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The results of the author’s earlier paper [Sov. Phys. JETP 71, 690 (1990) ] are generalized to the
case where the internal states of molecules are quantum variables while the coordinates and
momenta of the molecules’ centers of mass are quasiclassical. It is assumed that »'/>AP> #, where

v=V/N,and AP =

(P?)'?is the rms spread of momenta, and that v'/°r/2AP> #. The former

condition makes it possible to ignore exchange effects (the case of weak degeneracy).

1.INTRODUCTION

In Ref. 1 the H-theorem was proved in the Boltzmann
approximation for the association and dissociation reactions
A +BaCand A + B + C=D of complex molecules, that
is, molecules with internal degrees of freedom. There the
setting was totally classical. The natural approach is to gen-
eralize the theory to include the quantum case, and the first
step is to consider the quantum internal states of molecules.
The discussion will be restricted to the reactions of the
A 4+ B=Ctype; A + B + C=D reactions can be considered
in a similar manner. The reader will recall (see Ref. 1) that
for A + B=Creactions at least one of the molecules, A or B,
must be complex; otherwise the reactions do not take place
because two conservation laws, of momentum and of energy,
must be satisfied simultaneously. When both A and B are
simple, a third body M is required and the reactions proceed
according to the scheme A + B + M=2C + M.

When the molecules are structureless, that is, possess
no internal degrees of freedom or these are not taken into
account, the quantum Boltzmann equation has the form
(see, e.g., Refs. 2—4)

fi(ep)=—— Vrf1+2ﬂzy U577 (1+8:5) (1+8.14,)

—fif: (1+ﬂ,fJ ) (146, fl Ma(vu, y)sinygdydp. (1.1)

where &, = (27%)°5,/G, is the statistical weight of the mole-
cule of the jth species, with §; = — 1 and §; = 1 for the Fer-
mi~Dirac and the Bose-Einstein statistics, respectively;
a(vy,y) the scattering cross section; and y the angle of de-
flection of the trajectory when molecules of the jth and /th
species interact.

The normalization of the distribution functions in Eq.
(1.1) and in what follows is the one accepted in Ref. 3, where
§ f;d>p; is the number of particles of the jth species per unit
volume.

The addition of ,/; to unity in Eq. (1.1) is due to ex-
change effects (symmetry effects). These manifest them-
selves weakly when

vi*"Ap;>h, (1.2)

for any value ofj, with v; = V' /N, and Ap; = (p?)"/%. Condi-
tion (1.2) is met even for light molecules of gases, except at
extremely low temperatures. Therefore, we ignore exchange
effects.
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The  discrepancy  between the  expression
a(vy,y)sin ydy in Eq. (1.1) and the classical expression
v, bdb is due to quantum diffraction effects in molecular
collls1ons These effects are small when 7, Ap> %, where r,,,,
is the interaction radius of the molecules. We assume that
Pine Ap ~# (OT even r,, Ap €7, but rl72v"/®Ap > #), that is, dif-
fraction effects do take place. The method employed in the
present approach makes it possible not to introduce diffrac-
tion explicitly.

For association and dissociation to occur, at least a frac-
tion of the molecules must be complex, that is, must possess
internal degrees of freedom. As in Ref. 1, we denote the co-
ordinates and momenta of the mass centers of molecules by
r; and P;, respectively, with j standing for the species of the
molecules. The set of internal coordinates qj, yeees Qi s defined
in formula (2.1) of Ref. 1, is designated g;, and the set
Pj2,es i, defined in formula (2.2) of Ref. 1, is designated
p;- Then, for the quantum case, instead of the classical distri-
bution function f; (r;,P;,g;,p;) we must introduce an opera-
tor F with the followmg matrix elements:

Fi(r, g, v, @) =<x;, q;| Fs|v/, ¢;>

(the coordinate representation). We assume, however, that
the state of the mass center of the molecules is quasiclassical
in view of the condition Ar; AP, = y *AP; > fi or, in other
words, the state of the molecules is quasiclassical in r; and
P,. Then the state of the molecules is characterized by an
operator function f (r;,P;) with the following matrix ele-
ments:
i (xi Py, @iy 47 ) =Cql$s(x;, P)) |,
that is,}} is a function of r; and P; and an operator of the
other variables. Asin Ref. 1, we take the variablesr,,, g,, and
q,, Withr, = r, — r,, for the internal coordinates ¢, of mole-
cule C. The total Hamiltonians of molecules 4 = E,, B = E,,
and C = E; are sums of external and internal Hamiltonians:

Ri=(2M,)~'P}+H;",

(1.2a)

where the Hamiltonian of the center of mass is assumed non-
quantum. On the other hand, calculations show that the
Hamiltonian H in js expressed only in terms of the operators
of the internal coordmates and momenta:
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Z(?Jn‘”) H(pr' )+ (2m " )" (an) +U;(g)).

