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Gauge-invariant equations are derived for a theory of gravitational stability, describing the
evolution of irrotational perturbations in an isotropic universe of critical density filled with a
dissipative gaseous medium. These equations reduce to a singularly perturbed third-order
equation which is nonlinear in several parameters. The solutions of this third-order equation thus
have bifurcation properties. This equation has a singular point, whose position on the time axis,

t = t,,is determined by the dissipation characteristics of the system. Near the singular point, the
system loses its dynamic stability, and condensations with comparatively low peculiar velocities
undergo an anomalous growth. This effect is interpreted as the formation of dissipative structure
in the expanding universe. One possible critical point which appears to be pertinent to the theory
of galaxy formation is at £~ 10'®s, where most of the mass of the baryon subsystem of the universe

isin neutral hydrogen and helium. The effect of cold dark matter on the nature of a
nonequilibrium phase transition in the baryon subsystem is analyzed.

INTRODUCTION

It is presently believed that the large-scale structure of
the hot universe arises as the result of gravitational instabil-
ity.! It is usually assumed that small fluctuations in the
density of matter, whose evolution subsequently leads to the
appearance of structure (star clusters, galaxies, and galactic
clusters), themselves originate from quantum fluctuations
of the space-time metric. Later, according to certain hypoth-
eses, these fluctuations can grow to a macroscopic size in the
inflationary epoch.** After this epoch, they can grow as the
result of accretion of surrounding matter. Models of dark
matter are often invoked in explanations of the observed
large-scale structure.*® In particular, entities which have
been proposed as candidates for the role of a nonbaryonic
dark matter are particles predicted by various gauge theo-
ries”® and exotic entities such as superconducting strings in
a primordial magnetic field.*"!

When this picture of continuous evolution of density
perturbations from an initial cosmological singularity to gal-
axies and galactic clusters is compared with experimental
data, however, a hot model runs into certain experimental
difficulties. These difficulties are not easily overcome. Spe-
cifically, the amplitude of density perturbations in the pre-
recombination epoch is known to be related to the anisotro-
py of the relic background microwave radiation. However,
observations impose some severe limitations on this anisot-
ropy.'™ According to the observational data and their theo-
retical interpretation,'?'¢ the quantity AT /T must be less
than 10~ Since a long time has now passed without any
reliable reports of a discovery of such an anisotropy, we be-
lieve it is necessary to seek some new, alternative hypotheses
regarding possible scenarios for the generation of the large-
scale structure of the universe. One possibility might be the
hypothesis of a strong, superadiabatic growth of density per-
turbations as a result of nonlinear effects associated with
dissipative processes in the cold viscous gas in the later
stages of cosmological evolution. Explosive effects of this
sort might occur if the system is sufficiently complex for the
appearance of dissipative structure. A correct approach to
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the formulation of this problem and to its solution requires
the simultaneous consideration of numerous factors which
influence the evolution of perturbations of the density of
matter in the epoch following the time of recombination.

In this paper we focus on the dynamics of density per-
turbations near singular points at which the evolution time is
comparable in order of magnitude to the time scale of the
relaxation process. The reasoning here is that a viscous gase-
ous medium filling a time-varying universe is in a varying
gravitational field and in this sense is an open dissipative
system. Under certain conditions, dissipative structure can
appear in such a system, in the form of density inhomogene-
ities. We know that dissipative structure arises because the
open system searches for new equilibrium states, different
from the homogeneous state of local thermodynamic equi-
librium.!”"'* We would therefore expect that the age of the
universe at the time at which the dissipative structure forms
is comparable to the time scale of the relaxation process.

Current ideas regarding the gravitational stability of an
expanding universe are based on the linear theory of gravita-
tional stability (LTGS) derived by E. M. Lifshitz.2>*' We
will be using the mathematical tools of that theory, specifi-
cally stipulating that those tools are valid for solving the
problems formulated above.

The authors of the various papers on the LTGS have
used a variety of methods for solving its equations, but all
employ approximations. Our major goal here is to construct
a method for solving the LTGS equations which would make
it possible to analyze the asymptotic behavior of the solu-
tions only after the nature and properties of the equations of
the theory have been determined." It would then become
possible to numerically integrate the exact equations which
are constructed. We have done this in the present study.

We believe that ignoring any terms in the initial equa-
tions of the theory may lead to a theory with a seriously
impoverished physical content. For example, if we ignore
the viscosity, we are ignoring relaxation processes in the sys-
tem.>?° If we instead take viscosity into account, we must
take account of the nonzero sound velocity (#*#0) for any
relaxing system (our approach here stands in contrast with
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common practice in solving the LTGS equations in the late
stages of evolution of the universe>??). The reason is that,
since this system is open and time-varying, both the relaxa-
tion time and the velocity of sound in the medium depend on
the world time ¢. There can thus be a situation in which terms
of the energy-momentum tensor associated with the pres-
sure are comparable in order of magnitude to the dissipative
terms, p~£a/a, at large values of the viscosity coefficient.
(Large values of the bulk viscosity coefficient occur for mo-
lecular hydrogen, for example, since the large size of the
rotational quantum of the H, molecule, 7, = 85 K, makes
the time scale for rotational relaxation of the gas molecules
long.) These times may be singular for momentum transport
in the system. Near these points on the time axis, a hydrody-
namic description is of course incorrect. In the LTGS, how-
ever, the interaction of the spatially uniform mode a(#) and
a spatially nonuniform mode A, (¢) is taken into account
exactly (ignoring the interaction of the spatially nonuniform
modes with each other). However, since the open nature of a
dissipative system results specifically from this interaction,
it is manifested considerably earlier, within the range of ap-
plicability of the linear approximation.

Yet another distinctive feature of the LTGS on an ex-
panding background is the existence of two independent de-
grees of freedom (isotropic and anisotropic)?® for the per-
turbed gravitational field. While momentum transport for
one degree of freedom has a singularity (the momentum flux
in the density wave is comparable in order of magnitude to
the momentum sink due to dissipation), the system tends to
maintain the existence of this degree of freedom. The behav-

ior of this system thus becomes anomalous: An initial den-
sity perturbation breaks up into growing condensations with
relatively small peculiar velocities. In other words, dissipa-
tive processes give rise to dissipative structure.

Obviously, if an approximate solution method is used,
and the LTGS equations are reduced to the post-Newtonian
equations of the general theory of relativity, this effect will
be lost.

A point which deserves particular emphasis is that tak-
ing the viscosity and the compressibility of the medium into
account simultaneously leads to an effect of the thermal re-
gime on the course of the gravitational instability. As we will
show below, this system is described by a third-order singu-
larly perturbed equation in the parameter k u?/a?, where k
is the wave number.>> This equation contains logarithmic
derivatives of the sound velocity, i/u (as was first shown in
Ref. 25). Since the thermal regime of this continuous medi-
um is not adiabatic, and it depends primarily on the effect of
the viscosity on the temperature of the medium, the behavior
of all modes of the solution is distorted by thermal effects.

We therefore assume that the only approximation pro-
cedure which is legitimate for the Einstein equations de-
scribing the expanding universe is the standard linearization
procedure.'*202>2332 Thjs procedure allows one to cor-
rectly formulate the problem of the evolution of normal hy-
drodynamic modes superposed on an expanding back-
ground.*

This Introduction to the paper is followed by five num-
bered sections, a Conclusion, and an Appendix. In Sec. 1 we

derive a system of LTGS equations in terms of linear invar-
iants, i.e., in a gauge-invariant form which does not depend
on the state of an observer following the evolution of inho-
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mogeneities in the expanding universe. The asymptotic solu-
tions of the gauge-invariant equations of the LTGS far from
these singular points, where the evolution time is equal in
order of magnitude to the time scale of a relaxation process,
are studied in Sec. 2. In Sec. 3 we carry out an asymptotic
analysis of the equations of the theory near singular points.
We also offer a qualitative interpretation of some new phys-
ical effects which appear. Section 4 is an analysis of numeri-
cal solutions of the LTGS equations which have been de-
rived. In Sec. 5 we estimate the effect of cold dark matter on
the nature of the phase transition to an inhomogeneous state
in the baryon subsystem. The Appendix contains certain de-
tails of the derivation of the LTGS solutions near singular
points.

