Bessel beams of electromagnetic waves: self-effect and nonlinear structures
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Nonlinear structures which arise as Bessel beams of electromagnetic radiation propagate through
aplasma are analyzed. Various mechanisms for focusing nonlinearities of the medium and their
rolein the spatial modulation of the field intensity are analyzed. For certain types of
nonlinearities, which are identified here, a large-scale structure arises at the same time as the
small-scale longitudinal structure. Photographs of spatially periodic plasma formations which
have been observed in experiments on the propagation of Bessel beams, and which correspond to
small- and large-structures accompanying a modulation of the beams, are presented. The self-
modulation of Bessel beams is shown to be of a universal nature, independent of the particular
mechanism responsible for the nonlinearity of the medium.

1.INTRODUCTION

Effects which arise as wave beams of intense electro-
magnetic radiation in the optical and microwave ranges
propagate through a nonlinear medium and which are deter-
mined by self-effects obviously depend on the radial intensi-
ty profiles of the beams. For beams with monotonic intensity
profiles, e.g., Gaussian or hyper-Gaussian, self-effects have
been studied quite thoroughly both in media with a local
nonlinearity! and in models with a nonlocal nonlinear re-
sponse.? It is also worthwhile to study these processes for
beams of other types: beams with a nonmonotonic but regu-
lar radial intensity profile®> which arise when radiation is
focused by conical lenses of the axicon type.*’

The radial profile of the field amplitude in the beams
focused by an axicon can be described near the symmetry
axis by a Bessel function of order zero, J, (krsiny), where
¥ = (N, — 1)a is the angle between the rays and the sym-
metry axis, &V, is the refractive index, « is the angle at the
base of the axicon, and k = (w/c)&l/? is the wave vector of
the radiation. Because of the specific features of the spatial
structure of such beams, they can be put in a special category
of “Bessel beams” (B beams). The radius of the caustic of a
B beam, bounded by the first zero of the function J,, is con-
stant over the entire focusing distance
L, =R,/tany=R,/y, where R, is the aperture of the axi-
con. For this reason, these beams are sometimes called ‘‘dif-
fraction-free.”®

The work with B beams has resulted in the development
of a new physical entity: the unbroken long laser spark,’
whose unique properties suggest several possible applica-
tions.®

One characteristic property of an unbroken long laser
spark is the formation of a periodic spatial structure along
the beam axis while the plasma channel is being created by
the pump light.>'® The period of this spatial structure is
independent of the type of gas and of the gas pressure over
the pressure range which has been studied (5-1000 kPa; Ref.
11). This result suggests that the formation of these periodic
structures is of a general nonlinear-electrodynamic nature.

In this paper we present the results of a theoretical
study of the self-effects of B beams in media with various
types of local and nonlocal nonlinearities.!”> We analyze ex-
perimental data on the formation and structure of unbroken
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long laser sparks. These data provide support for models
which have been developed for the propagation of a B beam
in the nonlinear medium which arises when a gas breaks
down.

2.BASICEQUATIONS

To describe the steady-state distribution of the cylindri-
cally symmetric beam beyond the axicon, we use the equa-
tion for the field strength E(r, z), which varies slowly along
the propagation direction (z) of a beam of complex ampli-
tude

E(r, t)=Re {eE (r, z) exp [—i(wt—kz)]}:

(1
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Here k2 = (w/c) %€, is determined by the real part &, of the

linear permittivity € of the medium. We write the latter as

e=e,+ie’’ +en.(|E|?),

where £” is the imaginary part, which causes damping of the
field. The nonlinear functional £y; depends on the field in-
tensity and is determined by the nonlinear constitutive equa-
tions of the medium. The boundary condition, which corre-
sponds to focusing of the radiation by the axicon (with an
aperture R, ), which forms a conical wavefront, is

E(r, 2=0)=E..(r) exp (—ikrsin¥y), (2)

where E, (r>R,) =0, E,, (r<R,) =I1"*(r), and I(r) is
the radial intensity profile of the focused beam. This profile
might be, for example, hyper-Gaussian:

I(r)y=I,exp [—(r/a;)*™], M=>1, (3)

where a, is the beam radius.