=2 =2

(rlzyquqz), we have

9P O (Fa

Specifically, when ¢; =

By =B B+ (M, My ¢:). (1.3)

where Alz = (MZ/M3)§, - (M,/M3)l/;2 = — ifid /dry,
= — ifiV,,, and ® is the potential energy of the interactign
of molecules A and B. Since M 1p2
+ M ! +M{‘)P)\2 =M _‘P2 +M{'P§, the kinetic
energy entering into H,, where we must allow for (1 3),is
equal to the sum of the kinetic energies entering into " ,and
H,, which is corroborated by (1.3). And because r,,, AP = #,
the internal state of the molecules is quantum rather than
classical.
We select a quantity r, that satisfies the inequalities

Ping KTy Ko™, (1.4)

rAP>H.
When r, = r/2v'/®, the inequality 7,AP> #i follows from the

mt

inequality r}/2v"/ 6AP> #i. We assume, for the time being, that
]

fs ln(lﬁjwi)*fi - %ﬁ;f}'z‘*’ .o=f ln(lﬁjl,fj)_fj[ H’O( v

Hence, if condition (1.2) is met we can employ instead of
Eq. (2.1), with sufficient accuracy,

S;=—*k [ drdp f,(e,p) In (8,11 —11.

Allowing for the complexity of the molecules, we must re-
placef; (r,p) with the operator function f (r,P;). In the spa-
tially homogeneous case we have

S;

==k T, [ B, 1) (n (1) —11. (2.2)

§; =

with 7, = |9, = (27#)*/G,, I the identity operator, and
Tr; the trace over the internal variables of a molecule of the
Jjth species. The formula constitutes a direct generalization
of Eq. (4.5) in Ref. 1 to the case of quantum internal states
and refers to molecules A and B, that is, in it j = 1,2.

In writing the entropy density s; = S5/ ¥ of molecule C
we must bear in mind that by convention C exists only when
[r12| <7o. Clearly, the number of molecules C per unit volume
is

iy = JdPJ Tr, Tl'zj dr,,f, | n:'=quj dP, dq, dqzj dr,,
D D

X f3(Ps, Tiz, 44, G2, P12y G4, G2) .
(2.3)

Similarly, the entropy density is not
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molecules A and B merge into molecule C when r,,<r,, that
is, when r,, belongs to a ball D of radius 7,, and do not merge
if this condition is not met. Within (1.4) the exact choice of
1o is unimportant. If we bring into the picture the region

ro/2<r,,<3ro/2, (1.5)

which includes the surface o of D, the transient state of mole-
cule C in this region is quasiclassical in the variables r,, and
P,, because of the condition 7,AP> #i. It is this fact that un-
derlies the considerations that follow.

2.ENTROPY OF MOLECULES OF DIFFERING SPECIES
As is known, the quantum entropy of structureless par-

ticles of each species is given by (see, e.g., Ref. 5)

|91/,

[
S,=—k jdr dpl fi(r, P)ln( 14+9.f,

) - -ma+on),
J (2.1)

where #; has the same meaning as in (1.1). The expression
in the square brackets can be represented as follows:

)]

$3=Tr, 5 dP,G,= .’.dP, Tr, TrzS‘H dr,Gs) ey ey

but
—j dP, Tr, Tr, j. dr,Gales ,,‘,3_‘. dP,dq, dq. jdr'

ng(PJ i3, 41y 92, Ti2y €1y 2) (2.4)

where
Gy=—kfy(P,) {In[y,f:(Py) ] 1),

g(Py v g g g0 g)

=Xz, ¢y, q:lGa(Pa) lrl2’~ g q.">.