1.EQUATIONS OF THE LINEAR THEORY OF
GRAVITATIONAL STABILITY IN TERMS OF LINEAR
INVARIANTS IN THE LATE STAGE OF EVOLUTION OF THE
UNIVERSE

We describe the evolution of normal hydrodynamic
modes in the expanding universe by means of the system of
Einstein equations with dissipative effects®>** (we are using
a rational system of units withZi=c=1):

R#—'/,8/R=8nGT#=8nG[ (p+e)uun*—6 p+v’], (1.1)
(ru'+v?) =0, (1.2)

. T.’k . w ;
(ou'), = T Uy +?V;i . (1.3)

Here
tf=nD+Ed}

is a dissipation tensor, where

Di=(8/—uu*) u' 4 (8/—uu') uly —*/, (8 ~uu*) u!,,
= (8 —uut) u:’,

are the tensors of shear and bulk deformations of the velocity
field of the matter. The quantity

s [ I(5) vl ]

is the heat-flux vector; 7, £, and x are the coefficient of shear
viscosity, the coefficient of bulk viscosity, and the thermal
conductivity; n, £, and o are the number density of particles,
the energy, and the entropy; p is the pressure; T is the tem-
perature; and u is the chemical potential of the continuous
medium.

We write these equations out explicitly, noting that the
real medium is described by the energy-momentum tensor of
an ideal gas, distorted by dissipative effects:*

3 d
s=mn+——2—nT+n[ f(T)— T—(—i%], p=nT,
pte—aT
=
n
e [ mT\* 3 df
o (5 ) Jn(e+5)-n,
R R R A T
Ff e (D)
dr: T

f(Iy=—-T(Z,), Z= Z(2K+1)exp[ - TT' K (K+1) ]
- (1.4)
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Here m is the mass of a gas molecule; ¢, (T) = c, is the spe-
cific heat of the rotational degrees of freedom; and &, is the
chemical constant of the translational degrees of freedom of
the gas.

The initial stage of the process is described by Eqgs.
(1.1)-(1.3), linearized about an isotropic cosmological
background:

ds*=dt*—a*(t) (dz*+dy*+dz?). (1.5)

We now write the physical quantities describing the
matter and the gravitational field in the form 4 =4 + 64
(background part plus a perturbation).

An unperturbed Friedmann solution for the isotropic
universe with dissipation is found from the equations

8nGe=3—, 8aGj=—2-——" +24nGE->, (1.6)
a a a a

o - _ a’ n,
’=u,=1, u*=0, (oa®)’ —9—;%, n——aoa,
where
da d
] — — 3) = — 3
d=— (0a®) dt(oa).

Equations (1.1)-(1.3) will now be put in the standard
form for the theory of gravitational stability. All perturbed
quantities are found as tensors in the background space, g, .
Specifically, the metric tensor, the 4-velocity of the matter,
the number density of the particles, the energy, the entropy,
the temperature, the pressure, and the chemical potential of
the continuous medium are written in the form

gu=8unt hir, ui=u;+v;, e=€-+0¢,
n=n+8n, 6=56+68c, T=T+8T,
p=p+0p, n=n+ou.

The linearized system of Einstein equations is

1.3
PA—h 'R — %(P—hmlﬁ.'") —8nG (0 —hT™),  (L7)

l_lil_l.khh‘—zﬁivi=0, (18)
) [n(£(51) ") - 2]
(dna‘+nv') | In o ar !,
e (mT )”’) df ] L ZLETUME A YTI
=1 _— — M + ’
R [m( ( 2n ard | T T

daT
(1.9)

- ’T“"MH[‘L +1n (n(';‘:) +(gc+i) df]av .

2

The unperturbed Ricci tensor R ", the energy-momentum
tensor 7'}, and the dissipation tensor 7;* are constructed
from the quantities g, , €, p, 7, &, %, i, and T'in the usual way:

1 m K

1),“ - 7( HI + h}:u ,”; —hth’ "”; m _h::‘ k; i)" (110)

0= (p+e) (uv*tva*)+ (dp+de)a.u*—8/6p—hip+ots,

(1.11)
o imn (L) e [o(2)

—a(uu)(i‘;) —uuG(%)] (1.12)

203 Sov. Phys. JETP 74 (2), February 1992

O0t=n (8D~ hy*"D:*) +E (8d"*—hp*d:*) +6n D +6Ed}r. (1.13)

In Egs. (1.7)-(1.13) and in the equations below, the
semicolon means a covariant derivative in the space g, .

In order to solve Eqgs. (1.7)-(1.13) superposed on
(1.5), we need to rewrite these equations in a (3 + 1)-di-
mensional form; in other words, we need to separate the spa-
tial and temporal coordinates. To do this, we define the oper-
ation of (3 + 1)-dimensional covariant differentiation®’ in a
space with the metric

Yo = diag (+1,+1,+1)
and the three-dimensional covariant quantities
ls)haz_hoa’ (-‘Uhals=_haﬂ’ ”JUG—:U“

(the Greek-letter indices take on the values 1, 2, 3). In the
discussion below, we will be dealing exclusively with three-
dimensional quantities and operations, so we will omit the
superscript (3) from the corresponding tensors.

With these definitions in place, and after some simple
calculations, we can rewrite the dissipative part of the ener-
gy-momentum tensor in the explicit form

ara“:n'{ — @t vl ) (haothd +h)
2 ~u[ v, 1 ¥
——3-'60; —vy1+?(h,o+2h,1)
T . 1 a ¢
’l’g —'U;{ +~5—(h,0+2h&) 6aﬁ+6“ﬁ'_6§’ (]14)
a

61, =0.

81.'=
a
To construct explicit equations for the linearized theo-
ry, we make the substitution

8p(n, T)=u*(t)de (i, T)+6p, (7, T), (1.15)

where the function

db = . LG
wy=-F= & - [——‘i+i3+ 120G
dg € a a a

Ly - 5

+ 12:1(;5(1—-‘5—2)]/( g 3“—)
a a a a
is determined for the thermal regime set by the properties of
the unperturbed solution (the dots mean derivatives with
respect to t). Here 8p, is the deviation of the momentum flux
density of the matter from the local equilibrium values as a
result of dissipation.

Here and below, a(?) is a self-consistent solution of un-
perturbed equations (1.1)—(1.3) with a fixed kinetic coeffi-
cient £.

The perturbation of the bulk viscosity coefficient, 6¢, is
found from

0g = ({u“l’/n[‘l +—%(a—cv) J}%—
{(1 —cyu” )/mli+—(a Cy) }} i)ée

(e L)/ al i+ Taen 152

{cv/m[1+—(cz cv)]} g)‘51;,, (1.16)
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where

T d
cz-—‘/ﬁ-—f( )——'f, cv="/ytc,,
T ar

T T
F=1———+ci—.
mu m

Using these relations, we can rewrite Egs. (1.7)-(1.9)
in the form

1
—[(1+3u) (hav—h ) —2hon 142 (R0 +2R50)
+b~(uz+1)—z(h,o+2h;)—6h£o
- . .2 22
+6[—2 (—‘i) —3%—3u2a—2] he?
a a a

1 N
_ 1
—16nG{3§ [— 2t -2( ho+2h'—3 ia he? ) ]
a

fod [, doe o)
aln oT mu® on
T -1
X[ 1+ —(ci—cy) ] Ge}= 48nGIop,, (1.17)
m
Ta a,Y a,Y 0, ,a a a ,a
T(—ha.r —hyp they tThop thg)—hgeo— (heths ),
—3——(h50+h *+h ﬁ)
1 @ @
=16nGﬁ[ - aT(u,‘;+vﬂ'“)+(hs,o+h; +h) ] a#p,
(1.18)
11, 16 1 a M N
8nGde = — —(hoy—hy )+ 2—(hoT2h;)—6—h"(,
2 ta’ a a
(1.19)
1 { 1 T 1 a o }
= 57 7 2 | Ug N, 0+ a_;z__a.y
v 4(dz/a£——d/a) (h , T h a). hT. h B 2 a ho,
(1.20)
ho 2 £ T %2 d
(g Sl (52)) 4]
a* T n \2n ar

,0

e B R e A e )

pte

I
[r—
ltl 3|
+
=3
—_—

X
r—l—| =)
>
—
~3|1=
S~—
)
+
c—(
—
’%II':I
S—
el

6t d vTT
+—=— ———+ —(h, +2h a—3ho")
T a
g a"Z 9 2
9 TZ_EGT+T — O, (1.21)
where

dl10im 9t cag] T -
v

=3 — | " 75 V7S + —(ci— ] —1.

r=— i oT m o [1 m (o) !

