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The melting of two-dimensional lattices is analyzed in the mean-field approximation. The model
used here incorporates long-wavelength fluctuations of the one-particle distribution function and
also orientation fluctuations of the two-particle distribution function. The nature of the transition
depends on the intensity of orientation fluctuations («), the energy of the disclination core (E,),

and the relative size of this core (¢). Aboveacritical value ., the system melts through two
continuous transitions. In the first transition, dislocation pairs undergo dissociation, and a
hexatic phase forms. In the second transition, this hexatic phase becomes an ordinary liquid
through a dissociation of the disclination pairs. The universal relation a3n, (T;) = 7/108 holds
on the line of the latter transition, where n, (7 ) is the density of free dislocations. Under the
condition a < a,, the system melts through two continuous transitions if the energy of the
disclination core is above a critical value E *. If the condition E, < E *holds instead, the system
melts through a single first-order transition, in the course of which the disclination complexes
dissociate. The parameters of the first-order transition depend on E_, ¢, and .

INTRODUCTION

The nature of melting in a two-dimensional situation
has recently been the subject of a lively discussion. Halperin,
Nelson, and Young®™ have generalized a well-known study
by Kosterlitz and Thouless' and have shown that a possible
scenario for the melting of two-dimensional lattices might be
fundamentally different from that in the case of three dimen-
sions: The lattice would melt through two continuous transi-
tions. In the course of the first transition, dislocation pairs
would dissociate; in the second transition, disclination pairs
would dissociate. That analysis was carried out on the basis
of classical elastic theory under the assumption that the dis-
location cores have a high energy. The theory of dislocation
melting has found support in several experiments and also in
the results of numerical simulations of certain two-dimen-
sional systems.®!

There are, on the other hand, theories which show
that melting occurs through a first-order transition, as in the
case of three dimensions. These theories agree with many
numerical simulations (Refs. 14-16, for example).

Noteworthy in this connection is the study by Dimon et
al.,'”” who showed, in research on the melting of xenon ad-
sorbed on graphite, that the melting proceeds as a first-order
transition at low temperatures and densities, while at high
values of these properties it proceeds continuously.

A numerical simulation has revealed the important role
played by the energy of the dislocation core:”"'® At low ener-
gies, one would expect a first-order transition, while at high
energies one would expect a continuous transition (or
something close to it)."?

The difficulties here are difficult to resolve on the basis
of theories grounded in standard elastic theory.'® Our pur-
pose in the present paper is to analyze the melting of two-
dimensional lattices on the basis of a model which incorpo-
rates not only long-wavelength fluctuations of the
one-particle distribution function (and which in this regard
is equivalent to standard elastic theory) but also orientation
fluctuations of the two-particle distribution function.
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DISLOCATION-DISCLINATION HAMILTONIAN

A crystal differs from an isotropic liquid in that two
symmetries are broken: translational and rotational. These
two symmetries are not independent, since a rotation of one
part of an ideal crystal with respect to another part disrupts
not only the orientational order but also the translational
order. In an ideal crystal a one-particle distribution function
has the symmetry of the crystal lattice. One can, on the other
hand, imagine a state of a condensed medium in which there
is no translational long-range order (i.e., in which the one-
particle distribution function is constant) but in which there
are long-range correlations between the directions of the
“bonds,” where a “bond” is to be understood as a vector
which connects two nearest neighbors.?® In this case the iso-
tropy of the two-particle distribution function, which char-
acterizes the relative spatial distribution of pairs of particles,
is disrupted.?!

It is well known that in two dimensions the long-range
translational order is disrupted by fluctuations, although at
low temperatures there is a slow, power-law decay of corre-
lations.?>** On the other hand, it follows from Ref. 24 (see
also Ref. 4) that a state with an orientational long-range
order, characterized by a disruption of the isotropy of the
two-particle distribution function, can exist in two dimen-
sions.

At sufficiently low temperatures, the local density, pro-
portional to the one-particle distribution function, can be
expanded in a Fourier series in reciprocal-lattice vectors

{G}:

o)=Y pa(r)ec,

where the Fourier coefficients pg (r) vary slowly over dis-
tances on the order of G ~ ' and have the amplitude and the
phase

{Gu(r)

pe(r)=|pe(r)|e’
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Here u(r) is the displacement field. In two dimensions, the
phase of the order parameter fluctuates the most,>* so we
will ignore fluctuations in the magnitude.

