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We obtain the energy dependence of the exponential in the density of localized states of a crystal
whose lattice sites are randomly occupied by two kinds of atoms within the energy interval from
the mobility edge to the Lifshits boundary, using the framework of the single-instanton approach
and a single-band Hamiltonian with diagonal disorder. We show that in the region below the
mobility edge there is an energy interval of considerable extent over which the energy dependence
of the density of states follows Urbach’s rule with high accuracy. Although we investigate the
three-dimensional case in this paper, the same phenomenon will also occur ford = 1 and 2 as well

as for multicomponent systems, provided that there is a Lifshits singularity in the spectrum of
localized states. For d = 3 we find an exact and an approximate expression for the Urbach
parameter E, and its dependence on the parameters of the problem. We show that observed
values of E, can be explained for various disordered systems using realistic values of the

parameters of the Hamiltonian.

INTRODUCTION

The disordering of crystals leads to washing-out of the
edges of their electron bands and to the appearance of ““tails”
in the density of (localized) states extending deep into the
forbidden region. It is a firmly established experimental fact
that the decay of the density of localized states follows Ur-
bach rule for energies that are far from the mobility edge E,,
ie,p(w)xexp([ —E, —w]/E,) for v < E,. The value of
the Urbach parameter E, varies from one system to another
over a range from several eV down to a few tens of meV. A
great variety of systems exhibit Urbach’s-rule behavior in
their densities of states: amorphous silicon,"? glass,® super-
ionic crystals,* and solid solutions;>* in these systems the
density of states can change by three to four orders of magni-
tude. Data on solid solutions of A;; By, compounds® show
that the Urbach parameter E, (c) is a function of the solute
concentration ¢ over a wide range of variation of the latter.
However, up to now no one has found a theoretical explana-
tion for the Urbach law.

As first shown by I. M. Lifshits, the tail of localized
states is finite in width.® The interval of values of » where
localized states occur is bounded on one side by the mobility
edge E,, above which an electron is spread out through the
entire volume of the crystal, and on the other side by the
Lifshits boundary £, below which it is impossible for such a
state to appear. The behavior of the density of localized
states near the Lifshits boundary is singular, and the charac-
ter of the singularity depends only of the dimensions of the
crystal. For three-dimensional systems the behavior of the
density as w— E; is described by the expression

( ) < 43’[*1 1 En ]/) (1)
W)xex — n—-——-—- N
e P\l o—Ey
where E,, is an energy whose scale is determined by the size
of an attractive center and by the mass of the carrier (its
precise definition will be given below ), while ¢ is the concen-
tration of attractive centers.

In the literature there exist strict mathematical proofs
of the singular character of the dependence of the density of
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states near a Lifshits boundary, and also calculations of
p () in the single-instanton approximation in the neighbor-
hood of E, based on simple physical models.”'*> The case
that has been investigated most completely is the Lorentz
model, i.e., the case of an extremely small concentration of
impurity centers with a repulsive potential (in our notation
this corresponds to the limit 1 — ¢ < 1). Experimental obser-
vation of localized states in the neighborhood of E, appears
to be unlikely at this time, due to the extremely small value of
the density in this region. The experimentally-accessible in-
terval of observation E, — w is considerably smaller than the
distance to the Lifshits boundary E, — E, . Therefore, there
is considerable interest in investigating the character of the
dependence of the density of states over the entire region of
frequencies E, > > E;, where the density of states is al-
ready rather small, in order to confirm the single-instanton
approach.

In this paper we investigate the problem for a single-
band model of the binary alloy A_.B, _ . with diagonal disor-
der, i.e., the Anderson model. In this case, the Lifshits
boundary coincides with the position of the bottom of the
band of crystal A. We obtain a density of localized states
whose decay follows Urbach’s rule over a wide range of fre-
quencies extending up to the mobility edge, although this
region is considerably smaller than the energy region which
separates the mobility edge from the Lifshits boundary.