Perturbations of type I (in the classification of Lif-
shitz?® ) about an isotropic cosmological background can be
expanded in a series in plane waves,

0k=exp (ikﬂxa) ’

and the expansion coefficients can be expressed in terms of
scalar functions.

For the perturbations of the metric 4 ¥ and of the phys-
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ical quantities 8¢ and Su,,, these expansions are

27 1
= 4 (Pkokv g, :; kak,m hof = ky‘-‘{? GGB (Pk
Yk ~,8
+ Vi) Ok + _kTQk‘“}’

Oe = Eéaka, SUy=v,= Zquk,a, Su® = 2 V0"
k k k

For the coefficients of the Fourier expansion we have
the following system of equations (we will omit the scalar-
function index k from this point on):

; ; 1k
— M-32M+N+3 =N — ——z{-—N-chq)]
a a a*l 3

+ 16nGﬁ{[kz (N—3iaq> ) 3a2(—i‘a—+—“_z)]

a

+N_M}=o, (1.22)

[3—(1+uz) ]M+ ! [ (1+3u?)— i N+k2q>]
i a a*

P —
—3—op—|2—+—+ 2—]3 +4nGER?
3 p [2 T 3u p o+4nGE

x(N _3_241,)/(12 -—da—+—Z:;]— 12nGE(M——3%q>)

—72nGut 2 i 0k, U—er) i}]
a tnoT mu? on
T -1
X[ 1+ —(ci—cy) ] de=24nGIép,, (1.23)
m
k 2
8nG§e—-—3?N+—M 3 (1.24)
V__w__{i/ba-[im, (5o )
a* = a a
(1.25)

arl ., 3 al &
6 6T
+2(——E— —_E‘*"‘:‘)
13 n T
. _

Here N=p + y and
M=p-2kw/a*

are functions constructed from the perturbations of the met-
ric. With 3 = #% = 0; and 7,£,% = 0, Eqgs. (1.22)-(1.25)
are the same as the familiar equations of the Lifshitz theo-
ry.?° There obviously exists a particular solution of the sys-
tem of equations (1.22)-(1.25): N=a/a,¢ =0,6p, = 0.1t
is thus logical to make the substitution N = (a/a)y. Adding
(1.22) and (1.23), we find the expression
M = M(3,1,1,¢,¢,6p, ,6p, ). Substituting M into (1.22), we
find a system of equations for the invariant
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J=[(a/a)N]* -3¢ J'=J for x"=x'+7,
h¥ =h¥+n% + 5 and for the quantity® &p,:

0p tidp,=Y, (1.27)
/+A/+H/_:”:G“1(opl Cop). (1.28)
Here
A=~4—nG k* (4T+3E) i

3 @*(—i/atat/a®)  z
+22 445 9% 4 39aGn+3u L,
a a 23 a
. o0s 2 a
B=—szi+2(—ff— - —"_)+ 7—+z i —2.—(_+ >_)
a (l' u a a

+ 162G (3 LA —"—) + 162G
a a u

4 4n+3tE ]
NP
3 "L e (Casatatiad
+(3_‘L_ ) 4nGR (4T+3E)
a 3a*(—d/a+ad*/a*)
2
+u21[ +4( 2—+1tqu—)
L d Gk ]
M
a a*(—d/ata*/a*)

Ay b 8GRt T wk(F )

T T

(nT) Cv u*Fa cyatn \ x
kE %k +QJ
y—_ K&, ®e UtQ)
3a’ey 24a’cyn  nGzx
L (—cvu) 0F

py _ 6aGiia 4nGEa 50 [ F ag

- 3u‘a u‘a aln BT mu*  on
. . le J— b

Q=221 %y fongr + ZCF UGN
a a 3a* (—d/a+d*/a*)

i, i @ & T
C=2—+" 44—+ _ 7T,
u z a a T 162G
The general solution of Eq. (1.27) is

t

t t t
0ps=0pso exp (-—j ldt) + exp (—— j. ldt )j Yexp ( j lat’ )dt
) vt ) (1.29)

where the constant dp,, corresponds to the solution of the
Cauchy problem with the initial conditions 8p, (¢,) = 8p,,-
This constant is nonzero if the dissipation coefficients x, 7,
and £ are nonzero.

After substituting (1.28) into (1.27), we find a third-
order scalar equation for the invariant:

z+(1—%)z+@Y=o, (1.30)
where
Z=J+ (A + sz )J + [B L F e —L‘szg]l,
a‘cynz a® ¢y z adcy
6= 24“6“(z+0)r
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Equation (1.30), a third-order differential equation,
contains a singular perturbation. It describes the time evolu-
tion of three hydrodynamic normal modes of collective mo-
tion of the continuous medium: the acoustic modes and the
thermal mode.>®

We wish to stress that, in the version of the LTGS which
we are proposing here, the analysis of the perturbations is
carried out in a generally covariant form, without the impo-
sition of any additional gauge conditions on the perturbed
quantities.

The invariant characteristics of the density and velocity
of the matter are found by subtracting from (1.24) and
(1.25) functions generated by varying the proper time

1
T= go; dz’

in the unperturbed solution:
t

Joar)]

tl

(8nG) SEinv_=8nG [66—6 (to +——

1 [ 8aGTZ
u’x ¢

+—(j+91) ]+_n(rf1dt (13D

V=V + 1(t¢,+ I dt) Z’z

1 fa .
=¥{7—(—:m]:d7/a7)_§]dt,}' (1.32)
Here

to
to=J 7 ar.

Y

t, is an arbitrary constant, and ¢, is a time which we use to
specify the initial conditions.

This procedure for eliminating fictitious solutions in
the LTGS has a completely clear working interpretation. A
difference between the reading of the clock of the local ob-
server and the cosmological time 7 can be detected by com-
paring the proper time 7 (d7 = gi4*dt) with the time of an
observer moving along with remote matter which is expand-
ing according to the Friedmann law (i.e., by observing a
universe which is homogeneous and isotropic at length
scales larger than those of the perturbations). This proce-
dure does not impose any restriction on the nature of the
motion of the frame of reference (as is easily verified by
working from the equations of relativistic kinematics). The
working interpretation assumed for the construction of the
functions 8¢;,, and V,,, means that observable physical
quantities can be found directly from experiment, and the
invariant increments in them can be eliminated in a simple
way, by making a comparison with experimental results. It
can be seen from (1.31) and (1.32) that the fictitious “gauge
modes” do not “sense the dissipation” (just as we would
expect).

2.SOLUTIONS FAR FROM A SINGULAR POINT

The three gauge-invariant physical modes of collective
motions of a continuous medium which are described by Eq.
(1.30) can be classified in an obvious way as acoustic modes
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and a thermal mode. [It is easy to show that the general
solution of system (1.27), (1.28) depends on the same three
constants that the solution of Eq. (1.30) depends on; specifi-
cally, there exists a functional relationship
P10 = 0Py (cy5¢55¢3).1 The hydrodynamic description of
the continuous medium is valid under the condition ¢>¢,.
This condition is violated near the critical points x =0,
where

z=1—

16nGn a _ 4nGE 1_3%(F_£+ L3

3u* d ut  a n 0T mu® on

(2.1

In this section of the paper we consider the system far
from such points, assuming x ~ 1. Let us consider perturba-
tions whose size is smaller than the distance to the horizon:

k=2na.