The linear solution E © of the boundary-value problem
(1), (2) (with €” = gy = 0) takes the following form in
the axial region r <z siny, kr2 <z, of the focusing distance
(A /sin*y<z<L,, A =2u/k):

k
E© (r,z)=E, exp (—i 5> zsin®y )[ Jo(krsiny)

r ik (Rz.,:—i-.rz) ] Jo( kR,r ) .
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J,(krsiny) ]+ E, exp[
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The first term in this expression is, to within a small term on
the order of #/(z siny), the field of a diffraction-free beam
with a wave vector k, = k siny normal to the axis [corre-
spondingly, we have 8k, = (1/2)k sin’y] and with a slowly
varying amplitude

Eo(2) =25 (z/M)" sin YE;, (2 sin x)exp(~in]4) .

The second (last) term, with the amplitude
E.(Ra)
E.= 1—z/L,

describes diffraction at the edge of the axicon. This second

term is small in comparison with the first by a ratio

(A /z)? 1. Furthermore, if the beam radius a, does not

exceed the aperture size R, the amplitude E, is exponential-

ly small, proportional to the factor exp[ — (R,/a,)*" ], ac-
cording to (2) and (3). Under these conditions the radial

intensity profile of the linear solution (4) is approximately a

Bessel profile near the axis:

|E© (r, 2) |*=|E,(2) |*]o* (k_r), (5)

exp(—ikR.siny)

The monotonic intensity variation |E, (z)|* along the beam
axis (the z direction), which is determined by geometric-
optics growth proportional to z/A and by the radial intensity
profile of the initial beam (the beam to be focused) [I(r) in
(3) ], is small over distances Az which are small in compari-
son with the focusing distance L,,.

The interaction of a B beam with a nonlinear medium
and the particular features of the propagation of this beam
are determined by the nonlinear part of the permittivity of
this medium, £y, (|E |?), and by its dependence on the field
strength. Let us consider interactions in which the nonlin-
earity is characterized by a local power-law dependence on
|E |* without and with saturation of the nonlinearity and
also by a nonlocal dependence characteristic of, for example,
thermal nonlinearity of the plasma.

In the partially ionized plasma which forms during the
breakdown of the gas, with the change in electron tempera-
ture being determined by the balance between the energy
acquired from the radiation as a result of inverse bremsstrah-
lung and the energy lost by the electrons, primarily in colli-
sions with neutral particles, a quasisteady distribution of the
electron density n, can be found from the pressure balance
condition. If the length scale L on which the electromag-
netic field varies is far larger than the electron mean free
path ([, = vy, /v,), /L <8,"%, where 8, is the part of the
energy which is transferred to neutrals from electrons in
collisions (in the case of elastic collisions would have
6 =2m,/M,). The nonlinear part of the permittivity, £y, ,
which is determined by the excursion of the electron density
from the equilibrium value n, (8n = n, — n,), is given by

e — —bn _ n, |E|'/E;
e n, ne 1+|E|YE; " (6)

Here E% = (1276,n,.T)'? is a characteristic plasma field
for the thermal nonlinearity, and n, = m,w*/(4me?) is the
critical density for the radiation frequency w.

If the electron mean free path is long, and the conditions
82 <1,/L <1 hold, the plasma nonlinearity becomes non-
local and is determined by the electron thermal conductiv-
ity. The permittivity £y, = — 8n/n_ is found from the solu-
tion of the following equation in the case |6n/ny| < 1:
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where A is the Laplacian.

