction. When the Stark shifts of levels cannot be
ignored, an additional relaxation constant I',; emerges,
whose study provides information about
[T, (o) — g (wg)].

As for the order of magnitude of 2, for the
4%S,,,—3%S,,, two-photon transition in sodium, with a 10"
s~ ! detuning of the nonresonance wave from the 3°P{ , lev-
el, we find ¥ ~4X 1075, s~ in the esu system, that is,
two-photon spontaneous relaxation manifests itself in
megawatt fields. Two-photon relaxation may also prove sig-
nificant at lower intensities of the external monochromatic
field if noise fields are employed at frequencies of the vacu-
um photons emitted in the relaxation process.

Note that two-photon relaxation depends on the type of
two-photon transition and the polarization of the mono-
chromatic field, since linearly and circularly polarized
waves scatter differently.

The above method also makes it easy to describe other
two-photon relaxation processes in nonresonant light fields,
say, in a nonresonant noise electromagnetic field [ which es-
sentially is determined by the constants in (25)] or in a
squeezed field.

"The paper was delivered at the 4th International Seminar in Quantum
Optics (Raubichi, May 12-14, 1992).

2The coupling constant depends on the nature of the field. If the interac-
tion is with a three-dimensional electromagnetic field and we ignore pho-

ton polarization, K(®) =+ fir’ /e’ .
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