L=L<<t,
k A

We do not impose any a priori restrictions on the phase
of the perturbations:

ku
—=1.
a
Using the conditions k¢ /a> 1 and u*> < 1, we see that we need
retain only k *4°/a* among the various coefficients of Eq.
(1.30) which contain u?%; we can set #?> = 0in the other coef-

ficients. We thus use an unperturbed solution for dust:**
1
a= (a t‘/- 2, = .
o) 6nGt?

For the sound velocity #2(¢) it is then sufficient to use
the expression

and the temperature can be found from the law describing
the increase in entropy of unperturbed solution (1.6):
2 24nGmE

T+ 1=
cvt Cv

(2.2)

We consider the standard problem of the dissipation of
hydrodynamic normal modes of collective motions of the
continuous medium, which we represent as an ideal gas with
an arbitrary specific heat. The solution of this problem de-
pends on the relations among three independent time scales
of this system: the dissipation time

L _( 13 M % ) )
u miu?’ mnu® ' au?!’

the reciprocal of the particle oscillation frequency in a sound
wave,

brgnn =

=0t = — ;
= Tk Zma
and the cosmological time ¢.

Under our assumptions, the conditions ¢, ¢, > ¢, always
hold. The relation between ¢, and ¢ fixes the wavelength re-
gion under consideration for the acoustic hydrodynamic
modes.

We construct solutions of Egs. (1.30) in the limiting
cases of short waves, ut /1 €1, and long waves, ut /A> 1, us-
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ing for this purpose asymptotic methods of the theory of
ordinary differential equations.’’

a) Short waves, ut/A> 1. The fundamental system of so-
lutions is

3
J=2 ¢,

J, —exp( :i:tj—dt) t

aa™

<ol -5, 1(5°) 7 [ (5m8)

'

(2.3)

J,=1—( 1—%%—(1_—) exp{——§ (%)zl—dt

a ney

For the relative changes in the density and velocity of
the medium we find the expressions

LN [ES Y[R
conl e[S (22) 2 Lo
revon 1] ()2 L srens{ () 2

Cy m

~

+)
|
% dt}

(2.4)

where

2

A(t)=—3ikt™"/4a, (c—%)’ B(t)=

1 BQOGCV ’

Vo= () exp{ - ﬁ (zn) : [( 3"+§)
ran( & ) oo 1 (22) 22 T ]
tevesn = (2 )2 T ]}

+c3@(t)exp{ (Tn) dt} (2.5)

Here

D(t)=

c T i
3/!.( —P —_) / aODty
Cy m

0=t (1 -2} 2

The exponential laws in (2.4) and (2.5) agree with the
known damping of the acoustic modes and of the thermal
mode in gaseous media.*® (This result can of course be
thought of as a test of the validity of the system of equations
being used.) Cosmological expansion leads to the appear-
ance of a nontrivial dependence of the coefficients on the
time z. We also wish to stress that the results found here are
valid to the extent that the absorption rates given by (2.3)-
(2.5) are small. In gases, this condition holds for a certain
interval of wavelengths A. As an example, let us estimate the
first term in the absorption coefficient for a sound wave,

kWt (2n)%ult ~( 2nl ) t
a@mn A2\ ) t,

<1 (2.6)
under the conditions
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2nl(tL) <AL 2nut.

Corresponding estimates for % and & are valid. There is no
difficulty in writing solutions for a constant value of ¢, by
using (2.4) and (2.6).

b) Model solutions at a constant specific heat. Analytical
solutions of Eq. (1.30) can be constructed for a constant
specific heat, ¢, = const, only if we ignore small terms of
order ¢,/t<1 (i.e., only if we ignore the relatively weak
damping due to dissipative processes). We can then inte-
grate (1.30) over ¢ once; as a result we find the equation

J+(2i+4-‘i——2d—)1+kz“zf—c’“z( SERLAY)
a a u @ " cva 3 d cp!’
(2.7)

Let us rewrite (2.7) in an explicit form, making use of
the dependence of the coefficients on the temperature, the
time, and the specific heat. We must set the constants c,
equal to zero, since we are ignoring dissipative processes in
this approximation. The entropy of the system therefore
does not increase, and we have 8p, = 0. Consequently, un-
der the same approximations as were used in the derivation
of Eq. (2.7), we have

t T %
(—~ )J”+2 ﬁ(ti) Iy & -cl—T—( t—) =0,

U cv Vb cy m\ i

(2.8)

where
2nty \*
Y
1 7\’7
Here the prime means a derivative with respect to ¢ /¢,,, and
4, is the wavelength of the perturbation at the time ¢, (e.g.,
at the recombination time ¢, = 5-10"*s).
Analytical solutions of Eq. (2.8) can be derived only for
a constant specific heat, ¢, = const, in which case the equa-
tion of interest is a homogeneous Bessel equation, and the
sound velocity is equal to
T
wt =<2 " — const/a¥*.
Cyv m
(The value ¢, = 5/2 corresponds to a molecular gaseous
medium of H, molecules at temperatures high in compari-
son_with the rotational quantum of the gas molecule:
T>T, =85 K. The value ¢, = 3/2 corresponds to a gas
with unexcited internal degrees of freedom.) The solution of
Eq. (2.8) is then

J=(:—1)p{c,JV[K%u1(—§T—)B] +c2Yv[Ké“’(ti1)b]}, (2.9)

where J, (z) and Y, (z) are the Bessel functions of the first
and second kinds,>?

’/2+1/Cv

oIy et l/ey
‘/3+1/Cv ’

ud =

cy m’
p=_(l/z+1/cv), p="/s—1/cv.

For the half-integer values of the specific heat,
¢y =5/2(v=27/2) and c, = 3/2(v=17/2), the relative
change in energy density is
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GZM B _%(%)_MM[ c,Jv_,(Ké‘% (%)ﬂ)
e (52 )
_%(K_Tgsﬁ)#a(i_,)“l{c‘(%)ﬁ[hm—mv(Kg“x({f_)ﬂ)
o520
() ) B (L))
mel e (e (57)
_J\_#,(Kém)sa” (s ;)]
’ C(%)ﬂ[ (=vta—1)J.,
(G e 26
() Y (B L))

—cz[ (—v+oc—1)Lv(Kgu7 )sa_.,_v_. ( K,u,)

—J ( Kgu’ )sa,—\- ( 12% ) ] }

(2.10)

where
a=(p—p+1)/B,

ands,, () is the Lommel function.?®

The solutions (2.10) describe the evolution of hydrody-
namic normal modes of collective motions of the continuous
medium under the conditions ¢, =const and
N=E=%=0.

The physical meaning of the solutions which we have
constructed can be seen easily in some limiting cases:

1) Short waves, K, u, /B> 1: The solutions are the same
as (2.3)—(2.4) with c; = 0. In other words, Eq. (2.7) de-
scribes the evolution of acoustic modes superposed on an
expanding background.

2) Long waves, K, u,/B<1: In this limiting case,
(2.10) becomes

Sins _ K,{ (K,uT)Z“ 1 (z_)—'
e 6w \"\25 / T(v) \4

_6(1(27;1) I‘(——1v+2)(%)%} -1

The solutions found here for acoustic modes in the long-
wave approximation are the same as the standard LTGS so-
lutions."*?* The time evolution of long-wave density pertur-
bations does not depend on the specific heat ¢, since in this
approximation the system under consideration here is a
dusty medium with an equation of state p ~0. Using (1.32)
and (2.9), we easily verify that perturbations of the velocity
V.., decay in time according to a power law in the long-wave
approximation. We will not reproduce the corresponding
expressions here, since they are of no particular interest for

LTGS.
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3.DENSITY PERTURBATIONS IN AN EXPANDING UNIVERSE
NEARASINGULARPOINT

As we know, a local thermodynamic equilibrium is
maintained in an unsteady system if the relaxation times are
sufficiently short in comparison with the evolution time:
t, £t. If this inequality is violated for any process, we must
go over to a kinetic description of the system. Corresponding
to a time-varying gaseous phase in the late stages of cosmo-
logical evolution are several time scales for relaxation of the
system to an equilibrium state.

