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We report a theoretical study of the vibrational-rotational polarization of a molecular gas in
parallel and crossed constant electric and alternating high-frequency electromagnetic fields. We
obtain formulae for the polarization of the gas at the frequencies 0, », 2w, and 3w which make it
possible to estimate the contribution of this mechanism to optical rectification, the nonlinear
variation of the refractive index of the medium at the carrier frequency, and the generation of

second and third harmonics.

The optical properties of a medium are determined by
the way its polarization P(E), i.e., the dipole moment per
unit volume, depends on the electric field strength E. For
E<E, (E, ~10° V/cm is the strength of the atomic field)
the polarization can be written in the form

P(E)= )y VE", (1

i=1

where the y” are the susceptibilities of the appropriate or-
ders. In weak fields it is sufficient to restrict oneself to the
terms linear in E. With the appearance of strong radiation
sources nonlinear effects ~E* (i»2) start to play an impor-
tant role.

Nonlinear polarization of a molecular gas has many
causes. These are the electron nonlinearity and electrostric-
tion, as well as various thermal effects.' In the present paper
we consider theoretically only the nonlinearity with i<3
which is connected with the oscillations and rotations of the
constant and linearly induced dipole moments of the mole-
cules in the field.

The way the rotational susceptibility depends on the
characteristics of the molecules, the field, and the medium
for molecular gases in a static field was found at the begin-
ning of this century (Langevin, Debye). The vibrational-
rotational susceptibilities in a field of a plane-polarized mo-
nochromatic light wave of frequency @ were determined in
Ref. 2. In that case the dipole moment of a separate molecule
oscillates with frequencies which are multiples of @ and, in
particular, with twice the frequency. However, the polariza-
tion of the gas has no component at the frequency 2w. The
doubled frequency drops out of the polarization owing to the
symmetry of the distribution of the molecular axes relative
to the field E and the 6 = 7/2 plane (6 is the angle between
the field and the molecular axis). To generate the doubled
frequency one must diminish the symmetry of the distribu-
tion of the molecule axes. This can be realized by using to-
gether with the field of the wave also a constant field E,,.
Experiments carried out in such a field by Mayer et al.>*
made it possible to determine the mean nonlinear second-
and third-order polarizations at the frequency 2w.? One of
the aims of the present paper is to get a theoretical estimate
of the contribution of the vibrational-rotational mechanism
to the generation of the second harmonic.

1. Let the electric field acting on a molecule be a super-
position of a static field E and an alternating field E, of a

777 Sov. Phys. JETP 74 (5), May 1992

0038-5646/92/050777-04$05.00

monochromatic wave. We consider the case when these
fields are collinear:

E=iz(E,TE,cos @t). (2)

We have dropped here the spatial part of the phase of the
monochromatic wave. This is permissible when the statisti-
cal averaging over the angle 6 is carried out for molecules
concentrated in a volume v <A 3 (1 =27cw™'). Assuming
that 10® molecules are sufficient for a statistical average one
finds easily that for T= 300 K and A = 10™* cm we can use
Eq. (2) for pressures larger than 20 mm Hg.

We shall consider symmetric-top molecules in the vi-
brational ground state. For those the principal moments of
inertia are equal to J, = J, = J and J;. In the particular case
of a rigid rotator (diatomic and linear molecules) we have
J; = 0. In a frame of reference fixed to the molecule the lin-
ear polarizability of the molecule is characterized by an ellip-
soid of revolution with semiaxes a,(w) = a, (@) = & and
a;(w) while a;(@) and the constant dipole moment of the
molecule p (if there is one) are along the axis of the top. The
“orienting polarizability”* determining together with p the
moment of the forces exerted on the molecule by the electric
field will be equal to @, = a;(w) — a. We consider the
case of polarization in a nonabsorbing medium. In the pres-
ent paper we shall not be concerned with the electron nonlin-
earity connected with the internal molecular degrees of free-
dom and we shall only consider the linear component of its
polarizability.

Owing to the isotropy of the gas, the polarization vector
is directed along the field. The components of the molecular
dipoles perpendicular to the field drop out on averaging. The
polarization P will be equal to

P=N | pi(0)dwo (8)=Nps. 3)

where

pe(0)=p cos 8+ (aoLota.E. cos wt)cos® 0
+o*Eyta, E, cos o, 4)

N is the number of molecules per unit volume, pz () is the
component of the (constant and induced) molecular dipole
moment along the field, and dw(8) is thef-distribution of
the molecular axes.