HAMILTONIAN AND GREEN’S FUNCTION

In this model, we assume that a macroscopic volume V
of solid solution consisting of N sites of a crystal lattice is
occupied in a random way by atoms of two types, A and B.
The average numbers of A and B atoms equal N, = c¢N and
K’B = (1 — ¢)N, respectively, where ¢ is the concentration
of A atoms. The single-band Hamiltonian for this system can
be written in the form

H=— 2 w.,w,..(w.,m—lp,.)JrZ Eapa’, (2)

in which we will assume that ¢, is real. The diagonal matrix
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element E, is equal to E,, if a site is occupied by an A atom
and Ej in the opposite case.

For the limiting cases ¢ = 0 and ¢ = 1, the Hamiltonian
(2) reduces to the Hamiltonians of pure (ordered) B or A
crystals, respectively. In these cases, all the E, are replaced
by E, = E, or E,. In the plane-wave representation, the
matrix elements of the Hamiltonian take the form

an=8q+an (3)
where
€q=Wo— Wq. (4)

The Green’s function is written as

1 Z expliq(R,—R,)]

Gnma((l))={‘1)_]{a}n_r:| = J———-

(5)

where R, is the radius vector to the lattice site n.

For the case of random occupation of sites by atoms of
the two kinds, the Green’s function for each realization de-
pends on the composition and placement of the atoms

Gum(®; Ryy..., Ry)={0o—H(R,, ..., Ry)}um " (6)

Let us write (6) in the form of a functional integral,
assuming that the normalizing integral is eliminated by us-
ing the replica representation’>!* or by introducing anti-
commuting variables.® We will omit the details of this proce-
dure, since we will limit ourselves to calculating the
exponent of the averaged Green’s function in what follows.

Thus,

Ri.....Ry)= | Dl pupmexp{-Alel}. (D)

Gnm((l);

where

1
A [w] = -2‘ Z VPn (Hnm'_(l)(c)nm) VYm,

Hon=—Wmn-nt6m (2 w,+E, )

(8)

and é,,, is the Kronecker symbol.

The physically interesting quantity is the Green’s func-
tion averaged over all possible configurations of site occupa-
tion:

Gam(@)= ) DI ] putpmcexp{—ALw]}>. (9)

It is clear from (8) and (9) that the averaged value is a

function of
1
72 E.,tp,.“} . (10)

exp{

Let us measure w and E,, from the average value of E,, at
a lattice site:

E=cE,+ (1—c)Es. (11)

The quantity E coincides with the position of the bottom of
the band of the solid solution in the virtual-crystal approxi-
mation, and in this approximation is the mobility edge

E,=E;(c) = E. Making the change of variables
E"_“O)‘_‘Eg, An':En_'Eg, (12)
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we will represent the action 4[] in the form of two terms:

A[pl=A..[p]+AA[y], (13)
where
1
A:chl“]:‘?Z 1IJ::([-Inm_ﬁﬁnm)‘bm; (14)
1
Y e M (15)

The fluctuation-induced term AA4[#] in the action de-
pends on the method of filling the sites. For random occupa-
tion, an A atom will occur with probability ¢ and a B atom
with probability 1 — ¢ at each site. Keeping in mind that the
averaged exponential separates into a product of exponen-
tials, each of which is averaged independently, we obtain

L))
= II{c exp (—A—Qll?nz)+(1—C)6XP(——A;¢-Z)}v (16)

n=1

cexp(~a4Lp1)> = exp{ -

A=E\~Ez=—(1-¢)8, A=Es—E,>0,

(17)
AB—EB Eg CA

eventually, the averaged Green’s function can be written in
the form

Gom(@)= | DloTpwtbm exp{—~ AT}, (18)
where
Apl=A.[p]—In<exp{—AA[$]}>. (19)

These expressions are applicable for any values of c; in the
two limiting cases ¢ = 0 and ¢ = 1, G reduces to G ¢, where
a = B and A, respectively. Without including the fluctu-
ation-induced part, the action (18) reduces to the Green’s
function in the virtual-crystal approximation

1 2 expliq(R, R,,.)]