In deriving (6) and (7) weignored the disruption of the
ionization balance of the plasma. The corresponding ioniza-
tion rate v; and the corresponding recombination rate v,
should therefore be small in comparison with the reciprocal
of the relaxation time of the electron temperature (8,v,)
and that of the pressure [v,/L, where v, = (T./M,)"* is
the velocity of sound]. In a plasma with a low degree of
ionization, in which the rate of ion-neutral collisions is high,
Vin > U;/L g, we should use the ambipolar diffusion time

(Do/Lg*)™'=[v* (Lg’vin) ]
as the relaxation time for perturbations of the electron den-
sity. The disruption of the ionization balance can be ignored
under the condition

V=V, <V LgVin, Oeve.
Equations (6) and (7) correspond to a small deviation of the
thermodiffusion ratio from unity.'?

If the plasma is sufficiently hot, and the electron mean
free path is greater than the length scale of the field varia-
tions (/, > L), the perturbation of the plasma density is
determined by the ponderomotive force. As in (6), the plas-
ma nonlinearity is local in this case, and for |6n/n,| < 1 the
nonlinear permittivity is a quadratic function of the field:

n, |E|*
n, B} ®)
where E, = (167n,T)'? is the characteristic field of the
ponderomotive nonlinearity of the plasma.

A local power-law nonlinearity prevails not only in
plasmas but also in other media, e.g., those exhibiting the
Kerr effect.’ In a gas with excited atoms, nonlinear polariza-
bility may be associated with multiphoton transitions from a
metastable state. In this case the corresponding contribution
to the nonlinear permittivity is determined by powers of the
field higher than the second.'* We will accordingly also dis-
cuss a permittivity which is a quadratic function of the inten-
sity:

n. ne

EnNL =

8NL=n6|E|/‘/EIJ‘- (9)

Equation (1) takes the following form for the dimen-
sionless field amplitude € = E /E, , normalized to the char-
acteristic field E, = E;, corresponding to the type of non-
linearity under consideration [see (6)—(9)]:

; EL 10 (pﬁ)+(zr+gy)$=o, (10)
ap

where I = £"/(&,sin’y) is the dimensionless field absorp-
tion coefficient, p = krsiny, and z' = (kz/2) sin’y (the
prime on the dimensionless coordinate z has been omitted
from this equation). In a plasma we would have
B = (ny/(n, — ngy))sin ~ 2y, and the relative density pertur-
bation Y= — &n/n, for local nonlinearity (6) becomes

Y=|&"/(1+18]), (11)

Expression (8) corresponds to expression (11) with
|%|*<1.

For the case of a nonlocal plasma nonlinearity, we use
sin’y € 1 and ignore the small spatial derivatives with respect
to z. From Eq. (7) we find
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Y
L2 (02 )— a1y,
p dp' 0dp
where a = (358,/2) (kl,siny) 2 and a < 1. Finally, the re-
sults

(12)

Y=|&|*
(13)
B=n./(e,sin’y).

and B = n,/(&,sin’y) correspond to expression (9).

3. NONLINEAR STRUCTURES IN BESSEL BEAMS

The problem (10)-(13), with the boundary conditions
(2) (Z(pz=0)= &, (p)exp( —ip)), has been solved
numerically for the case of the focusing by an axicon of a
hyper-Gaussian beam of the form (3) with M = 8 and radius
a, <R,. The field strength was assumed to vanish
P = Pumax = 10> > aoksiny = 0.8p,,,, at the boundary of the
computation region, (& (pma,2) = 0). In addition, the ra-
dial shape of the beam to be focused, &, (p), was assigned a
profile such that the amplitude of the linear solution, (5),
was constant over the greater part of the focal distance L,
and corresponded to the experimental conditions of Refs. 7—-
12. Those experiments used beams with a, < R, ~1 cm and
L,?10 cm, and on the scales of the nonlinear structures
studied, Az=~A /sin’y ~ 10>-10° um € L,,, the geometric-op-
tics change in the amplitude in (5), which is proportional to
(z/A)'* was negligible. The accuracy of the solution was
monitored on the basis of the conservation of the energy flux,
Eq. (10).