In order to determine dw(6) we must find the Hamilto-
nian H(p;,q;,t), i.e., the total energy of the molecule in the
field E. It consists of the rotational kinetic energy T(p;,q;)
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(¢; = 6,,¢ are the Euler angles and p, = My, M,,M, the
corresponding angular momenta) and the potential energy
U(q;,t) of the constant and induced dipoles in the field E:

H(pi g )=T(pi. ¢ )FU(¢i, t),
T (pe q)=M:[2J+ (M~ M cos 0)*/2] sin® 0+ 32[2],,

5
U ) =Us(g)+F (g, 1), )
I of2y? .
Uy (qi)=~pE. cos 0—( ad y +a1‘) ) cos® 0,
‘k 1
+ot, .
F g t)y=— ([)Fm cos 0 + a09 ¢ EE, cos* 6) cos wt

a bt
- cos® 0 cos 2m!.
1

It is convenient to write down the Hamiltonian, splitting off
the time dependence as a separate term:

H(p.. qi, t)=H,(pi, q;)+F (g4, 1),
H,(pi. ¢)=T(pi. ¢)7U,(q:).

(6)

The Hamiltonian equations
afl . dH

pi=——-

’1x=-07;—," aq:

give for the motion of the molecular axis with respect to the

angle 6 the equation

daH,
a0

Jo=— + £ (0) cos wt+fr () cos 20t, (7

where

fo(8)=—[pE.sin 8+ (v tau)EE, sin 0 cos 8],

oy’
f'.:w(e)=_ 5

sin O cos 0.

Since H depends on the time the solution of the problem of
the equilibrium 6-distribution of the molecular axes in an
alternating external field is found to depend on the length of
the period 7 = 2me " of the applied field. If 7 is longer than
the time 7, of relaxation of the system to its equilibrium
distribution, the distribution is at any moment close to the
equilibrium distribution corresponding to the energy at that
time. If 7 is appreciably smaller than r,, as is the case for
polarization in the field of a light wave, one must average the
total energy over the period of the high-frequency applied
waves and use the averaged value H in the distribution func-
tion.*

In the case considered the time-dependence of the Ham-
iltonian (6) is connected with the term F(q,,t) =F(6,t). If
we averaged over the explicit time-dependence of F(6,t) we
would obtain F(6,z) = 0. Such an averaging in a monochro-
matic field leads in particular, to the incorrect conclusion
that no linear polarization is caused by the constant molecu-
lar dipole moment.> When averaging the energy we must
take into account the time dependence of the angle 6 and this
leads to F(6,t) 0.

For determination of 8(#) a simple and elegant approxi-
mate method® which bears P. L. Kapitza’s name is used. In
this method one puts = 6, + &, where & describes the high-
frequency small-amplitude forced oscillations around the
quasi-equilibrium position 6, and the quantity 6, itself
changes slowly with a characteristic time 7, such that 7, > 7.

In our case Eq. (7) splits in this method into two equa-
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tions: one for £ with the solution
f. (00) Jew(O4)

=— — c0s wl — ————c0s 2m! (8)
Jw® A w?

it

and another for 6,
941 (84) Ty =H.+ fo"(0,)

‘ . fau™ (o) = P40
304 4dw?

1670° W

9

JUy =

otple*) L} NS
(ot p /o) + ¢ - . »](:()S“’()

U.,,=—pl,cos ), ~[ A 5

+ ,[) (CLa‘*‘CZUE.»E.,:

sin® (0, cos Oy
2J0*

S
A
< ©

4dwy?

A O

+ [ (atuta,) B0+ = ] sin® 0, cos” .

H(6,) is the total energy of the molecule averaged over a
period of the high-frequency oscillations. The correction to
H, is the average kinetic energy of the oscillatory motion.’
As we are not interested in higher than cubic terms in the
susceptibility, we can neglect the last terms which are « E*
in Eq. (9) for U.

To determine the probability for the different orienta-
tions in the angle 6, of the molecular axes we use a canonical
Gibbs distribution:®

dw(p;:, g:)=A exp [—H(p.. q:)/kT)dpidg.. (10)

We obtain the probability distribution over the angle 6, by
integrating (10) over all variables (mq,M,, .M, ,p,¥) but 6,,.
Only the rotational kinetic energy of the molecule T'(p;,q;)
depends on the p;. The functional form of this function is
determined by the spatial distribution of the molecular mass.
The rotational properties of the molecules correspond either
to arigid rotator, or to a symmetric top, or to an asymmetric
top. In all these cases we have

} expl=T (pe. q:)/KT)dM, dM, dM,=A, sin 8, (11)

and hence

dw (0, @, V) =A, exp [—U.;;(8,)/kT] sin 8,d0,d¢d,
(12)
dw(0,)=Asexp [—U.;;(0,)/kT] sin 0,d6,.
Here the A; (i =1,2,3) are constants independent of the
angular coordinates.