€—&q

(€)= —

(20)

The expansion of (18) in a perturbation-theory series in
powers of A, and Ay can be represented in the form of Feyn-
mann diagrams;'” a feature of this series is automatic exclu-
sion of the possibility of multiple occupation of a site due to
the appearance of subtractions, as first described in Ref. 18.

FLUCTUATION-INDUCED BOUND STATES

Bound states appear below the mobility edge, and can-
not be described by perturbation theory. We will use the one-
instanton approach'® (see also Refs. 5,11,12,14, and 15),
which in the present case implies that the number of bound
states and the total volume they occupy are small compared
to the crystal volume so that wave functions of different
bound states do not overlap.

The equation for the bound states is found from the
condition that the action be an extremum

6:1[1]] ,_
Vit (21)
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1.e.,

Z [Hnm"'36nm]¢m+unn[w]¢n=07 (22)
where the effective potential energy depends nonlinearly on
v

exp(="1Apa’)
et (1—c)exp (=7, A¥a%)

u.,n[\!‘]=—(Eg~EA)[1— ] (23)

We note that £ < 0 in the energy range of interest to us.
In this case, the sign of u,, [¢#] corresponds to attraction,
and its value is bounded by the inequality

0<|uan[$]|<(E,~E.), E.=E,. (24)

Introducing the notation ¥, (n) for the solution to Eq.
(22), and carrying out the replacement
®Z (n) = (A/2) ¢ (n), we can write Eq. (22) in matrix
form

{I—-G*(e)u[®a]} ®.=0, (25)

where ] is the unit matrix. The criterion for the appearance
of a localized state with energy £ = 0 is*°

ZGOI: (0) unn[®cl]>1 (26)

which can always be fulfilled by choosing an appropriate
value of the magnitude of ®_,. On the other hand, for suffi-
ciently large values of this quantity we obtain a bound state
with an energy that is arbitrarily close to the maximum
depth of the potential well (23), i.e., to the Lifshits bound-
ary.

In the region below the mobility edge, the density of
states p(@) is given up to a preexponential factor by

p(0)aexp{—A[D.]}, (27)

where, taking (22) into account,

A (@] = — Y (F—Fo p@cf)n,

" (28)
F=In[ct+ (1—c)exp(—D.*(n))].

The expression F — F ;,;] ®?, has the form of a step function:

in the region of large values of 2, it equals Inc, while in the

region of small @2 it is proportional to ®%,. Thus, we can
estimate that 4 [®. ] equals n, Inc, where n, is the number
of lattice sites within a radius of the fluctuation-induced
bound state. In what follows, we will show that 4 [®.]
leads both to Urbach behavior below the mobility edge and
to a Lifshits singularity as e E;, — E,. The lattice formula-
tion for the equations for the fluctuation-induced bound
states (22), (25) is necessary for those large value of A that
exceed the critical perturbation energy at a site G o ' (0) by
an appreciable amount, for which a bound state forms even
for a single attractive center. This form of the equation is also
convenient for investigating quantum fluctuations, which
are necessary in order to calculate the preexponential factor,
because it rids the theory of ultraviolet divergences. In what
follows, we will consider a continuum analogue of this equa-
tion, assuming that the quantity A does not exceed the criti-
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cal value, and limit ourselves to calculating only the expo-
nent

CONTINUUMLIMIT

The continuum analogue of the action (19) can be writ-
ten in the form

J[®]=(%)(E—G:)%j dz[ (VD)2 +0?]

— (@)/ j d’zIn{exp[ (1—c)®*][c+ (1—c)exp(—D?)]}.
¢ (29)

Here, we introduce the units (#*/2M@)'"* and @ = |¢| for
measuring length and energy, respectively. The energy
E, = #*/2Mv; >, where v, is the volume of an elementary
scatterer, i.e., the volume of crystal required by a single
atom. We will use a spherical potential well with volume v,
as the potential of such a scatterer. Then we can match the
parameters of the lattice Hamiltonian and the continuum
limit, by requiring that their critical energies be equal for a
single scatterer. This implies

e
h? 4n E.’