Translational degrees of freedom of the system relax
overatime?,, = 7j/u’mn; rotational degrees of freedom cor-
respond to the relaxation time ¢,,, = & /u*m#; the heat flux
in the medium relaxes over a time ¢, = %/u’n. Near critical
points ¢, ~¢, for any process, the system is no longer able to
adjust to energy-momentum transport in the state of local
thermodynamic equilibrium. If a time-dependent system is
nonlinear, it may break up into fragments, whose relaxation
timeis ¢,, <., where t,is the evolution time of the fragment.
In this case, a dissipative structure forms, because the system
as a whole loses its thermodynamic stability.!”"!8

Fairly general considerations lead us to expect such an
effect in the LTGS. In the first place, this is not a truly linear
theory but instead takes exact account of the interaction of a
spatially uniform mode g, (#) with a spatially nonuniform
mode 4, (2,x*). Since it is this interaction which makes the
system open, however, effects of this sort can arise in the
linear theory. One of the critical points, which appears to be
pertinent to relativistic astrophysics, is in a late stage of the
evolution, at which most of the mass of the baryon compo-
nent of the universe is in neutral hydrogen and helium. A gas
of neutral H, is a special case because the following condi-
tion holds in it:

2 c,
3 3y tc,

>

The reason is that the time scale 7, for the excitation of rota-
tional degrees of freedom associated with collisions is much
longer than the collision time, even at high tempera-
tures.”®*' Consequently, the position of the singular point,
t=t1, (i.e, x =0), is determined primarily by the magni-
tude of the second viscosity.

On the basis of the discussion above, we ‘“‘extend” the
hydrodynamic equations to the applicability limit of the hy-
drodynamic approximation and examine the trends in the
behavior of the system as ¢, —¢. The results found in this
manner suggest a tentative conclusion; a final conclusion
can be reached on the basis of the relativistic kinetics
(through the use of equations analogous to the relativistic
generalization of the equations of relaxation hydrodyna-
mics****). Accordingly, the analysis in this section of the
paper is only illustrative. The appearance of this illustration
is quite natural, since the equations themselves “do not
know about” their limit of applicability. The formation of a
dissipative structure (or the appearance of other nonlinear
effects) in this case is a consequence of the general properties
of nonlinear systems.

The coefficients of Eq. (1.30) are singular at the critical
points x(z,) = 0. As follows from the definition of the kinet-
ic coefficients for a neutral gas, the time ¢, is on the order of
the time scale of the slowest relaxation process in the system
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(for neutral gaseous H,, this timeis z, = 2.3-10%,,). Strictly
speaking, all the equations which are involved in this paper
are valid in the region 0 < x<1(#<¢,). However, as we have
already mentioned, it is interesting to examine the behavior
of density perturbations in the region x(¢,) —0, which in-
cludes the vicinity of the critical points x(z,) = O, where the
arguments about thermodynamic quantities retain their
meaning.

As was shown in Sec. 2, at x~ 1 the viscous forces and
heat-transfer processes lead to the ordinary damping of hy-
drodynamic normal modes. The asymptotic behavior of the
invariant J near the critical points can be studied by expand-
ing the coefficients of Eq. (1.30) in Laurent series in the
quantity x. The general solution of (1.30) can thus be writ-
ten as a series in x in two opposite limits in terms of the
parameter

R =—%k*a*c cvin
(see the Appendix).~
a) Short waves, K> 1. This case corresponds to extreme-
ly small length scales, on the order of stellar scales and be-

low. A general solution is constructed through a direct inte-
gration. Its asymptotic behavior in terms of x (as x—0) is

J=—c,{bsz(0, 0) R22*+0(z*)}
+¢:{b1:(0, 1) Rz In(Rz)+0 [2* (InfRz) ) ]}

—¢3{b (0, 2) [In(Rzx) ]*+0[z(In(Rx))?]}, (3.1)
where ¢, ¢, and ¢; are arbitrary constants;
R= — (Q/%)K?

1]
1 ) (2mi)+ (h+1) £ (1)
b v X j— —h-1 —_— M A s
1 (0 h) (h—l)! o u!(l_u)! f (V)

uw#=1, I<h,

B * "V are the Bernoulli numbers (4 = 0,1,2); and

fols)= {']:[T(1+s—k) }_‘.

The relative changes in the density of the medium and
the velocity are

68.’,", xa

———

€ Jud

{c,[—ZH’boz (0, 0)+0(x2)] +c.Rby,(0,1)

x[é-+0(ln(f{r))]+cabzo(0.2)[xi__,ln(ﬁx)+0( 1 )]} :

X

(3.2)
Vi = e e, [0 (0,0) Rz 40 (2)
" 6a* (—dlatdat) ’
+ ¢,(by,(0,1) Rz In (Rx)+0(2*In(Rx)))
—cslbzo(O,Z)(ln(ﬁx))2+0(x(ln(ﬁz))z)]}- (3.3)

For two modes of collective motions of a continuous
medium, the relative change in density has a power-law sin-
gularity, and we have

lim ( V/ LT )= 0.
£

x>0

b) Long waves, K<1. This case corresponds to the
length scales of most physical interest: from galaxies to ga-
lactic clusters. Again in this case, a general solution can be
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constructed through direct integration of the third-order
equation (1.30) near x = 0O (see the Appendix).

As x—-0 we have an expansion of the solution in an
asymptotic series:

.I=c,{:%z 1p+0(:1:3)}
+ cz{ J;z\p

where ¥ = — Q/x.
For the relative density change we find two stable solu-
tions, corresponding to the integration constants ¢, and c;.
The energy density for one of the acoustic modes has a weak
logarithmic singularity as x - 0:
beiny  da {
' 9wk

2) }+ca {z+0(z*)},
(3.4)

(0(1))} (3.5)

but

il v,/ 2222) 2o

x>0

Formally, the convergence region of series (3.1)-(3.5)
is a segment along the time axis bounded on the left and right
by those singularities of the coefficients of Eq. (1.30) which
are closest to the point under consideration.>’ Consequent-
ly, perturbations with fairly arbitrary initial conditions,
specified at x(#,) ~ 1, go into the regime (3.1)-(3.5) as the
critical point is approached. The short-wave region of the
density perturbation spectrum, in which the solution for
8¢,,,/ € has a power-law singularity, is a special region by
virtue of the dynamics. Consequently, as ¢ — 7, we see a ten-
dency toward the formation of a dissipative structure whose
elements have comparatively small peculiar velocities. In
the course of this process, the restructuring of the open sys-
tem should occur in such a way that the conditions for local
thermodynamic equilibrium are preserved within the ele-
ments of the structure which arises.

We have a few words about the physical interpretation
of the behavior of the density perturbations within the
framework of this system of LTGS equations. A density
wave which exists in a continuous medium superposed on a
homogeneous and isotropic universe excites oscillations of
two degrees of freedom of the gravitational field (in the lin-
ear approximation, these two degrees of freedom are inde-
pendent). At the formal mathematical level, this excitation
causes the field equations to “become close in the linear in-
variants”** M (which corresponds to the rate of change of
the isotropic part of the field, p) and N =p + y. The mo-
mentum conservation law (T, = 0) of the system consist-

ing of the matter plus the gravitational field then becomes
M{3—u —168GT—12nGE—9u? [ £ o8
a’l n orT

kud
3a*

n (1—cyu?) c:ig

= [1+—§1—(Ci—cv)]_1 }+ N

mu®

+N+3 “—a N+4nGh* (4q+38)

X(N—Sia(p)/Saz( —%—+%2—)
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2.2 s _ 2 -
+16nsT — 2 Ly A 9% | (eout) 08
a aln oT mu®  on

[1 +§-(Ci“(’v) ] N

32 Ia €
- ]3cp+9 —{ 3u* —,,[ £ o8
al n oT

— 3i(P __[2_2_
(1 cyu?) OE
mu®  on

][ 1+ —(cz—c:)J“ +4nG_§}(p=24nGF6p..
_ (3.6)

The general structure of this conservation law does not
change, regardless of any gauge condition imposed on the
components of the metric of the space-time. To put Eq. (3.6)
in a form which is “invariant” in the LTGS (e.g., if we put
aside the problems associated with a variation of the proper
time), we impose the one gauge condition 43 = 0, without
rigidly fixing the frame of reference.