Since we are not interested in terms higher than cubic in
the susceptibility we must expand exp( — U/kT) in a se-
ries up to terms ~ E 3. This will be valid for U, /kT < 1. Here
and in what follows we shall use for estimates the following
values of the parameters:

o, = 107 cm?, p=10""° CGS,
J=10""g-cm? 0 = 10" s~', T=300 K. (13)

The magnitude of E, is bounded from above by the field
breakdown strength E4 (under normal conditions E§
= 3 10*V/cm). There are no such rigorous restrictions on
the magnitude of E,. The requirement U./kT<1 thus
leads according to (9) to E, €10® V/cm. Expanding the
probability dw(6,)/d6, in a series in the field we find

dW(Bo)

= i‘)-(l - -g—) (1+b cos 0,+a cos® 0+ ¢ cos® B,)sin 0, dB,,
) (14)
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where

_ (aotp/J0*)ES | (catp*/kT)E:

’

4kT 2kT
b= pEo[ (au'*'au)Eu:]
T 2Jw* '

T

KT, E :
+ ’(a|,+aw)_c_3]+‘>_107(a“+§—l\p7)}

To determine the polarization (3) we must write p; as a
function of @,. Since E<E, for £ €1, the component of the
dipole moment along the field (4) will, if we use (8), have
the form

apa (00

pe(0)=pe(0y) +§ ———— Z,,p;“ cos jwl, (15)

where
pe’=p cos Byt *EytoaoE, cos® 0,
prES | o (ot ) EoE*

— sin® 6, cos 6, — ~

Jo* Jo*

sin® 0, cos® B,

<
pE"’={ oo ta, cos? 0y — L, sin® 0,
Jo?

p(a5+3ao)Eo
—-+sm * 0 cos 0,
Jo®
200 (ot ) B a.;Ef] o ) }
— = 2 E“"
[ To! Yl 8o cos® 0,
(16)
o [9 Pk’ 0 0
= n® 0, o
Pe 8 Jo si cos
WwEE 5
+u(am+—aﬂ)sm 0, cos® Bo],
Jo* 4
am'.! 3
P == S0 sin® 6, cos® B,.

Averaging over the angular distribution (14) we find the
average value

pe= 2 pe cosjat,
ju0

i.e., the polarization per molecule:

p baop? P 2 B,
e st (2)]
pi'=E °{°‘° 3 ' 3kT k7 \kr /! YaskT

+ (au+_;;;)(ao+%)@4§;;
o )
+( Jm ) 45kT
)( ) 45kT
2 ae2)])

(ao+0,8a,‘.+0,9 {lT-) Es,

Pe ——E{ ‘+‘

a,..Ea,z (
" 600"
4 aoE,?
"5 Tt

[ aota, +

ok
6Jw?

(17)

aszmJ
60Jw* °

3w

Pe” = —
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The first four terms in the curly brackets in the formula for
p% correspond to the polarization in a static field. The last
two terms characterize the effect of the alternating field on
the static polarization (optical rectification*) and the first of
these makes the largest contribution in the case of the pa-
rameter values (13). Comparing it with the purely static
nonlinear polarization (the fourth term) we find that their
ratio is
a kT E.*
Ip ~ p: L'O: !
Yo=EJ}E?, p=0.

p#0,

Since E|, is bounded from above by the value E4 while E,,
can be considerably larger than E4 the static nonlinear po-
larization is in a strong alternating field determined by E,, ,*
rather than by E, For instance, when E,= E% and
E, =107 V/cm we get y, ~4 X 10%, y, ~10°.

The nonlinear polarization with frequency o in strong
alternating fields is Ey > E,, close to what happens when
there is no constant field.? The relative extra nonlinear con-
tribution is proportional to E3/E? and is < 1.

In the approximation used, the vibrational-rotational
polarization at the doubled frequency is caused by the aniso-
tropic molecular polarizability; it vanishes when ., = 0.
For p =0 the nonlinear polarization at the frequency 2w
does not need an anisotropy of the orientation of the axes; it
occurs for an isotropic distribution. for p#0 and p*/
kT> aya, the polarizability at the frequency 2w is deter-
mined by the field £, induced by the asymmetry of the 6,-
distribution of the axes of the oscillating molecules.

The polarization at the frequency 3w is independent of
E; it is the same as in the case of a monochromatic driving
force? for E, = 0. In the approximation used the generation
at the triple frequency occurs for an isotropic distribution of
the axes. It is independent of the presence of a constant di-
pole moment and is determined solely by the magnitude of
the anisotropy of the linear polarizability «,, .