6 a
ie. Bo=(2) E..  (30)
1 1
where E_, is expressed in terms of the parameters of the lat-
tice Hamiltonian in the usual way

G 31)

E,'=Gyw"(0)=
" (231)332 €q

(the integration extends over the Brillouin zone). The con-
tinuum analogue of Eq. (22) has the form

(=V41) 0., (z) +u (D) ,, (2) =0, (32)
where

E.—E, expl—0.*(x)]
w(Qe)=— ® { _c+(1—c)exp[-‘®uz(1)]}' ()

By substituting the solution (32) into (29), we obtain for the
density of states, within a constant coefficient

p(w) cexp {— A [D,]}

:‘/1 ,
— oxp {(%) S dr[F—Fo p®2)! .
‘ (34)
F=In[c+ (1—c)exp(—D.*(z))].

Equation (32) has an exponentially decaying solution over
the entire interval

0<®<E,—E.. (35)

1. Lifshits singularity and approximate solution

Let us consider the situation for ® S E, — E; . In order
that a solution to Eq. (32) exist in this case, it is necessary to
choose the absolute value of the function @2 sufficiently
large. Substituting a solution of the form ®2, = A®;, into
(32), where @2 is a normalized function, we see that the
depth of the potential well u (A4 '"*@) is bounded by the quan-
tity (E, — E, )/@; however, its width can increase without
bound as A increases. This also allows us to obtain a solution
that corresponds to abound state forany w < E, — E, .Fora
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well with sufficiently large radius, we can neglect the contri-
bution from the region of the walls of the potential well,
which are not strictly vertical, by replacing them with verti-
cal walls. The radius x, of a well with depth (E, — E, )/@
large enough to ensure a bound state with energy equal to
unity is given by the well-known expression

1 " 1 " @
To=|——1 n-—arctg(——1) , Q=——.
Q Q E,—E,

(36)

Keeping in mind that the probability of forming a cluster of
radius x, consisting of atoms of type A equals

47

( hz )‘lz 1
() ], :
exp 3 z e o nc 37)

after substituting (36) into (37) we obtain the Lifshits result
(1) inthelimit @ —» E, — E, . However, (37) is too crude an
approximation for the case @ < E, — E; . We can significant-
ly improve this result in the region Q <1 if we take into
account the contributions of the walls. In order to do this, we
make use of the following procedure.

Let us write the solution ®_(x) in the form
D, (x) =4 "?p, (x), where @, is the normalized eigenfunc-
tion of a bound state with unit energy in a potential well with
vertical walls, i.e.,

—(E,—EL)/®», xz<z,

w(x ={ . 38
(z) 0, >, (38)
Let us substitute this test function into 4[®], and find A
from the condition that the action be an extremum

A [A"@o]

=0. 39
m (39)

Keeping in mind that ¢, (x) is an eigenfunction of the linear
equation

[— VE1+u (z) 1o (2) =0, (40)

we transform (39) to the form

j dz u[) @y (x) ] (z) = f d’zu’ (z)@o* (), (41)

where the left-hand side contains the potential energy from
(33). This equation has a solution over the entire interval
(35). The substitution ®,, = A '’p, into (34) gives a result
that agrees very well with the exact solution (32).

2. The Halperin-Lax limit and the Lorentz model

Let us consider the solution to Eq. (32) in the region
®<E, — E; . A solution exists in this region when the abso-
lute value of ®2 is small compared to unity. Expanding
u(®,) in a series of powers of ®%, and keeping the first

term, we obtain after some transformations an equation
21,22

which corresponds in form to the gy* problem, ie.,
(= Vi 1=y (2) 1 () =0. (42)

The action, including the first-order correction, takes the
form
A 3 15

1,
AI[II7,.,]=4—g‘—C(1—C) (1”26)(E ) Eg*r, (43)
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where
I,,=§d-"xu;"(x), [,=175,585, [,=659,928 (44)

and g is the coupling constant of the theory:
c(l—-(')Az( ® ) *

26° K,

g§= (45)
We note that in the region ¢~ 1/2 it is necessary to include
the next terms in the expansion of the action as well.