Differentiating Eq. (2.4) with respect to time and al-
lowing for (1.2a) and (1.3), we find that

($3)ast (83) 4ia= — _fli j.dPa Tr, Tr, j.dl'gle:in, G3],,='=,,,
D

Plsz]

ria =ry

(2.5)

where we have introduced the notation M 0 —-M !
+ M ' and employed the fact that Tr,[H G3] =
Tr, [H G3] =0,and Tr Tr2[¢ G ley=r. =0, smcelnthe
coordinate representation > = ®(#12,91,9,) is diagonal. In-
deed, the matrix elements of [P,G;] are

- _—IdP,TnTrJdﬂz[zM

g:(ria qu, Qoo re. 4, @) [@(ry, gy, (h)_o(rn.’- g q.) 1.
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which vanish if we put r{, =r,, ¢{ =¢, and g; = ¢,.
Since P,, = — i#iV,,, we can write Eq. (2.5) as

(j3as + (53 ) dis

($3)ast (Ss)ais = E‘M“‘ 5 dP, Tr, TI‘J dr [V, Gl =

(2.6)

The operator @(P,,r;,,P,,) with matrix elements
@(P3,r5,P15,41,92,91,95 ) is defined as the result of a partial
Wigner transformation:

¢(Py,..., qz')=(2nh)‘3j exp(—ih~'P,;8) -

s s 2.7)
‘gx< Pyr,+—,q, 0,10, ——,q/, qgl) ds.
2 2
We denote this transformation by %", that is,
G=Wo{ Gy} =—kWo{ £:[In(ys7:) —1]).
The inverse of transformation (2.7) is
g3 (Py, 1y, r,')
= j GXP[iﬁ'tpnz(hz—l‘,z')]q}( P,, 1'12‘*;1'12 . Pl._,) dP,,,
“ (2.8)

with ¢,,9,,91, and ¢g; not written exp11c1tly We use (2.8) to

~transform the commutator [Vlg\,G3] where V12G3 stands
for the derivative dg,/dr,, and G,V ,, for — dg,/dr},. It is
easy to verify that for any function # we have

[(2) - (2) Jo(25m )
—) -\ —) |u JPip—r
ar, 4 ory,’ 2 e
-rtz_riz’)q

where V, and V, are the del operators referring to the first
and second vector arguments of function u, respectively.
Applying this equality to Eq. (2.8) yields

[G5) -G e

2i , d
= _ﬁ- jexp[ﬁl"l’:z (rie—r:") 1Py, iR P

+r,,
=2V,‘V2u( Fyp ¥y

(Ps, R, P,;,)dP,,

at R = (ry, 4+ r{, ) /2. Hence,
- 2i
[Vlzzv Gs]ru'=lu = _h— Vizj sz(P(Pay rlZv Piz)de- (2.9)
Substituting (2.9) into (2.6) and transforming the integral

over the region D into an integral over the surface o via the
divergence theorem, we arrive at

(§S)nc+(s.3)dia
=k Tr, Tr. Sdps dPizS do(vn)vro{f:[ln('fafs)—j] }

(2.10)
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where v is the unit outward normal at do, (v,,), = v'v,,,
andv, =P,/ M,=P,/M, - P,/M,.

Up to this point all reasoning that led to (2.10) was
exact. Now we employ the approximate equality

Wo{fa[lll(YafJ)_I}}z”’o[fx] {lﬂ{(2ﬂh)3'¥3ro[f3]}“1),
(2.11)

valid on ¢. This relation, as shown in Appendix A, is caused
by the inequalities 7,> r;,,, and r,AP> #. It follows essential-
ly from the fact that the transient quantum state in the region
specified by (1.5) is quasiclassical in r;, and P,.

If we introduce the notation
W olfs(P3)] = F5(Py,r,,,Py5), then, in view of (2.11), Eq.
(2.10) assumes the form

(60ort (8)asumk Tr, Trs | AP, dPy, | do(vie) B

X {in[ (2nh)*y, F 1-1},

(2.12)

which is the quantum generalization of formula (5.6) in Ref. 1.