It can be seen from (3.6) that near the critical points
x =0 the momentum flux, transported exclusively by the
isotropic part M of the gravitational field of the sound wave,
is completely offset by the sink due to viscosity. For the dy-
namics of the second degree of freedom of the gravitational
field, described by the “linear invariant” N, however, this
point is not critical. The effective ‘‘turning off”’ of one of the
degrees of freedom of the field as a result of momentum
transport means that the normal energy-momentum trans-
port dictated by the symmetry properties of the gravitational
field becomes impossible under the conditions of local ther-
modynamic equilibrium. When transport processes are par-
tially turned off, the particle momentum fluxes which pre-
viously had been carried off instead accumulate, superposed
on the unperturbed solution which is formed. The buildup of
particles leads to an increase in the gravitational field (the
component M increases). The geometry based on the bal-
ance between the relativistic momentum fluxes becomes un-
stable. As a result, this is a thermodynamically nonequilibri-
um system at the critical points ¢ = ¢, and it exhibits a
tendency to form a dissipative structure consisting of grow-
ing condensations of matter.

The critical factor

16nGT a 4nGE a 3_d_(££+
a

1 a_E)
n oT mu*on/’’
(3.7)

z=1- ~ - — -

3u* 4 u?

a

which (with x = 0) determines the time of the nonequilibri-
um phase transition of the system to a nonuniform state, can
be written

r=1— f (3.8)

where the following crude estimate of ¢, is valid:

ldis ~ E
~ . -

u Eu

b o (3.9)

Since the dissipative structure forms near ¢,, the same
quantity is the time scale for the onset of the instability, ¢
The specific value ¢, = ¢, is related to the choice of model for
describing the internal degrees of freedom of the gas. It will
be estimated in the following section of this paper (where we
find £, ~ 10'¢ s).

A distinctive feature of this effect is an instability of
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perturbations for all possible wavelengths. However, the na-
ture of the catastrophic growth of these perturbations near
the singular point differs from one wavelength A to another.
For long waves, the perturbations of the energy density near
this point grow as Inx according to (3.5). For short waves, as
can be seen from (3.2), the instability develops more rapid-
ly, in a power-law fashion. As we will see in the following
section of this paper, the picture far from the singular point
is just the opposite: Substantial growth of long-wave pertur-
bations begins as early as £~ 100z,, and that of short-wave
perturbations at £ ~ 1000z, (see Figs. 1-5 below).

This circumstance has physical consequences: The con-
densation of small masses of matter occurs right at the tran-
sition point. In other words, the seeds of stars and star clus-
ters arise within elements of the large-scale structure which
is forming in the universe.

To draw a complete picture of the development of den-
sity perturbations throughout cosmological evolution, we
would have to take systematic account of all the effects, ther-
mal and dissipative, which influence the rate of the gravita-
tional instability. The only way to solve that problem is to
numerically integrate Eq. (1.30). This numerical integra-
tion is the subject of the following section of this paper.

4.NUMERICAL SOLUTIONS

We first note an important aspect of Eq. (1.30), which
follows directly from its form: Its coefficients and thus its
solutions depend on the specific heat of the medium,
¢y =cy,(T). Because this equation (the main equation of
the theory) contains the logarithmic derivatives #/u, the
derivative of the specific heat with respect to the tempera-
ture, dc,/d T, should appear in (1.30). This derivative van-
ishes only if the specific heat is constant: ¢, = const. (The
condition ¢,, = const is a necessary condition, but not a suf-
ficient one, for maintaining an adiabatic thermal regime in
the continuous medium.) Only if the continuous medium
evolves adiabatically (with #* = c,j”/c,,m and £ = 0) is the
solution of Eq. (1.30) exactly the same as the corresponding
solution of Lifshitz’ equations.”® However, first the specific
heat of this system, consisting of a gas of H, molecules,
changes fromc¢, = 5/2toc, = 3/2 as the temperature of the
medium decreases. Second, the value ¢, = 3/2 is not
reached in this system, even asymptotically, since the T(t)
dependence is not adiabatic (the medium warms up as a
result of the energy dissipation due to the viscosity). That
this system is not thermally isolated is clear simply from the
existence of a dimensionless numerical parameter which is a
measure of the deviation of the temperature from its adiaba-
tic value:

T _ 24nGe, &,
T e (4.1)
Itis therefore clear that there is the possibility that ener-
gy will be pumped from molecular degrees of freedom into
the energy of the varying gravitational field, 4, (x%¢). The
thermal instability does not, on the other hand, give rise to
new parameters (which depend on the wavelengths of the
perturbations) to supplement the Jeans parameter. One
might therefore say that the Jeans instability in an expanding
universe is distorted by thermal effects. Clearly, a study of
this distortion must be accompanied by a study of the influ-
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ence of dissipative effects on the evolution of perturbations,
and self-consistent solutions of Eq. (1.30) must be found.
Since this is an extremely complicated problem, the only way
to solve it is to integrate this equation numerically.

From the equations of motion for the background phys-
ical variables, (1.6), we find an explicit expression for the
function 2 = u2(1):

The temperature 7 can be found from the law describing the
increase in entropy of the unperturbed solution:

(4.2)

In order to construct numerical solutions of (1.30) over
the entire range of the physical time 7, we need to specify
some specific values of the kinetic coefficients %, £, and %.
The kinetic coefficients of a gas consisting of rotationally
excited H, molecules can be calculated only through a rigor-
ous quantum-mechanical analysis of the inelastic scattering
of molecules. This complicated problem has yet to be finally
resolved.** There are, on the other hand, some experimental
data and some qualitative theoretical ideas**™*® which indi-
cate that the rotational relaxation time of a gas of such mole-
cules (which is long in comparison with the relaxation time
of the translational degrees of freedom, ¢, /7, = R ~300,
even at comparatively high temperatures) at the very least
does not decrease as the temperature decreases to 7, ~85 K
(T, = 85 K is the rotational quantum of the H, molecule).

We therefore use a model approximation of the viscos-
ity coefficients, working from the results for the model of
colliding smooth spheres for #,., €¢, i.e., within the range of
applicability of classical hydrodynamics®

- — T '
A=no(mT)*/o., E=8n, i‘=xo(——) /a.,

m
where m is the mass of the gas molecule, o, is the kinetic
cross section, and 7, and x, are numerical coefficients of
order unity.
We can now find a rough estimate of the rotational re-
laxation time of the system:

e & _ W™ 3RT"(BnG)m't 4.3)
u gu o.m*nu? 4o.u? T

tro! =

where /,;, is a length scale for the dissipation in the system.

Substituting the standard values of the physical con-
stants into (4.3), and substituting in the value
(7‘7 = 3800 K) of the temperature at the time of recombi-
nation (z, = 5-10" s), we find an estimate of the time ¢,,,
(in cgs units):

tror~ts~

5-10“‘(}_8_

2,4
) ~10% s.
&y

¢

We can now move on to the numerical integration of

(1.30) for various wavelengths A, specifying the initial con-

ditions at the recombination time ¢,, and using the solutions

(2.4)—(2.5) and (2.10)-(2.11) to classify the hydrodynam-
ic normal modes.

We determine the mass of the perturbation in the stan-
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FIG. 1. Behavior of the reduced amplitude
A = (1) (6¢,,,/3) / (1,) (88, / E) for a growing acoustic mode in the re-
gion of long perturbation waves (I =2-10'"M ). Everywhere, the
dashed line shows the Lifshitz solution, found without consideration of
dissipation.

dard way,
4 3
M= ? nmn (—}\’2—) y

and we construct numerical solutions under the condition
I’ = const.

Figure 1 shows &¢,,, /Z as a function of ¢ for the growing
Lifshitz solution at wavelengths shorter than the distance to
the horizon: ut<A <t (M =2-10""M, is the scale of the
galaxy). The superadiabatic growth of a relative density per-
turbation in the early stages of evolution in this model is a
consequence of a thermal effect, the decrease in the specific
heat of the rotational degrees of freedom of the gas at low
temperatures. The reason for this effect is that the tempera-
ture of the medium decreases, and the energy which is re-
leased goes into collective excitations. This initial growth
intensifies smoothly as the system approaches the critical
point ¢ = ¢, ~ 10'° s. The evolution of the system thereafter
can be described only by a nonlinear theory.

