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The temperature-Green's-function method and the diagram technique are used to analyze the 
dynamics of noncentral ions, i.e., ions moving in a two-well potential, in superconductors. The 
screening by conduction electrons hardens the vibrations of the noncentral ions, while the 
superconducting correlations soften these vibrations, by weakening the screening effect. Two 
mechanisms are considered in a description of the effect of superconducting correlations on the 
ion dynamics. One is the BCS model. The other is the local hole-pair superconductivity model. A 
simple expression is derived for the temperature dependence of the mean square displacement of 
the noncentral ions in both the normal and superconducting phases. 

INTRODUCTION 

In an effort to explain the linear temperature depend- 
ence of the specific heat in metallic glasses, Anderson et at.' 
and Phillips2 have discussed a model in which a certain num- 
ber of atoms or groups of atoms may be in two identical 
equilibrium positions, close together, and may tunnel be- 
tween these positions. It was later discovered that a model of 
this sort could also explain several other experimental re- 
sults from research on kinetic phenomena in amorphous 
metals and superconductors.324 Interest has recently re- 
turned to the case of ions moving in a two-well potential, i.e., 
"noncentral ions," in conductors because of evidence which 
has been found in research on YBa2Cu307 - , compounds by 
EXAFS methods. This evidence suggests that displacements 
of oxygen in (0  4) sites may play an important role in super- 
conductivity5 and that the oxygen vibrations are very anhar- 
monk6 On the theoretical side there is a need for a compre- 
hensive study of the dynamics of noncentral ions in 
superconductors. This need is demonstrated by the numer- 
ous experimental studies of atomic motions in metal oxides 
by ion ~hanneling,~ by the Mossbauer-effect method,' etc. 
These studies imply softening of the vibrations of the atoms 
of the copper-oxygen subsystem in the superconducting 
phase and a relationship between the superconducting tran- 
sition temperature Tc and the ion dynamics. Another reason 
why a comprehensive theoretical study is needed is that sev- 
eral investigators (e.g., Plakida9) have suggested that two- 
well potentials for oxygen may play a role in shaping the 
high-temperture mechanism for the superconductivity of ce- 
ramics. 

In the present paper we examine the dynamics of non- 
central ions in superconductors. We are particularly inter- 
ested in the temperature region bracketing T,. We focus on 
this region because we wish to establish the relationship be- 
tween certain experimental results and the theory derived 
below. The experimental results in question show that the 
vibration amplitudes of oxygen and copper ions in chain 
sites1' increase in the superconducting phase in several of the 
yttrium high-Tc superconductors. According to the argu- 
ments in Refs. 8 and 11, this conclusion follows from mea- 
surements of the Mossbauer-effect probability, from neu- 
tron diffraction, etc. The theory derived below treats the 
effect of superconducting correlations on the dynamics of 

noncentral ions in these and similar compounds. Since the 
question of superconducting correlations in the high T, 
superconductors is quite involved, and still far from com- 
plete resolution, we will be discussing two mechanisms, 
which represent extreme cases in terms of the extent to 
which the charge carriers are collectivized. The first mecha- 
nism involves s-band pairing of the BCS type (this mecha- 
nism is discussed in Sec. 2).  The second involves the forma- 
tion of local pairs of holes in filled p shells of 02- ions of 
(0 4)-(Cu 1)-(0 4) chains in YBa2Cu307 - , , with hybridi- 
zation with s electrons in addition to the exciton mechanism, 
studied by Pedan and Kulik" (Sec. 3). 