3.VARIOUS CONTRIBUTIONS TO THE DERIVATIVE OF THE
ENTROPY DENSITY

We partition the sphere o into the entrance hemisphere
o_, where r,'v, <0, that is, (v,,), <0, and the exit hemi-
sphere o, where (v,,), >0. Then the integral in Eq. (2.12)
consists of two parts:

(8)ormh Ty Trs | AP, dPy, | do- (vie)oBa{Inl (222)° Bl 1},

(3.1)

($3)ewmh Tr, Tr, | P, dP,y | do, (vis).Fo{inl (22)° Fs] 1),

o,

(3.2)

When the trajectory 7,,(#) (the notion of a trajectory can be
used because the transient quantum state in the region speci-
fied by (1.5) is quasiclassical in r,, and P,,) intersects the
entrance hemisphere, formally molecules A and B transform
instantly into molecule C. Since prior tg this transformation
A did not interact with B, the operator F; on o_ is a product

of}"1 andfz:

M, M
Fy(Py 1y, P) =4, ("‘E P3+Paz) fa (Mz Ps—sz) , Fp&Eo-.

3

(3.3)

The reader will recall that exchange effects are not taken into
account here. The operators fl f 1® 7" and f2 I's f 5 en-
terlng into (3. 3) commute. Here I’ and I " are identity opera-
tors, f 1 and 1’ act on the wave functions from the Hilbert
space of the first molecule, and }5’ and 1" on the wave func-
tions from the Hilbert space of the second molecule. Substitu-
tion of (3.3) into (3.1) yields

($s)as=k Tr,Tr, jdpx dp, s do- (Viz)vfilelD(Tinfaf:)"‘”.

o (3.4)
where we have allowed for the fact that (27#)>y; = ¥,7, be-
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cause G, = G,G, and replaced the integration variables via
the relation d >P,d °P,, = dP,d *P,.

Turning our attention to the exit hemisphere, we intro-
duce the notation

M M,
Fy(Py 1y, Pp)=Fy ("MLP +PmFPa P,., r12)
3

Allowing for this and replacing the integration variables P,
and P,, with P, and P,, we can write (3.2) as

($3) aie=k Tr, Tr, de: dp, 5 do, (Vi2) Fy'

Oy

x (P, | 2% 9] [ln('sza')-—Il .

(3.5)

The reasoning that has led from (2.4) to (3.4) and (3.5) can
be applied to any concrete realization of operator Gs, includ-
ing G, = f;. Hence, differentiating (2.3) with respect to time,
we arrive in a similar manner at

Tiy=(11s) as+ (ila)dm (7s)ae=—Tr, Tl‘zs dpP, dpP, 5 do- (V'lz)vflfzv

("l;)d“="Tr| Trgj dP. sz j. d0+ (v.z)vpgl.

We see that

Tl‘, Tl‘z AP;AP{2A0+(v12)VFS(P!1 Fy2, Pﬂ)
=Tr, Tr, AP,AP, A0, (vy,) . Fs' (P,, Py, 1,2)

can be interpreted as the number of C molecule per unit vol-
ume with momenta in the AP;AP,, range that disintegrate
per unit time because of the passage of trajectory r,(#)
through the surface area element Ao, that is, due to dissocia-
tion. This is also the number of pairs of A and B molecules
with momenta in the AP, AP, range that emerge per unit vol-
ume per unit time thanks to this process. It is easy to see that
the derivatives (f}) 4, and (f;) 4 caused by dissociation are:

fl(Pi)dia=Tr2 ysz j. do, (V2)Fs (Py, Py 1y2),

O

£1(Py)an=Tr, | dP, 5 do.(v) B (B Pur).

In a similar manner, by allowing for (3.3), we arrive at formu-
las for the derivatives caused by association:

}(P)u=Tr § P, | do_ (vi) (PO 2 (By),

h®)o=Tr ] P, Jdo_v) L PORRY. 51

Sincejk"l andj”"2 are independent of r,,, we have
§do_tv)dtamtifa] dovv,

But
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~fda. W= —| V.| nrt= — 5do+ VY,
a_ 0,

(3.8)

We can therefore write (3.7) as follows

f-l(P!)u= —Tr, 5‘“’25 do, (Vio)+Fifa,

' (3.9)
f2(P2)oe= —Tr, j aP, 5d0+ (Vi2)vhife.