Figures 2-5 show 8¢,,, /¢ as a function of ¢ for an acous-
tic mode at short wavelengths, A <ut (M = 7, is the stel-
lar scale). We can trace the breakup of the density wave with
increasing perturbation wavelength in the course of the evo-
lution. We can also trace the anomalous behavior of the solu-
tions near the critical point # = ¢,.

Figures 6-7 show the function

68inv/€

as afunction of # for a relaxation mode at short wavelengths,
A<ut (M = T, is the stellar scale). The initial evolution
regime, with 8¢,,, /€ = const, is disrupted by the thermal

-2 1. 1. 1 1

3§ 7 84

FIG. 2. The reduced amplitude for an acoustic mode at short perturbation
wavelengths (It = 7)), for ¢ /¢,€(1, 10).
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FIG. 3. The reduced amplitude for an acoustic mode at short perturbation
wavelengths (I = 7M,)), for ¢ /¢, €(10, 200).

effect and by the damping due to the thermal conductivity.
An anomalous growth of the perturbations then occurs near
t=t,.

A general feature of these numerical solutions is that
the singular point at which the anomalous growth of the
density perturbations occurs is shifted in the physical direc-
tion away from the value predicted by the asymptotic solu-
tion as x—0.

Specifically, the singularity in the spectrum of pertur-
bations J¢,;,,/ €— « is reached at the parameter value
x~0.123 (t;=1856¢,). Here we find a cooperative effect:
the appearance of bifurcation in terms of the parameters y
[see (4.1)] (for the unperturbed solution) and x.

5.EFFECT OF COLD DARK MATTER ON A NONEQUILIBRIUM
PHASE TRANSITION IN THE BARYON SUBSYSTEM

The astrophysical observational data available on the
dynamics of large masses of matter in the local galaxy indi-
cate that the universe contains a substantial amount of dif-
fuse dark matter. Data on the abundances of the light ele-
ments, interpreted in accordance with the present
understanding of the primordial nucleosynthesis, suggest
that most of the mass is of a nonbaryonic nature and is non-
dissipative.¥ Dark-matter models usually invoke various
types of neutrinos and other particles predicted by gauge
theories or supergauge theories.

Our purpose here is to determine how cold dark matter,
i.e., matter consisting of heavy particles, would affect the
nonequilibrium phase transition in the baryon subsystem.
These particles have a small velocity spread in the post-re-
combination epoch, so their temperatures and pressures are
low. The cold dark matter and the baryons evidently form
independent subsystems, which are coupled only by the gen-

FIG. 4. The reduced amplitude for an acoustic mode in the region of short
perturbation wavelengths (It = 72, ), for ¢ /¢,€(200, 1000).
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FIG. 5. The reduced amplitude for an acoustic mode in the region of short
perturbation wavelengths (I = 72, ), ¢ /7,€(1000, 1856).

eral gravitational field. In other words, this is a heterogen-
eous system. The gravitational field of the dark matter of
course has a dominant effect on the system.

Even before we carry out any calculations, we can see
certain qualitative features of the nature of a nonequilibrium
phase transition in a heterogeneous cosmological medium.
In the first place, a density wave propagating through the
baryon subsystem changes the overall gravitational field of
the system. This change in the field in turn will cause a leak-
age of momentum into the dark-matter subsystem, and the
density of the matter of the latter subsystem will be redistri-
buted. In other words, a new sink appears for the momentum
carried by density perturbations propagating in the baryon
subsystem. The critical condition for the degree of freedom
M should therefore become more stringent than (3.6), and
the numerical factor ), will appear in the condition for a
transition. This factor fixes the ratio of the flux density of
momentum which has remained in the subsystem to the total
momentum flux density. This factor is determined by the
unperturbed solution and is equal to the ratio of the density
of the baryon subsystem to the total density of matter in the
universe in the comoving frame of reference (or it is equal to
the mass ratio (2, = M, /M). Consequently, the following is
a highly accurate condition for the occurrence of the phase
transition:

tr
1— o 0,

(5.1)

where ¢, is the time scale (which we saw earlier) for the
relaxation of a homogeneous universe whose density is at the
critical level and whose matter consists entirely of baryons.

Equation (5.1) gives a good description of two possible
limiting cases: the case in which there is no dark matter and

-5+
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FIG. 6. The reduced amplitude for the thermal mode in the region of short
perturbation wavelengths (I = 7)), ¢ /¢,€(1, 1000).
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e,

FIG. 7. The reduced amplitude for the thermal mode in the region of short
perturbation wavelengths (M = 7)), £/2,€(1000, 1856).

the case in which dark matter is preponderant.

1) If there is no dark matter, we have ), = 1, and the
physics of the transition is as described in detail earlier.

2) If the dark matter dominates, we have Q, -0, and
no transition occurs, since the gravitational field of the dark
matter simply annihilates any perturbations in the baryon
subsystem.

If, on the other hand, , is nonzero but small, we can
say that the critical condition (5.1) holds and that the tran-
sition time shifts toward the recombination time, because
the condition for a transition becomes more stringent than
that in a model without dark matter.

Equation (5.1) can be put in the standard form by tak-
ing account of the change in the relaxation time of the bary-
on subsystem as a result of the decrease in the density of that
subsystem:
=5 (5.2)

2 =i 2
Eoll TQu )

v

(b)

However, it is better to work with the transition condition as
in (5.1), since the time ¢, is determined by the parameters of
the background solution.

As a mathematical model describing the heterogeneous
cosmological system, we consider two-fluid hydrodynamics:

(s(dm,u(;m,);i=0, (5.3)

(& cam) U amy i am) ) a=0, (5.4)

R} —é—g—R=8nG(T?(,,,+e(dm,ui(dm,u(’;m)), (5.5)
Ao

(o(b)u(;));i=M+(M)V(i’;);i. (5.6)

T Ty

The subscript (dm) stands for the dark matter, while the (b)
stands for the baryon subsystem. Equations (5.2)-(5.5)
have two new equations, not present in (1.1)—(1.3). These
new equations are the conservation law of the number of
particles making up the dark-matter subsystem [Eq. (5.3)]
and hydrodynamic equations for this subsystem [Eq.
(5.4)].

Let us linearize system (5.3)—(5.6) about (1.5). As be-
fore, we refrain from choosing a frame of reference for the
perturbations. The entire discussion will be conducted in a
class of frames of reference having a common proper time,
under the one additional condition 4§ = 0. For the pertur-
bation of the pressure of the baryon subsystem, we use the
ansatz described earlier, (1.15):
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2
6p(b)=U(b)63(b)+6p1,
where
2 i
u) =cpT/cym.

Going through this procedure, we find a system of equations
which is closed in terms of the “quasi-invariants” M and N:

(5.7)

7}(4'")=0¢

i Kvum , M
(ae(dm))'+3f— 8€ (amy & am) [—3‘;‘—’ +—] =0, (5.8)

M+3—(1+u(,,))M+ (1+3u(b,)—N—2/mGu(,,,

F o :
{1 3#— ——E+ ! 29—_]&;(.,.")
n 0T muge, on
kN
+127GE [——————‘———4 M]
“O8 3 (Calataar)
F BE 1 05]
— 762 + =24
21 u(b, Ty —r 6e=24nGT'8p,,
(5.9)
. a a k*
-M-3—M+N+3—N—— N
a a 3a
kN
+16 —{—-—+N— }=, 1
SN 3 (Caatit/ad) My=0 (5.10)
k* i
8nGde=8nG (6€(b)+68(dm))={’3_;2'1v+—z—M}. (511)

Equation (5.7) of this system can be integrated. It gives
us the well known hydrodynamic solution for dust,?***
Ugmy = const. This result leads to an inconsequential trivial
contribution from the velocities of the dark matter to Eq.
(5.8).