1. FORMULATION OF THE PROBLEM 

The minimum which has been observed in the electrical 
resistance of many amorphous metals, with a logarithmic 
temperature dependence,13 has attracted interest to the role 
played by noncentral ions in electron scattering, because of 
the similarity to the behavior of the magnetic impurities re- 
sponsible for the Kondo effect. Kondo stated14 that an angu- 
lar variation caused in the screening of noncentral ions by 
conduction electrons by the orbital motion of the latter 
might, by playing the role of the spins of conduction elec- 
trons, lead to a Kondo-like anomaly in the electrical conduc- 
tivity of amorphous metals. Such anomalies have been stud- 
ied on the basis of the following operator for the interaction 
of conduction electrons with noncentral ions4 

Here c,f, and c,, are the field operators of s electrons with a 
wave vector k and a spin a ; V,(k) is the Fourier transform 
of the Coulomb interaction V(r - R) between the noncen- 
tral ions and the s electrons; r and R are the coordinates of 
the electron and the noncentral ion, respectively; @, ( R )  and 
@,(R) are the wave functions of the atom in the different 
wells of the two-well potential (Fig. 1); and ri are the Pauli 
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Here E ~ , ,  is the energy of the band s electrons, and A is the 
s~perc~nducting A order parameter. The operators 
Xi , , ,  Xi,,, and XPr are given by ( 1)-(3). 

We introduce the following temperature Green's func- 
tions: 

G k , k o ( ~ ,  T ' ) = - ( T ~ C ~ , ~ ( T ) C L ~ +  (TI)), 
FIG. 1 .  The two-well atomic potential. Here E is the tunneling-induced 
splitting of the energy, and a, is the distance between the wells. 

.' 
Fk:ko(T, a') =-<T,C:~,-,(T)C~,+ ('C') ), 

The un~e r tu rb~d  Green's functions corresponding to the op- 
matrices in the space of the symmetrized wave functions erator Xo + Xpr in frequency space are 

The unperturbed Hamiltonian of the noncentral ions in 
o + A6tk. 

terms of these wave functions is h ' k o  (0%)- 0 ek:+oi+A1 7 

where E, is the energy of ion j associated with the tunneling 
between wells. 

Exploiting the analogy with localized spins, we analyze 
the dynamics of the noncentral ions by the diagram tech- 
nique which has been developed by Barnes and Zitkova-Wil- 
coxI5 for metals with magnetic impurities and which was 
generalized to the case of superconductors in Ref. 16. For 
this purpose we introduce pseudofermion field operators" 
a,: and aja : 

To get rid of the nonphysical states accompanying the transi- 
tion to spin fermions, we add a projection operator to the 
total Hamiltonian: 

The Hamiltonian of the system of interacting noncen- 
tral ions and s electrons with BCS superconducting correla- 
tions is thus written 

where w, = ~ r T ( 2 n  + 1) are the Matsubara frequencies cor- 
responding to Fermi statistics. We find the perturbed func- 
tions from the Dyson equations. The Dyson equation for 
pseudofermion functions is shown in graphical form in Fig. 
2. The dashed line and the double dashed line represent un- 
perturbed and perturbed ion functions. A solid line with ar- 
rows going in the same direction corresponds to the Green's 
function G, while a solid line with arrows going in opposite 
directions corresponds to an anomalous function F +. The 
analytic expression for the complete Green's 9nction D and 
for the eigenenergy parts of second order in Xi,, which are 
shown in Fig. 2 is as follows: 

The complete electron functions G and F + were fgund by the 
diagram technique in Ref. 4 to second order in Xi,, . It was 
shown that the presence of noncentral ions in a sample does 
not shift the transjtion temperature T,, because the Cou- 
lomb interaction Xi,, is invariant under time reversal. Fur- 

a, w" 
==*= = 

FIG. 2. Diagram equation for the Green's function of a non- 
K,w2+tu,-w,, central ion. 

K,Wp+wl- W,, 
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thermore, these noncentral ions do not cause any significant 
changes in the energy spectrum of the conduction electrons. 
It was shown in Ref. 4 that the parameter representing the 
rupture of Cooper pairs in compounds with noncentral ions 
can be derived in a higher-order perturbation theory-in 
third and higher orders. Accordingly, we restrict the discus- 
sion here to the zeroth functions G o  and F a + .  