The first result which emerges from these calculations
is that when the absorption is linear [[#T(&?)], and the
optical thickness 7 of the medium is small, i.e.,

T=kle'’ <1, (14)

the field structure of a B beam is essentially the same as its
structure in a dissipationless medium. Since the beam path
length is /=~ R /y, where R is the characteristic radius of the

a

absorbing region, condition (14), under which we can ig-
nore dissipation (we assume below that this condition
holds), leads to the restriction

R_11 (15)

A 2m e”

For example, when the beam from a neodymium laser
(A = 1.06 um) interacts with a plasma with n, ~10' cm 3,
v, 108 s, and ¥ = 0.1, the inequality (15) reduces to the
limitation R < 10* um. Consequently, the effect of dissipa-
tion on the field distribution can be ignored, at least in the
initial stage of the formation of an unbroken long laser spark,
with R <100 pm.

Calculations carried out for a medium with a cubic local
nonlinearity [i.e., without saturation, so we have |&|*«1
and Y = |&|*in expression (11) ] revealed a periodic spatial
structure in the intensity distribution of the nonlinear solu-
tion of Eq. (10), with a length scale /; parallel to the beam
axis given by

=21/8k=2\/sin® y=kr,? (16)

This length scale is close to the diffraction size of an ‘“‘axial
caustic,” limited by the first zero of the Bessel function,
r, =2.4/(k siny) (Fig. 1a). The self-modulation of a B
beam which is observed® is manifested when the radiation
power in the axial caustic and thus in each annular zone of
radial profile (5) is close to the critical value for self-focus-
ing, &2, = 1/B, i.e., lies in the following interval of subthre-
shold beam intensities:

0,2<p|&*|*<1, (17)

Here & @ is the dimensionless amplitude of the linear solu-
tion (4) at the axis (p = 0). With increasing intensity of the
beam to be focused (| ‘|?), the amplitude of the spatial
oscillations of the nonlinear solution increases significantly
along the focusing section in the interval (17), and the
length scale of the oscillations decreases slightly (Fig. 1b).
At B|€@|*2 1, a structural feature appears at the beam

s IR e W TN
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FIG. 1. Spatial distribution of the field
intensity in the case of a cubic nonlin-
earity [see expression (8) ] for two in-
tensities of the incident beam. a—
Contour lines |% (p,z)|> = const,
B|F®|>=047;, the isometry
| (p,2)|% B ]?f“”]Z =0.6.
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FIG. 2. Spatial distribution of the field intensity (contour lines
| & (p,z)|* = const) in the case of a power-law nonlinearity [see
(13)], with 8| ©|* = 0.27.

e
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axis in a medium without a saturation of the nonlinearity.

For alocal power-law nonlinearity of higher order, as in
(13), self-modulation of the beam again occurs, with a peri-
odic structure having a longitudinal length scale ~/, [see
(16) and Fig. 2]. As in the case of a cubic nonlinearity, the
threshold intensity for the onset of oscillations (and the
range in which the self-modulation effect is seen) is deter-
mined in order of magnitude by the condition for cancella-
tion of the diffraction effects by the nonlinear change in the
refractive index:

0,2 |&|*<0,5. )

A similar type of nonlinear periodic field structure oc-
curs in a medium with a nonlocal nonlinear response as in
(12). Figure 3 shows results calculated for & = 0.1 and
aB | € ¥ |* = 0.3. 1t follows from this figure that the period
of the intensity oscillations near the threshold for the ap-
pearance of the self-modulation effect (af |% |*~0.2) is
determined by a length scale on the order of /, [see (16)], as
in the case of a local power-law nonlinearity.

With increasing beam intensity in a medium with a non-
local nonlinearity as in (12), a more complex field structure
arises, as in the case of a saturating nonlinearity [see (11)].
In addition to the small-scale modulation with period ~/,
[see (16)] described above, oscillations with a length scale
1, $10.1, appear in the intensity distribution along the beam
(Fig. 4). In the case of alocal nonlinearity with saturation as
in (11), these large-scale oscillations are most obvious at
B=2and |%‘?| 2 1. For a nonlocal nonlinearity as in (12),
they are most obvious at @B |% ”|*2 1. The calculated re-
sults shown in Fig. 4 indicate that the large-scale modulation
is manifested not only at the beam axis but also in the side
maxima of the radial distribution of the field intensity.