We note that according to (13) we have

2 2
'J"p‘:‘ <ay,~ e < ﬁ .
The contribution of a monochromatic wave to the nonlinear
polarization is thus caused basically by the directive polariz-
ability a,, and the effect of the constant dipole moment p
dominates in the contribution of the static field.

Equation (17) contains essentially two results: firstly,
the polarization when there is a thermodynamic equilibrium
distribution and, secondly, the polarization obtained for-
mally from (17) as T— « which corresponds to an isotropic
distribution existing up to the switching on of the field. After
a fast (but adiabatic) switching on of the field the transition
from an isotropic to a thermodynamic equilibrium distribu-
tion proceeds during a time 7,. Assuming that one needs for
the relaxation several molecular collisions, which under nor-
mal conditions have a frequency of ~10'' s~!, we find
7, ~10711-107 1%,

2. All we have said so far referred to the case when the
static and the alternating fields are collinear. One should
consider the polarization also when the fields are at right
angles to one another. Let the alternating field be directed
along the x-axis (unit vector i, ) and the constant field along
the y-axis (unit vectori, ):
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E=i.E, cos ot+i,FE,. (18)

A procedure similar to the one carried out for collinear
fields, involving the use of Kapitza’s method to average the
energy, leads after cumbersome calculations to the following
results for the polarization:

— o P L Acp? P Ly
),‘=/;..{ O S +[2 W+ - ]
P ST g L T T T e V dskT

(o 2 )
- 0 e rLl) I
T I\N* T 767 Tookr
p.: ( . (o) )] “me: }
—| ot + 3+ 2 .
[““ o kT @ ! 31070°

e ) o ) p;: ( [): ) R
),“=h.“{a.," LR S AN (PO
L 3 370 \*T 0 kT

— - + £ L
R Y A P W

ok’ 2 Ty

P [a',—’ram + 2—2—7, (3 + ;) ]} .
o (0te+1,200+1,1p%/kT)

h 12J0* o
o’ E,’ —_ —

T 60Je* -

20

v

3w

We shall compare the polarizations in the cases 1 and 2.

The dependence of the static polarizations p% and p) on
the constant field E, is the same in the cases 1 and 2, but the
dependence on the alternating field E, (optical recitifica-
tion*) is different. The dependence of the polarizations on
the frequency w, i.e., the dependence of p—z and p° on the
alternating field £, is the same in the cases 1 and 2, but the
dependence on the static field E, is different. The difference
between the cases 1 and 2 occurs only in the effect on the
polarization at one frequency by a field with another fre-
quency.

As to the vibrational-rotational susceptibility y,,, it is,
according to (17) and (19), with the parameter values of
(13), equal to ~1073% cgs units/molecule for molecules
with a dipole and ~ 10~>° cgs units/molecule for molecules
without a dipole. On the other hand, measurements®* give
values of y22, ~107>°~107*" cgs units/molecule. The main
contribution to the second harmonic generation therefore
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does not come from the vibrational-rotational mechanism.

According to Refs. 3 and 4 the electron susceptibility of
a molecular gas at the doubled frequency y*“ consists of a
part caused by the third-order susceptibility ~ y® [see (1)]
and an electron rotational part which depends on the tem-
perature and is connected with the second-order susceptibil-
ity ~ (p/kT) .

To estimate ¥® and ¥ we note that the series (1) for
the electron polarizability is essentially an expansion in the
parameter E /E, €1so that’ y© « E ;' Putting y'" = a,
we get the estimates y'® ~a/E, ~3X 1073 cgs units/mole-
cule and y* ~a/ E2 ~10~% cgs units/molecule. Since we
have p/kT~3-107> cgs units, a rough estimate of the elec-
tron susceptibility will be y** ~10725-1072" cgs units/mol-
ecule. This is close to the experimental results. We can thus
assume that the main contribution to the second-harmonic
generation comes from the electron nonlinearity.

The polarizations at the triple frequency are the same in
the cases 1 and 2.

In conclusion we note that we have extended in the
present paper the theoretical study, started in Ref. 2, of the
effect of factors previously neglected in the theory on the
optical polarization of molecular gases. These factors are: a
directional effect caused by the constant molecular dipole
moments in an alternating field and the induced high-fre-
quency oscillations of their axes. We considered the case of

" polarization when we have simultaneous action of a constant

and an alternating field. We obtained analytical formulae
which made it possible to estimate the magnitude of the po-
larization of molecular gases caused by the vibrational-rota-
tional mechanism at the frequencies w, 2w, and 3w.
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