2. DYNAMICS OF NONCENTRAL IONS; PAIRING IN THE s 
BAND 

The position operator 3j of the jth noncentral ion, is 
given in the pseudofermion representation by 

Since we are ultimately interested in the mean square dis- 
placement (x;), to find it we determine the following two- 
particle function of the operator 2j: 

a,' ePA 
< X ~ ( T ) X ~ ( T ' )  )= - l i m  - - \ , I ,~(T,  T') +Az1' ( T ,  T ' )  1,  

4 - 
heJ(t, .c')=(T,aj,'(.t)aje(T) [a j ,+(~' )a is (T')  

( ' C ' ) U ~ ~ ( ' C ' )  ] >, Z=eRct+eRcl, @=I/T.  ( 6 )  

The Bethe-Salpeter diagram equation for the tw~-particle 
functions ~i~ ( w , ,  w ,  + w,)  has the structure shown in Fig. 
3. To write the diagram equation of Fig. 3 in compact analyt- 
ic form, we use the identity 

Da(@,,+uo) D ~ ( O ~ ) = ( E $ - E ~ - ~ O ~ ) - ~ { D R  ( a n ) - D a ( @ n + a O )  

+ [ z e ( w n ) - ~ , ( ~ n + ~ o ) l  Da(on+mo)D~(@*)I.  ( 7 )  

Using identity (7)  for the functions A, ( a , ,  w ,  + a , ) ,  we 
find 

FIG. 3. Diagram equation for the two-particle Green's function 
Aap(o,,  0, + 0,). 

After we split up the vertex parts of AaO ( w , ,  w ,  + w,) and 
the coefficients between them, which are coupled by the fre- 
quencies w ,  (see the Appendix), we can reduce Eq. (8)  to 
the following system of equations: 

where 

In the long-wave approximation, i.e., with 
N,,. - - i V , , ( k ,  - k  ), we have the following expression4 
for Q: 

where k ,  andp are the wave vector and density of states of 
the s electrons at the Fermi level. The dependence of the 
Coulomb potential Vo on the wave vector can be ignored in 
finding the coefficient Q. In deriving Eqs. ( 9 )  we have also 
discarded the real parts of the eigenenergy parts of the 
Green's function D,, ( w ,  ) . 

Solving Eqs. ( 9 )  with the help of (6) for (x2), we find 

Evaluating the sum over the Bose frequency w, = 2n7rT in 
( l o ) ,  we find the following expression for (x2) : 

E-2AZIE (EZ-A"'"" 28 A 
sh +-sin - Cs" ((E'-AZ)" 

-= 
T  E T E  

A  
th - 

a," ( E Z - A Z )  % 2T 
c11 

T  
- COS - 

T 

With A  = 0, i.e., if there is no coupling of noncentral ions 
with conduction electrons, we find from ( 1 1 ) the obvious 
result (x2)/a;, as expected. 

Figure 4 shows the temperature dependence of (x2) cal- 
culated for various values of the parameters 7rp2Q and E / T, 
in the normal and superconducting phases. It follows from 
this figure that the screening by conduction electrons re- 
duces the mean square displacements of noncentral ions, 
while the superconducting correlations weaken this screen- 
ing effect (they reduce the function A )  and thereby make 
(x2) larger than in the normal phase. This effect is more 
obvious for E /T ,  > I, i.e., in the case of intense ion tunneling. 
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FIG. 4. Temperature dependence of the mean square displacement of a 
noncentral ion according to the BCS model with the parameter values 
n-p2Q = 0.5 and ( 1 )  E / T ,  = 1.0 or ( 2 )  E /T ,  = 2.0. The broken lines for 
T< T, show the course of the curves when superconducting correlations 
are ignored. 