4.RESULTS OF EXPERIMENTS WITH B BEAMS

For an experimental test of the ideas presented above,
we can compare the results of the calculations presented

here with data on the formation of an unbroken long laser
spark in gases.®'? This comparison can be based on some
simple considerations. If the intensity distribution of the ra-
diation in the interior of the gas is nonuniform, breakdown
occurs first in the zone with the highest field intensity. For
this reason, as the output power of the laser is raised, and as
the breakdown field of the gas is reached, the localization of
the breakdown zones in a B beam should correspond to the
distribution of intensity maxima which is formed because of
the self-effect of the B beam.

The experimental data presently available on this ques-
tion span a fairly wide range of conditions. The gas break-
down and the formation of the plasma channel of an unbro-
ken long laser spark have been studied in air, argon, helium,
neon, xenon, and carbon dioxide at pressures from 5 to 1000
kPa. Electromagnetic radiation at a wavelength of 1.06 um,
with a power from 1 to 30 GW, was generated in a pulse
ranging in length from 1 to 50 ns by four neodymium lasers,
which differed in design and parameters. One of them'®> was
a single-frequency laser, while the others were single-mode
lasers with a divergence close to the diffraction limit.”!! The
distribution in the initial laser beams corresponded to a
hyper-Gaussian distribution with a parameter value M = 5-
8. The hyper-Gaussian beam was transformed into a B beam
by an axicon. A set of axicons made it possible to vary the
focusing angle ¥ from 2.5° to 10°.

Among the experimental results, we should first note
the data of Ref. 16 on the light intensity distribution in a B
beam found under conditions such that the field of the elec-
tromagnetic wave had not yet reached the threshold for gas
breakdown, and no self-effect of the beam was seen. Figure
5a shows a representative intensity distribution in a cross
section. At a divergence level of 10 ~*~10 ~* rad of the origi-
nal beam, clearly defined equidistant annular maxima and
minima of the intensity were detected. When the quality of
the initial beam was deliberately degraded by means of a
phase plate, the diameters of the rings remained the same.

FIG. 3. Contour lines of the field intensity in the case of a nonlo-
cal nonlinearity [see (12)].a=0.1,8=1, af|&®|* =0.3.
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FIG. 4. Spatial distribution of the field (|& (p,z)|> = const) as
the intensity of the pump beam is raised. a—Nonlinearity with
saturation [see (11)], B=2.0, |&”|*=3.12; b—nonlocal

nonlinearity [see (12)],a =0.1, 2B |&®|* = 1.4.

The only changes observed were distortions in the contrast
of the rings. Above a certain permissible level of the wave-
front distortion (e.g., when the beam reached a divergence
angle of 3-10 ~ * rad), adjacent maxima overlapped, and a B
beam simply did not form. In addition, the distortions of the
conical shape of the wavefront resulted in the appearance of
a diffusive component, which also reduced the overall con-
trast in the radial distribution of the radiation. It was for this
reason that the intensity of the minima did not reach zero, as
can be seen from the densitometer trace in Fig. 5b, which
represents the intensity distribution shown in the photo-
graphin Fig. 5a. Note that the diameters of both the maxima
and the minima agree precisely with the theoretical predic-
tions and are described by a Bessel function (the dashed
curves), in agreement with (5).

We can draw conclusions about the intensity distribu-
tion along the axis of the B beam by observing the time of gas
breakdown. As an example, Fig. 6 shows photographs of the
breakdown of argon at pressures of 10, 20, and 100 kPa. We
see from these frames that the gas breaks down at discrete

/, rel. units 135
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i N

Hpo20 0
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centers, rather than continuously along the axis. These
centers form a regular small-scale spatial structure with a
period /; =24 /¥* over the entire angular range ¥ = 2.5-
10°. The period of this structure does not depend on the type
of gas or its pressure; it is also independent of the length of
the laser pulse and of the mode composition of the light, at
least over the ranges specified. It is equal to its theoretical
value (16). At a pressure of 100 kPa, there are additional
features in the breakdown: A large-scale structure with a
period /, ~10./,, which also spans the part of the B beam
away from the axis, appears along with the small-scale struc-
ture.