Similarly, employing (3.8), we can transform Eq. (3.4) into

(85)er=— Tr, Tr, | dP, dP, | do (ve)fits (3.10)

Differentiating the entropy densities (2.2) with respect to
time and combining the result with (3.6) and (3.9), we get

(§1)aa+(§l)d:‘s=k Tr, Trzj dP, dpP, 5 d0+ (Via) s

s

XID(Yifi) (#:f.—Fy")

and similarly for (5,),c + (5,)4s- Summing (§;),s + (51) ais
and (5,),s + (5,) 4 yields

('§1+s.2)u+ (5.'1+6=z) dis

=k Tr, Tl'zj do, (sz)vln('Yi'Yzf:fz) (fle_FS,)'
i (3.11)

It only remains to add the contributions (3.5), (3.10), and
(3.11) to obtain the final result:

k
SastSais = '_‘5 dpP, szj do.(Viz)y
Y1Y2

X Try Trz[YaYzFa' ln('fi'fzps’)

—'Y:'szs,+'Yi“{2f1fz“"{a'{szl ln('{ﬂzf:f:) 1.

Allowing for the fact that (v,,), >0 on o and, as shown in
Appendix B, that

Tr(AlnA-A+B—A1n B)=0 (3.12)

which is an operator inequality valid for any Hermitian non-
negative definite matrix 4 and any Hermitian positive definite
matrix B, we arrive at the sought result $,; + $4i >0. Obvious-
ly, in (3.12) we must putA 7172F3 and B = ;/,yzflfz

4. CONCLUDING REMARKS

A similar method of proving the H-theorem for the case
of quantum internal states can be applied to reactions of the
A + B + C=D type and also to more complex reactions of
association and dissociation. For the process in which three
molecules are associated into one and for the reverse process it
is expedient to define the range of bound states by the inequal-
ity p5, <r3, thatis, 73, + 3, <r3 (see Ref. 1). Here the analog
of (2.5) is
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. . i ~ A
(Sc)¢.+ (sb)diu = - '2—72.’. dPA Th TI‘z Tl‘:j dPo: [ZMW—'PMPVU Gc]
D

17

where
ZMuv-lﬁnni)v1=Mz—'Pztz'*"”s_‘Puz"f'Ma—' (i)2|+i)n)z-

Po1 = (r,,,I3;),and Dis theball py, <r,. By employing the six-
dimensional Wigner transformation %", we can transform

f dp01 )
Por’ =por

—fd Ei Mo [P, 6] o

into

25 d(’j dP,, dPs, rM nv—‘Pvlr[G6]
: Y

wv Dot

Iy

=2 _\. do j.dP,‘ dP,,( v + —vn) »I[G.).

In all other respects the generalization of the proofin Sec. 3 to
the case of the A + B 4+ C=D reactions requires no special
comment.

APPENDIX A. SUBSTANTIATION OF EQ. (2.11)

We will focus our attention on the dependence of various
functions r,,, r},, and P,,. The other variables P53, ¢,, 2, 41,
and g} are at first considered fixed and will not be written out
explicitly. Consider the Wigner transformation

F(ry, sz)=ro[f3]=(2ﬂﬁ)—37ﬁo[fa], (A1)
where 7, stands for the Weyl transformation

s 8 )d
— Py — — S,
2" g

Volfsl= jexp(—ih”Pms)ﬂ(r,z +
(A2)
If we introduce the function u(r,s) via the equality
AU
then

F(r, Pu) = (21) | exp(=in~"P..8)u(ris, 8)ds.
Differentiating the inverse transformation

u(rys,s) £ j. exP(ih"PnS)F(ru, Ptz)dpm (A3)

we obtain

—[u(ry, 0017V, 2u (T2, 8) |e=o
-1
=h- [jF(nz, P,,)dP,, “‘PnzF(rum)dpu.

The right-hand side of this equality can be estimated in order
of magnitude at (AP /#)>. This suggests that the function
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Poi” = Pot

u(r,,s) varies rapidly with s; specifically, its characteristic
scale (the distance over which it changes significantly) is %/
AP. Let us assume that the dependence of u(r;,s) on s is
characterized by a single scale factor. If F(O,P,,) is differen-
tiable a sufficient number of times, its Fourier transform
u(0,s) decreases sufficiently rapidly as |s| grows, and for
large values of |s| the following asymptotic formula holds
true: |4(0,8)|=~C |s| ~* k>1. Determining the constant C
from dimensional considerations, we obtain for |s|>#/AP

[u(0, 8) | ~|u(0, 8) [s~nar(A/AP)*|8] .