If we assume that an analog of the Kondo effect operates in 
the atomic motion above the transition temperature Tc (Ref. 
14), then we should incorporate in our calculatio~s dia- 
grams of third and higher orders in the interaction Xi,, , as 
was done, for example, in Ref. 4 for the case of one-particle 
electron functions. Such calculations can be carried out in 
the manner of the calculations for two-particle Green's func- 
tions in a study of the relaxation characteristics of localized 
spins in metals. l8 After the results of Ref. 18 are extended to 
the case at hand, they imply that the Kondo anomalies lead 
to a pronounced decrease in (x2) by increasing the function 
A substantially. In certain cases, this decrease apparently 
proceeds until the potential is no longer a two-well potential 
at all. The incorporation of superconducting correlations 
will be even more noticeable in the softening of the ion vibra- 
tions in this case. This fact was pointed out in Ref. 19 in the 
course of an analysis of the anharmonicity of oxygen vibra- 
tions in the high Tc superconductors. 

3. DYNAMICS OF NONCENTRAL IONS IN CONNECTION WITH 
LOCAL-PAIR SUPERCONDUCTIVITY IN METAL OXIDES 

The BCS mechanism discussed in the preceding section 
of this paper apparently does not operate in the metal oxides. 
Numerous studies show that electron and hole states of thep 
shells of oxygen ions play an important role in the supercon- 
ductivity of the high Tc superconductors. Of particular in- 
terest for a study of the dynamics of oxygen ions in copper- 
oxygen chains in the YBa2Cu,0,-, compounds is the 
exciton mechanism for the superconductivity of local pairs 
of holes which form in filled shells of 02- ions of (0 4)- 
(Cu 1)-(0 4) chains, as developed in Ref. 12. We believe, 
however, that this mechanism needs considerable develop- 
ment before it is applied to the dynamics of noncentral ions. 
The reason is that a one-hand model was discussed in Ref. 
12, while the experimental evidence points to a more com- 
plex energy spectrum for the carrier band in the supercon- 
ducting cuprates. Band-theory calculations have also shown 
that a narrow peak forms near the Fermi level in the density 
of states of YBa2Cu,0, - , . This peak is formed primarily by 
thep, orbitals of chain oxygen ions.20 Izyumov and Katsnel- 
'son2' used those calculations and a model assuming hybri- 
dization of localized and band electrons through displace- 
ments of atoms from their equilibrium positions. They 

showed that a two-well potential could form for the ions 
which are the carriers of a localized electronic state. There 
are also other studies which indicate an interrelationship be- 
tween the dynamics of oxygen ions in chains and the elec- 
tronic structure of the high Tc superconductors (e.g., Ref. 
22). Combining the facts listed above, we construct the fol- 
lowing Hamiltonian for analyzing the ion and electron com- 
ponents of a metal oxide: 

%,,= -wl 'E b.'1.b22.r bn2., b.,. (12) 
m n n f  rr' . . 

1 + - M~~ b ~ , , b . l , b . ~ . b n ~ . + p ~  b:tobmla. 
m n l a  rnlo 

h 

Here XLp determines the motion of local fairs of holes in 
copper-oxygen chains,12 and the operator Xi _, represents 
the interaction of oxygen ions in chains with s electrons and 
p, holes. The indices m and n run over the neighboring cop- 
per-oxygen chains. The index I ,  which takes on the values of 
1 and 2, specifies the noncentral oxygen ion in one chain; 
b ,t, and b,, are the field operators of thep, holes at the I th 
oxygen ion of the mth chain; 2p is the energy of a local pair 
measured from the Fermi level; q is the electron-phonon 
coupling parameter; R,, is the radius vector of the (ml) th 
oxygen atom; Wl and W, are the matrix elements of the 
superconducting and Coulomb interchain interactions; and 

+ a , , ,  and a,, are pseudofermion field operators. 
We define the Green's functions 

If we assume that all the copper-oxygen are under iden- 
tial conditions, the unperturbed K and L + Green's functions 
take the following form in the frequency representation: 

p.=,.L+W. ~ R ~ . = C L +  ~ ~ 2 %  

m l s  

mlo 
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Here z is the number of nearest-neighbor chains, n is the 
average number of p, holes at an oxygen ion, and a is the 
superconducting parameter, which is nonzero for T< T,. 
The quantities a and n are found from the self-consistent 
equations 