In order to estimate the region of w where (43) is cor-
rect, we recall that not only the action itself but also its deriv-
ative with respect to @ is forbidden to change sign. From this
we obtain a bound on the quantity @:

c < A c(1—c) I, 46

(] N = —_—

OO T e T, (46)
This being the case, the value of the coupling constant g is
bounded by the inequality

g>'lole(1—e) (1—2¢) 1" (Ls/1) ™. (47)

Keeping in mind that the region of the single-instanton ap-
proximation for the g¢* theory is limited by the requirement
g < 1, we may conclude that the behavior of the density of
states predicted by this theory
Y.
) ] ) (48)

weonl- )l (2
o)« exp|\———)=exp|—
O e XA T T P LT e \ o

- c(1—c)A?
[0} = e————
HE 8nE,* ’

can occur only in an extremely narrow region

WL <® <KWy (49)

for values of min(c,1 — ¢) €1, and also in the limit of weak
scattering A € E,. In the remaining cases, i.e., for A S E, and
not-too-small values of ¢ and 1 — ¢, the quantity w, may be
regarded as an upper limit for the applicability of the single-
instanton approximation in the Anderson model under dis-
cussion here.

The Lorentz modeli.e., a dilute gas of scattering centers
with repulsive potentials, has been investigated in a number
of papers.®!? The action corresponding to this model is ob-
tained from (29) by expanding in powers of 1 — ¢ and pre-
serving the first term

J[m]=(—‘z—)(%) /'j d“x[(Vd))ZHDZ
E—E,

(0]

(1—exp(—mf))]. (50)

The equation of motion has the form
E~E.

(—=V2+1) D, — [1—exp(—=0.)]®.,=0, (51)

and the expression for the density of states is

p(m)ocexp{—(E—o) /-

®
Xf &z (1—c) [1—(1+(l)f,2)exp(—(l)czz)]} (52)

which also leads to a Lifshits singularity as - E, — E; , as
in the exact expression (32)-(34).
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3. Results of numerical calculations

Equation (32) depends on two parameters:
Q=0ao/(E, —E_.), ie., the relative depth of the bound
state, and ¢, i.e., the concentration of atoms A. In the interval
of values 0 <) <1 we obtain a family of solutions corre-
sponding to different values of the other parameter c. Keep-
ing in mind that E, = (6/7*)*E,,, we write p(®) in the
form

pl(@) cexp {ver J(Q,0)}, (53)
where
. Ecr _ 6 1 ¢ 3 ! 9
V”.—m—[‘, J(Q, C)—n—4(—‘27/:l\d X [F——-F@.;)‘Z(I)(.I-].
(54)
For comparison let us write (37) in the same units
w2 (1))
®) xex —Ver _— —_—
0 *Oxp n c 1—Q
2 1 N
x[2———arctg(———1) ] } (55)
b1 Q

where v2/? is the number of attractive centers necessary to

form a bound state with zero energy. From this it is clear that
if E, (c) — E, coincides with E_,, then the maximum value
satisfies p(w) ~c. Expression (55) makes it possible for us
to estimate p(w) over the entire interval of Q and ¢ with the
exception of the region Q< 1.