Using the algorithm described in Sec. 2 for solving a
system of equations of the form (5.8)—(5.11), we reduce the
latter system to an equation which can be used to study the
dynamics of degree of freedom M. We single out the critical
factor X, which is responsible for the anomalous dynamics
near the point of the phase transition:

XM+L(N, N, N, N, 8p, 6p,)=0,
X=(1-T,) (1—)

(5.12)

+ _Z_Lx[( - ) + 224 (1—r,)—*‘r,], (5.13)
a a X
wherex = 1 — ¢, /¢ is the critical factor of the purely baryon
problem, which was defined earlier [see (1.28)], and

F 0% 1 i’g ]

F1=3—‘— —_“‘—_*_ Py - 1.
at n oT mue,” on

Substituting (5.12) into (5.10), we find a fourth-order
equation for M. Its solution gives us exhaustive information
about the system. However, obvious physical considerations
based on the correspondence principle, along with the com-
ments back in Sec. 3 regarding equations of the form in
(5.12), indicate that the only way to establish that this sys-
tem has critical properties is to study the resonant denomi-
nator X.

Substituting the cosmological solution for a into X, we
find the following expression, which holds far from the point
t=t,:
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=—Qb(1—§t:7)

This expression is good for a qualitative analysis and rough
estimates. Comparison of this expression with the exact
expression (5.13) shows that the simple power law will in
general be slightly distorted by the viscosity. (Actually, this
distortion is slight, since the transition condition becomes
more stringent, and its shifts are closer to the recombination
time.)

To estimate the time scale of the evolution of the gravi-
tational field of the system up to the phase-transition point,
we note that the time evolution of the temperature can,
roughly speaking, be regarded as adiabatic (T'cct ~*?), be-
cause the conditions for the occurrence of the phase transi-
tion become more stringent. This circumstance leads in turn
to the estimate ¢, =~ (Q,)*"t, of the transition time. The
transition time thus moves closer to the recombination time
(by a factor of order 5 for the value (1, = 10) than in the
purely baryon problem (z, ~10'°s). This shift in time is not
very important quantitatively, in view of our rough estimate
of t,.

CONCLUSION

It follows from the form of the solutions constructed
here that in the late stages of cosmological evolution, after
the recombination of the hydrogen plasma (between
t=10"s and ¢t = 10'® s), the amplitude of the density per-
turbations increases 1.5 orders of magnitude more than in
the standard linear theory of gravitational stability (or in a
model with the Jeans instability superposed on an expanding
background' ), even if the density fluctuations start from a
low level. Consequently, at d¢,,, /€ ~1 nonlinear processes
may come into play in the system. They should lead to the
formation of growing condensations of matter, in a process
accompanied by heating of the medium and the formation of
structure. While the initial level of density fluctuations in the
universe is low, and structure does not manage to form in the
universe before the stage in which cold neutral hydrogen
becomes predominant, at 1~ 10' s there is a tendency to-
ward the formation of dissipative structure, as the result of
an explosive instability.

The theory of the branching of solutions of differential
equations within the framework of standard hydrodynamics
is inadequate for studying this process and for confirming
the existence of a singular regime of the instability of the
solutions constructed here.’' Since the effect under consid-
eration here lies right at the boundary of the range of appli-
cability of relativistic hydrodynamics, the methods of rela-
tivistic kinetics must be used even in the linear theory.
Specifically, we know that many important aspects of molec-
ular systems with relaxing internal degrees of freedom can be
analyzed on the basis of a relaxation hydrodynamics,** in
which case the physics of the dissipative processes is sub-
stantially enriched by relaxation effects.*>>>** The effect of
the dark matter of the universe on the growth of perturba-
tions in the baryon subsystem of the universe also requires
further research.

In summary, the physics of the processes which occur in
the hot universe after recombination is rather complex. The
results which have been found in turn pose new problems. A
study of these new problems should shed some light on the
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origin of structure in the universe. These problems can be
solved within the framework of a more general and more
comprehensive theory.

APPENDIX. SOLUTIONS OF THE EQUATIONS OF THE
LINEARTHEORY OF GRAVITATIONAL STABILITY NEARA
CRITICAL POINT

We expand the coefficients in (1.30) in Laurent series
in the parameter x near the singular point x = 0. We intro-
duce the change of variables # = #(x). We then obtain

pan (K+1)Z+¢K(K+1)(J_+§_z)

x xz x X

=0, (A1)
where
Z=z2]" —% (R+1)J’ —% (R+1)J,

®k?

a’cocyiid

R=-—

Here the prime means the derivative with respect to x.
The invariant characteristics of the perturbations of the
density and velocity of matter near the point x = 0 are

1 (TZ(8nG i
1O iy = — —— _(§J‘_)_+i (J'i+QJ) } (A2)
uz ¢ 3a
Vinw= a / A3
™ 6a® (—i/at+d*/a?)’ (A3)
where
6 — 24nGax T

— (K+1).
z

Equation (A1) can be written in the following form
near the point x = 0:

J
x

1"+ 2 (R41) T R (R+1)I=0. (A
x iz

The point x = Ois an irregular singular point of Eq. (A4), so
we need to make some further approximations in order to
find a solution of this equation near this point.

We construct a solution of (A4) for two limiting cases
in terms of the parameter K.

a) Short waves, K> 1. In this case, equation (A4) be-
comes

2" +xRJ=0, (AS)
where
3
x
A solution of (AS5) is the Mayer G function:*’
h o
Ju= Y, Un(Rz) 1" Y, bun(0, k) (Rz)", (A6)
=0 v=0
where
l
; 1 ; (2mi)* (h+1) (1)
b v 9 = —h-t YR '3 1] .
O =G Z; wl—pyr o fo ™)

Here B"* " are the Bernoulli numbers of order 4 + 1 and
u#1, and
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fo(s)={ ﬁ I'(1+s—k) }‘ﬁl, h=0,1, 2.

The asymptotic behavior of the solution (A6) near the
singular point can be written in the form
J=—c,{b,,(0,0) R*z*+0(z*) } +¢,{b:,{0, 1) Rz In (Rx)
+0[x*(In (Rx))]}—cs{b2(0,2) (In (Rz))*+O0[z(In (Rz))?]}.
(A7)

Substituting (A6) into (A2) and (A3), wefind é¢,,,/ &, V.,
in the form

O ra

g Ju*a

{c, [—2Rb0;(0,0)+0 (2*) ] +¢,Rb., (0, “{é
+()(ln(R-T))]+Cab20(072)[?ln(ﬁx)+o( 7)]} ’
(AB)
Vo= ‘ 5
" 6a* (—ii/ati*/a?)
X{—¢,[b02(0,0) Bz*+0 (z)]+¢,[ 6,1 (0, 1) Rz In (Rz)
+0(x* In(Rx))] —cs[b(0, 2) (]n(ﬁx))L}—O(.’t(ln(ﬁx))2)]}-
(A9)

b) Long waves, K<l The asymptotic form of (A4) in
this case is conveniently constructed directly from (A1). We
expand (A1) in a series in K for K< 1. The resulting equa-
tion is of the exactly integrable type

Z’+—;1?Z=0. (A10)
Equation (A10) has the general solution
J=z{c,J,(2¢"z") +¢,Y, (29 z") +ci5-1 2(x) }, (A11)

where J, (z), Y, (z), and s _,, (z) are Bessel, Weber, and
Lommel functions, respectively, and y = — Q/x.

In the limit x — 0 we have the following expansion in an
asymptotic series:

J=c,[?+ 0(z*) ]+cz [”2”:" In (p) —;—w——z-Jr O(xz)]

+ecs[z+0(2%)]. (A12)

The invariant physical quantities are therefore

asinv a
g Ju’d

X {c,[1p+0(x) ] +cz[ —T{-ln(wx)‘f‘o(x)] +030(1)}’

(A13)
X {c,[’”;" + 0(1:3)] +c2[— ;:F+ O(x)]
+es[z+0(2?) ] } (A14)

The energy density of the matter thus has a logarithmic sin-
gularity as x -0, but

lim (V.-m, / 88 ins )=0.
g

x>0
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