"th 
[ (p*)2+A"]" 

a= 
T [ (p')"A""' 

It follows from ( 13) that a superconducting transition [or a 
solution of Eqs. ( 13) 1 is possible at a # 0 only under the 
condition 

Under condition ( 1 4 ) ,  Tc and the order parameter A  at 
T = 0 are given by 

In contrast with the BCS theory, which predicts 2 A d T c  
= 3.52, we find various values for 2A0/Tc,  from 0 to 4, from 
( 15) by varying p and W,/ W , .  For example, we find 

4,00 with p=-0,5Wzz 
3,92 with p=O, Wz/Wt=l 
2,10 with p=0,94 W,z, W2/W,=2 
1,30 with p=0,975 W,z, W2/W,=6 . 

Figure 5  shows a diagram for the eigenenergy part of the 
pseudofermion functitn Dm, ( w ,  ) = Da ( w ,  ) of second or- 
der in the interaction Pi -, . The wavy line with two arrows 
going in the same direction represents the Green's function 
of the local pairs, K,, ( w ,  ). The solid line and the dashed 
line represent the functions G and D, as in the preceding 
section of this paper. 

After a summation over the interanl frequencies, the 
expression for the eigenenergy part, shown in Fig. 5, be- 
comes 

ml, a, w,,+wo 

FIG. 5. Diagram of second order in &(-, for the self-energy part of the 
Green's function of a noncentral ion. 

The pseudofermion function D m ,  (a,  ), on the other 

( 1 6 )  

hand, 
is written 

Dmla(an) =- (A-emla-Zam'(an) - i ~ , ) - '  

An analytic equation for the two-frequency function 
A$ ( w , ,  W ,  + m0),  shown graphically in Fig. 6, can be writ- 
ten in the form 

.1 
hapm' (anr a n + o o ) =  {Dmlg(an)-Dmla(an+ao) 

~,ig-&mia-i~o 
+IZgm' (an) -Lml (an+ao) I&P"" (an, w n + a o )  

+[Zam' (On)-Zgml (un+ao) lAgam' (an, ~ n + ~ o ) ) .  
(17) 

Substituting ( 1 6 )  into Eqs. ( 1 7 ) ,  and splitting the 
equations up in terms of the frequency w ,  , as in the preced- 
ing section of this paper, we find the following system of 
coupled equations: 

FIG. 6.  Diagram equation for the vertex part of the 
two-particle Green's function A:L(o,, o, + o,), as 
determined in the local-pair superconductivity model. 
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Equations (18) are of the same form as Eqs. (9).  Conse- 
quently, expression ( 1 I) ,  with A replaced by B, holds for the 
mean square displacement in this case. If, on the other hand, 
both of the mechanisms which we are considering here are 
operating in the ion dynamics, then (x2) should be calculat- 
ed from ( 11 ) with A replaced by A + B. 

Figure 7 shows the temperature dependence of (x2)ai 
found from ( 1 1 ) (with A replaced by B) for various values of 
the parameters rpq2/E, W2/Wl, 2p/W,z, and E/Tc [the 
average values of n and a, which appear in the expression for 
B, were found from self-consistent equations ( 13) 1 .  It fol- 
lows from Fig. 7 that the greatest increase in (x2) in the 
superconducting phase occurs for negative values of p and 
those values of the matrix elements W2/ W, which corre- 
spond to the maximum value of the ratio 2A,/Tc.  As a result, 
there is a sharper decrease in the function B in the supercon- 
ducting phase. Comparison of Figs. 4 and 7 reveals precisely 
the opposite behavior of (x2) during screening of the non- 
central ions by s electrons and local pairs of p, holes in the 
normal phase. The reason is that the density of local pairs at 
an 0'- ion in the normal phase according to ( 13) depends 
strongly on the temperature (it decreases for p > 0 and in- 
creases forp < 0 with decreasing temperature). It passes this 
complicated behavior on to the function B in ( 18). A general 
trend which follows from Figs. 4 and 7 is the effect of screen- 
ing of the ions and, correspondingly, an increase in (x2) in 
the superconducting phase as the ratio of the tunneling ener- 
gy to the transition temperature, E /T,, increases. 