In Fig. 1 we show the results of a calculation of A [®.]
using the exact formula (53), the approximate solution
(41), the approximation (55), and the limiting Halperin-
Lax formula (48). It is clear from the figure that the exact
solution of Eq. (32) and the approximate solution (41) give
results that practically coincide. This implies that the exact
solution can be usefully approximated by the solution to Eq.
(40), and that the shape of the fluctuation-induced well does
not differ too greatly from rectangular. In Fig. 2 we show the
potential wells for various values of Q. From this figure we
can conclude that with the exception of the region 2 €1 the

A, 0/, /8)"

FIG. 1. Dependence of the exponential of the density of states on the depth
of the state: /—results of exact solution to Eq. (32), 2—computation
using the approximate solution (41), 3—approximate fluctuation-in-
duced well for spherical and vertical walls (37), (55), 4—approximation
of Gaussian white noise (48), and 5—approximation of a portion of the
dependence of 4 [¢,, ] on & by the Urbach rule. All computations were
carried out for ¢ = 0.1.
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-1+

u(®,,) (@&/8)

FIG. 2. Dependence of the shape of the potential well (33) on the depth of
the state. Curves /-4 correspond to values @/A = 0.005, 0.055, 0.105, and
0.155.

fluctuation-induced wells are actually close to rectangular.

Let us turn now to the dependence of 4 [®.]onQ.Itis
clear from Fig. 1 that in the region Q < 1 there is a sizable
interval of ) below the mobility edge over which the behav-
ior of curves 1-3 is close to linear. Analogous portions ap-
pear for other values of concentration as well. The presence
of segments of Urbach behavior of A [®,.,]isaproperty that
is intrinsic to the Anderson model, and probably to other
models of random potentials where the depth of the potential
contour is bounded by some limiting value. It is clear from
Fig. 1 (curve 4) that such segments are absent for a potential
with the statistics of Gaussian white noise.

4.The Urbachrule

It follows from Sec. 2 that the function 4 [®.] has a
singularity of the form 2'/? as 0 —-0. Thus, even the first
derivative of the action with respect to frequency satisfies
A [®.,]— o as 0. As we move away from the upper
boundary of the spectrum, 4 /, [®.,] decreases. In the vicin-
ity of the point Oy = w,/(E, — E ), the character of the
frequency dependence of A {, changes considerably. This is
because it is not valid to expand u(®,,) in powers of ® in
this region, since all the terms of the series begin to play a
role. As we depart further from the mobility edge, 4 /, [®.]
begins to increase once more, since its behavior in this region
is dominated by the approach to the Lifshits boundary where
the function itself and all of its derivatives are singular.
These considerations imply that the derivative 4 /, [®. ] has
a minimum whose position is given by the equation

An:nu[q)cl]zo (56)
The expansion of A [®.;] in a Taylor series at this point has
the form
A0 ]=A0 [ ]+Aq (Q—Qu) /oA (Q—Qu)*+ ... (57)
Taking into account that for (1 X 2, the action is a function
of ) whose essential dependence is determined by the factor
(1 — Q) ~*”%, we may conclude that in this region the cubic

term of the expansion will be small as long as the following

condition holds:
(Q—Q.)2< 1. (58)

At the same time, in the region (1 < (}u we must use the value
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Q = Q,, where the dependence of 4, [®. ] on Q becomes
sqaure-root-like, in order to estimate the limits of applicabil-
ity of the expansion (57).

Thus, we conclude that, regardless of the values of the
parameters of the problem, e.g., A= E, — E,, E, and the
concentration, the function A, [®.] is dominated by the
linear term in the expansion (57) over a rather wide interval
of values

0<O<E,~E.. (59)

In this region (¢ <0),

€ Ei—o
o(e) ocexp(E—u)=exp(— - ), (60)
where
E.,= (Eg—EL)/AD,=Du[(DcI]~ (61)

and the position of Q,, is given by Eq. (56).

The dependence of the Urbach parameter E, on con-
centration is shown in Fig. 3. It is noteworthy that the use of
the exact solution to Eq. (32) and the approximate solution
(41) lead to values of E, that agree to two decimal places.
Using the approximation (55) also gives a value for this pa-
rameter close to the previous two. Using this fact, we obtain
an approximate formula for E ,:

*/y \ -1
Eu:%ﬁ_ (pe1n _1_) , (62)
where by using (55) we have separated out the primary part
of the dependence of £, on c and two other parameters of the
problem, while the function 8 with good accuracy can be set
equal to a constant, i.e., S~2. The results of calculating E,
using (62) are also shown in Fig. 3.