If F(r,,,P,,) is differentiable in P,,, a similar formula exists
for every ry, ~7:

|u(r12v S){~|u(r!2v s)l.vvh/AP(ﬁ/AP)h'S{—k' |SI»h/AP,

(A4)

where the fact that the dependence of u(r,,,s) on s is charac-
terized by a single constant #i/AP was employed. We have

[su(r, s)|<(A/AP)|u(rys, 8)|c~nap. (AS)
The validity of this formula for |s| ~#/AP and |s| <#i/AP is
obvious and for |s|>#/AP follows from (A4).

Now let us examine the behavior of » as a function of r .
In a region L where r,,, €7,,~7,, molecules 4 and B do not
interact; their motion is purely kinematic. From the validity
of the equation

fo=—C(iln) 2M,) [Py, fsl.

assuming that rj, = r},, and employing (2.9) we easily find
that

7] 1
Et‘dePm=—170‘VnsztdePm

or = —V,,({v;)n), where n = § F(r,,P,)dP,, is the
spatial density, and (v,,) = (M,n) 'S P,Fd P,, the mean
velocity. In usual conditions, n and F are changing with time
quite slowly, i.e., t~n/|n| time of the change is much longer
than the 7, ~7,/|(v1,)|, 7, ~7,/{vy,)| time of flight, where
7y ~n/|Von|, 1, ~ | (v2)|/V12(vy2) |. From 7> 7, 7> 7, fol-
lows that the 7 derivative can be ignored compared with
(vi2)Vion and nV 5 (vyp).

Then

V.. ({vpon) =0,
This yields

| Vian|/n~|V alvi? ||V (A6)

The mean velocity consists of two parts, (v,,) = a + b, where
ais the velocity v,, averged over molecules A and B not inter-
acting with each other (this part is independent of r;,), and b
is the velocity averaged over molecules A and B formed as a
result of dissociation of C. Such molecules emerge in region
L,, which is much smaller than L. In L we can put b=¢(1)],
with 1 = r,,/7,,. This corresponds to motion from L, which
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is assumed to be practically a point, with ¢ > 0 a function. The
result is

|V:zb|/|b|~1/ro+|qu>I/(ro(p).

In the case of quantum diffraction we have
|V, |/@ S 1y AP /#i. Combining this with (A6), we obtain

| Vin|/n<A/ro+r, AP/ (Ar,).

Since n = u(r,,,0) owing to (A3), we can write the above
relation as

|V|zu(razq 0) '/u(r12v 0)<1/ro+r, AP/(hr,).

int

If the dependence of u(r,,,8) on r, is characterized in L by a
single scaling distance, we have
|Vizu(rlz s) '/Iu (ry2, 8) |<A/rotr, AP/ (Ary). (AT)

Let us now consider the matrix product

[fm | - [f!f!]l’u.h:'=j fs(rea, 1" ) o (02", 0y, ) d "

”
—_ j‘ ru+1'12 ” rlz”+r’zl ” ’ ”
=Ju 2 yFiz—Fy2 Ju —"2—~riz —ry, ) dr,”.

(A8)

Here we have written f{* instead of /2 because the other
variables q,, ¢,, 1, and g; in the various factors may have
different values. We take the Taylor expansion

” ’
| Py ” | P8 I ”
u P Te—Fy =0 s F—Ty,

re’ 1y (faz'H'lz’
V.u

2 ' 2

where V, is the del operator referring to the first vector argu-

ment of u, and higher-order terms have not been written. In
view of the last equality we have

rpt+ry,” ” re e
u yPp—Fp JU\ —F—,

+

r”
yPi2—Fy2 )+~--~

2 14
re’ =1y )

2 2
. ” ,
rot+r’ r,"+r,
=u ( JPp—T” Ju\ ———— 11, | +T.
2 2
where
’
rotrg:
T=V,u( D P A 'S
re’—ry, r, +r, ” ’
V= u y Pz =Py |
2 2

Because of (A5) we can obtain the estimate:

h ”
v|< Z—ﬁlul s~asap  for every Fo,

and in view of (A7) we have

h r,+rg
ITlg("‘—A—P‘*'—)'uulwm;p for LZ—-E—EL.