FIG. 7 .  Temperature dependence of the mean square displacement of a 
noncentral ion according to the local-pair superconductivity model with 
rpq2/E = 0.75. I-E/T, = 1.0, 2p/wlz = - 2, wz/wl  = 4; 
2-E/T, = 1.0,2p/w1z= 1,w2/wl =4;3-E/T,  = 1.0,2p/w1z= - 2 ,  
w2/wl = 12; 4-E/T, = 2.0, 2p/w,z = - 2, w2/w, = 4. The dashed 
lines for T <  T, show the course of the curves when superconducting cor- 
relations are ignored. 

CONCLUSION 

The calculations above, which confirm the trend which 
follows from the symmetry properties of the Coulomb inter- 
action of conduction electrons and ions-i.e., the tendency 
of the superconducting correlations to weaken the screening 
effect and to soften the vibrations of noncentral ions, de- 
pending on the nature of these correlations-have made it 
possible to identify the basic properties which "control" the 
dynamics of the noncentral ions in both the normal and su- 
perconducting phases. These properties are the ratio E / T,, 
of the energy associated with the tunneling of an ion, on the 
one hand, to the superconducting transition temperature, on 
the other, and the energy of the localizedp, states, reckoned 
from the Fermi level (p). These properties can be deter- 
mined experimentally, along with the temperature depend- 
ence of (x2). Expression ( 1 1 ), which is a simple expression, 
containing only algebraic functions, may prove convenient 
for analyzing experimental results when these properties are 
found experimentally. This expression may therefore be con- 
venient for testing the superconductivity mechanism pro- 
posed here. 

I wish to thank E. V. Makarov for useful consultations 
regarding the dynamics of ions in metal oxides. 

APPENDIX 

Barnes and Zitkova-Wilco~'~ have analyzed in detail 
the solution of integral equations for the vertex parts of two- 
particle functions of localized spins in the pseudofermion 
representation. In the present paper, we have adhered pre- 
cisely to that previous paper in the summation over frequen- 
cies. Since we do not have room to reproduce here all the 
mathematics involved in the summation in system (8) ,  we 
will simply demonstrate a typical sequence of events. As an 
example we consider the following term in (8): 

ys R , ' R * f ( p r G )  [I--f ( ~ p r r ) l  

kk'  7.5 

eP1. 
x [T lim - ~ a p  (an, o , . + w ~ )  

-" l'm 
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Here S and y take on the values f 1. In (A1 ) we have used 
the following notation: 

hs (a , ,  a , ,+uo)  = D , ( a , , + ~ o ) D ~ ( u ~ ) r = a ~  

pk=  ( E ~ ~ + A ~ ) " ~ ,  

R,'Ra=Ykr, Ykrr ( E ~ V + Y ~ ~ . )  (~k+pkG) -Ykt'Y-k,-k'A2, 

where Y,,., = M,,. , or N,,., and f(y) is the Fermi function. 
After analytic continuation of the frequency wo to the real 
axis, iw, - w + i 0, and after the relation (y + i 0) - ' = p/ 
y - i?~S(y) is used, we can carry out the summation over the 
vectors k and k' (Ref. 4).  After we go through some analo- 
gous steps with all the compounds in Eq. (8),  the latter 
could be written in the form of a system of equations (9).  

"Another important reason for the selection of these particular sites of 
copper and oxygen ions for the analysis of the dynamics of noncentral 
ions is the direct correlation between the increase in the frequencies of 
completely symmetric Ag vibrations of (0  4) sites and the increase in T, 
in several high T, superconductors with the 1-2-3 lattice.I0 
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