It follows from (61) and (62) that we may expect E, to
be very sensitive to the dependence of E, on concentration.
In the approach developed in this paper, the dependence of
the mobility edge on concentration turns out to be associated
with the average value of the potential at asite E, = E=E .
In practice, however, the mobility edge may differ consider-
ably from E ;. In Fig. 3 we show the values of E, obtained by

/;
10%E, (8721 £57)

FIG. 3. Dependence of the Urbach parameter on concentration. The solid
curves are the results of calculations using (61) and (56). The circles
come from using (62) for B = 2.025. I—the approximation E, = E’,
2,3—results obtained from the substitution E, = E —b-c(1 — ¢) A*/E,,
for b =0.5and 1.
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substituting a  value of E, of the form
E, =E} —bc(1 —c)A*/E,, into Eq. (32), using the val-
ues b = 0.5 and b = 1. It is clear that this change in b affects
the position of the maximum £, and its value. The question
of whether or not it is possible to sequentially eliminate the
fluctuation-induced corrections to E ;° remains an open one
at this time.

The calculated results given here and plotted in Fig. 3
allow us to estimate the absolute values of the Urbach pa-
rameter E,. Analogous estimates are also possible using the
expression (62). Thus, if the maximum depth of the poten-
tial perturbations associated with the insertion of an A atom
into a B lattice is a number on the order of the kinetic energy
A=F,, while the absolute value is E,, ~ 1€V, then the max-
imum value satisfies £, =~50 meV. This estimate shows that
experimental data available at the present time regarding the
value E, for a large variety of disordered systems lie within
the interval of values E, predicted by the Anderson model
for moderate values of the model parameters.

The strong dependence of the value of E, on the ratio
A/E,, allows us to explain the differing scales of fluctuation-
induced effects in the solid solutions A, By, during anionic
and cationic replacements. When an anion is replaced, the
magnitude of the effect is determined by the valence bands,
for which the value of E, is considerably smaller than for
the conduction bands, so that at least for several compounds
this type of ratio A/E,, is close to unity, and the value of E,
for the valence band takes on values close to maximal.

We should also note that the concentration dependence
of E, obtained in Ref. 5 is found to be in good agreement
with the results of these calculations.

It seems to us that these investigations establish a sim-
ple connection between the Urbach rule for decay of the den-
sity of localized states and the asymptotic Lifshits behavior
of the latter. The limitation on the depth of the fluctuation-
induced well imposed by the Lifshits bound leads to the ap-
pearance of a solution to Eq. (56) and to the expansion (57)
for which the linear terms dominate over a wide range. These
relations, and also the expression for £, (61), are also appli-
cable to crystals with dimensions d = 1 and 2, because they
are based on properties of A [®.;] that are general for all
three choices of dimensionality.

The Urbach dependence we have obtained cannot be
described even approximately by the Gaussian approxima-
tion. It is clear from a comparison of curves / and 4 of Fig. 1
that extrapolation of a Gaussian into this region leads to
negligibly small values of p(w). Introduction of nonlocal
Gaussian statistics***>° also leads to the appearance of a seg-
ment of In p (w) with linear slope; however, as shown in Ref.
25, this occurs because of a further decrease in p(w).

The problem investigated here does not include tem-
perature effects, and £, can be compared with the low-tem-
perature limit of the Urbach formula,>*?’ which gives
E, =#w,/20, (see data regarding the parameters o, and
0, in the tables of Ref. 27). At finite temperatures, interac-
tions with lattice vibrations?®*! can change the value of E,,
considerably, both in ordered and in disordered systems. If
the temperature is comparable to the melting temperature,
intrinsic lattice defects may play an important role in the
formation of the tail of localized states.*

In conclusion, the authors consider it a pleasurable
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duty to acknowledge their deep gratitude to A. D. Merlin for
useful comments.
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