It is interesting to trace the evolution of the pattern.
Plasma formations appear in the breakdown zones. These
formations remain at rest at the axis, but as they expand
toward each other at a velocity ~5-10° cm/s and higher,
they merge into an unbroken plasma channel in 2-3 ns. The
plasma formations distant from the symmetry axis partici-
pate in a more complex interaction. As a result, the large-
scale structure is preserved as the breakdown centers merge,

FIG. 5. Radial intensity distribution in a B beam. a—Photograph; b—
densitometer trace and Bessel function (dashed line).
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FIG. 6. Structure of the channel of a B beam at the time of breakdown in
argon. a—Pressure of 100 kPa; b—20 kPa; c—10 kPa.

and the plasma channel acquires a structure with the same
spatial period.

Figure 7 shows Schlieren photographs of the channel of
the B beam found under the same conditions as in Fig. 6, but
slightly later (20 ns after the breakdown). We see from these
photographs that the surface of the channel is smooth in
argon at 10 kPa. At a pressure of 100 kPa, the surface has a
clearly defined cellular shape, reminiscent in many ways of
the large-scale structure of the breakdown. The 20-kPa case
is an intermediate one, with a tendency toward the forma-
tion of a smooth, unbroken channel. These experimental re-
sults provide qualitative support for the theoretical conclu-
sion that the small-scale structure accompanies breakdown
in B beams under arbitrary conditions, while the conditions
under which the large-scale structure appears are restricted.
In the experiments, this large-scale structure arises in a nar-
rower pressure interval. In argon, for example, this interval
is 20-300 kPa, and in air it is 20-50 kPa.

5.CONCLUSION

This analysis shows that axicon focusing of electromag-
netic radiation produces beams with a nonmonotonic but
regular radial intensity profile which can be described by a
Bessel function: B beams. In B beams we see a self-modula-
tion effect: near the threshold, a nonlinear periodic field
structure arises with a longitudinal length scale ~/, [see
(16) ]. This length scale is determined by the diffraction size
of the axial caustic. The self-modulation occurs for various
types of local power-law nonlinearity and also in media with
a nonlocal nonlinear response.

The period of the nonlinear modulation of the field in-
tensity depends on the wavelength of the radiation and on
the radiation focusing angle y, while it is unrelated to the
particular mechanism or particular properties of the focus-
ing nonlinearity of the medium. The manifestation of self-
modulation of B beams is thus universal in nature.

In the initial stage of the avalanche development, the
nonlinearity of the medium may result from an anomalously
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FIG. 7. Structure of the channel 20 ns after the breakdown in argon. a—
Pressure of 100 kPa; b—20 kPa; c—10 kPa.

high polarizability of metastable atoms which are produced
by electron impact.'” Estimates in Ref. 14 show that a suffi-
cient condition for the occurrence of self-modulation of a B
beam with a power density ~10'' W/cm? at its axis in an
inert gas is that a fraction ~10~" of the total number of
atoms be in metastable excited states. In later stages of the
avalanche development, with n, ~ 10" cm ~*and T, ~ 10eV
(with v,, ~v,, ~10" s~ '), the nonlocal thermal nonlinear-
ity of a plasma with ¥~ 10~ ' leads to a self-modulation at
power densities no higher than 10" W/cm? Each of these
nonlinearities, acting individually or jointly, could thus give
rise to the structure observed experimentally for the unbro-
ken long laser spark.

These results indicate that a large-scale structure, with
a longitudinal period /, ~ 10/, will arise in the beam at the
same time as the small-scale cscillations when the radiation
intensity is well above the threshold for the occurrence of
this effect, either in a medium with a nonlinearity saturation
or in a medium with a nonlocal nonlinearity.
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