Hence, the correction T'is fairly small for r,AP> fiand 7, > r;,

and the contribution in the integration with respect to r,, is
small. We can prove in a similar manner that in the integral in
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(A8) we can replace u((ry, +r5,)/2,r7,
u((ry,+r7,)/2,ry, —ry,) and obtain

—r,)) with

, ,
(2) r,trg, | P8 2P ,
(s Jegrar= J‘u(—z—.r,:—r.z” u —— .1, =) dr..”

for (r,,+r},)/2eL. Applying the Weyl transformation
(A2) to both sides of this equality, we find that

ro[f:m]zp(l'm Pn)p(ruz- Plz)E(Vn[f:]}m- 12> i

What is important is that #, defined as

2 - rtrg,
[f.‘l )lrli,rll’=u (_‘-2— ' rl:-rm,) ’

has the same properties (A5) and (A7) as the function u.
This means that by using the same method we can obtain

Pol£:D 1 =(P o[ £.]}, 712> Fine-
By mathematical induction,
Volfs™1 = {7 [ £:]} . 712> Fine - (A9)

We now lift the restriction that the variables g, ¢,, ¢; and g;
must be fixed in each factor and consider the matrices 774 [f;]
and f; in these variables and the powers of these matrices.

Then instead of (A9) we have
7o im = {7 .1}

712> Fine

(A10)

Employing the expansion

1 R=1
ln('Yafa —ln(j'*"Yafa f)—z & ) (*{,f,-—-l)"
anfi allgwing for (A10), where instead of ]3 we have taken

vsf3 — I, we find that

Yol fs ln('{sfs)]zrol.?s]ln {7’3%‘0[?3]},

or the sought formula (2 11) if we allow for the fact that
W [A] = (2mh) ~*7 ,[4], according to (A1).

712> Fine

APPENDIX B. PROOF OF INEQUALITY (3.12)

Let us first prove that for any two Hermitian operators A
and D the following inequality holds true:

(B1)
Tr AD < max Z'{i:“ju) ’

where A; and u; are the eigenvalues of matrices 4 and ﬁ,
respectively. Minimization on the right-hand side of Eq. (B1)
is carried out overAgll permutations j(#). Indeed, in the A4-
representation, Tr AB can be written as 34,D,;, with

Uijps (u+))‘h= Z AT A

/ i

Du =
so that

D, =Z qul’m,

where u; is the unitary matrix of the transformation from the
D-representation to the A-representation. Hence, inequality
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(B1) can be transformed into the following form:

ATHu< max A" Map, (B2)
where u is the column matrix constructed from the u; eigen-
values, A Tthe row matrix constructed from the A, eigenval-
ues, H a matrix whose elements are |u;|? and M the permu-
tation matrix, whose elements are either zero or unity. The H
matrix, in view of the property that U+ = I is bistochastic
(i.e, has nonnegative elements and the sum of the elements of
each row and column is equal to unity) and moreover orthos-
tochastic. According to Birkhoff’s theorem (see, e.g., Ref. 6),
every bistochastic matrix can be written in the form of the
following sum:

H= Zpaffa,

where the coefficients p, are nonnegative and such that 2p,
= 1. Substituting (B3) into (B2), we obtain an equivalent
inequality,

2 Do (@—a,) =0

(a, = ATfl\la u and @ = max a, ), whose validity is obvious
because all the p, and @ — a, are nonnegative. This com-
pletes the proof of inequality (B1).

Let us now turn to the proof of mequahty (3.12). Weput

=In B. Then the eigenvalues b; of matrix B are related to
the #; through the equalities 4; = In b;. Matrix D is Hermi-
tian if B is Hermitian and positive deﬁmte Taking the permu-
tation j(/) at which the sum ;A u; ;, assumes its maximum
value, we find that (B1) yields

(B3)

“Tl’z‘iln B?—Z A..'ln bj(i)- (B4)
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Adding (B4) to the obvious equalities
TrB= Zb,: Z,b,.(‘.,. Tr(AIn A—A‘)=2 A (InA,—1)

we arrive at

Tl‘[A In A—A+B—AIn B] = Z [}.; In 7\..——}».-"'1)1'(;,—;” In b,‘(.’;l.
‘ (BS)

The expression within the brackets on the right-hand side is

nonnegative for every value of / since it is equal to 4, F(b;;, /
A;), where F(y) =y —1—Iny is a non-nggative function
and the A; are nonnegative because matrix A4 is nonnegative
definite. The fact that the right-hand side of (BS) is nonnega-
tive proves the validity of (3.12)

Strictly speaking, the above proofis valid only for matri-
ces of finite rank. However, by enforcing a special limiting
process in which the volume of the space tends to infinity and
the discreteness step to zero it is possible to extend these in-
equalities to a more general case.
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