In general, the one-particle and two-particle distribu-
tion functions are not independent, but the two-particle dis-
tribution function may have an anisotropic part which does
not vanish even in the case p(r) = const. This quantity de-
scribes a state with an orientational ordering of bonds.?**!
The probability for finding a particle at the point r under the
condition that another particle is pinned at the point r, is
characterized by the conditional two-particle distribution
function F, (r|ry):

F2(l‘|ro)=Fz(r, l'o)/Fi (l‘o),

where F, (r,r, ) is the two-particle distribution function, and
F, (r,) the one-particle distribution function. In a homoge-
neous and isotropic liquid we would have F, (r)=1 and
F, (r,ry) = g(|r —ry|). Here g(r) is the radial distribution
function of the liquid. Let us assume that r and r,, are nearest
neighbors: r — r, = a,. When long-range correlations in the
direction of the “bonds” a, arise, the isotropy of the two-
particle distribution function F, (r,r, ) is then disrupted. We
denote the anisotropic part of the function F,(r|r,) by
f(r|ry). The function f(r|r,) has the symmetry of the local
surroundings of the molecule r,. In the case of two dimen-
sions, this function is

f(l"l'o)=f(ao, Yo, ('D),

where the angle @ specifies the direction of the vector a,. The
function f(a,,ry,¢) can be expanded in a Fourier series:

£ o, @)= Yy Fo (o )€™

m=-—o00

The Fourier coefficients f,, (a,,r, ) are the order parameters
of the anisotropic phase. They vary slowly with r, and have
the amplitude and phase

fm(@o, To)=|fm(ao, o) |explimw (ro)].

As in the case of the one-particle distribution function, we
consider fluctuations in the phase alone.

The free energy of the system is a functional of p (r) and
f(r|ry). Taking account of the slow variation in the func-
tions u(r) and w(r), we write the thermodynamic potential
(Hamiltonian) describing the fluctuations of the order pa-
rameter in the two-dimensional system for a triangular lat-
tice as the following expansion:

F=%§ drrlp(8:m) =+ (wA) (9n)?)

+20 | dr(ai0)=F,+F,. (1

Here d, = d /dr;, and a repeated index in (1) implies a sum-
mation. Assuming periodic boundary conditions, and inte-
grating by parts, we can put F| in the standard form of the
free energy of a deformed isotropic solid. In this case 4 and A
are Lamé coefficients.'® All previous theories'>"!3?° of
melting have considered the term F, alone.

The angle w(r) in (1) describes the fluctuations in the
directions of the bonds associated with a particle at the point
r. In the continuum approximation this angle is related to
the displacement field u(r) by?®
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@ (r) ="'/2e,0u;(r), (2)

where ¢;; is the antisymmetric matrix:

01
&= _1 0 .

Substituting (2) into (1), we find a Hamiltonian which
we will use to describe the two-dimensional melting:

F =i2 § drrlp @)+ () (9.07]

+ %S A*re e im0 05u; 0, 0y, 3)

In a two-dimensional system with continuous symme-
try, a phase transition is known to be caused by the appear-
ance of topological singularities: vortices which disrupt the
quasi-long-range order."** In a two-dimensional crystal
there are two types of such defects: dislocations and disclina-
tions. Dislocations can be thought of as disclination di-
poles.>”?¢ Kosterlitz and Thouless' showed that the ap-
pearance of free dislocations leads to a melting of a
two-dimensional lattice to form a liquid which is character-
ized by a density-density correlation function which falls off
exponentially with distance (in contrast with the power-law
decay of this function in a two-dimensional crystal). The
phase which forms in the case of the dislocation melting,
however, is characterized by a power-law decay of the corre-
lations between the directions of the bonds,>* although the
magnitude of the displacement u of this phase is zero. This
phase has been called a ‘“hexatic” phase.>* The hexatic
phase becomes an ordinary liquid through a dissociation of
disclination pairs accompanied by the formation of free dis-
clinations at a temperature above the dislocation-melting
point.

One can, on the other hand, picture the melting as oc-
curring as a single transition rather than a two-step process.
In this single transition, free disclinations arise immediately,
and there is no hexatic phase.

Let us consider two melting scenarios on the basis of
Hamiltonian (3). For this purpose we distinguish the part of
(3) which corresponds to the ensemble of dislocations and
disclinations. Hamiltonian (3) can be rewritten as

1
F= 5 j a*r| 2put+Aug,t) +2ocj A*re € m 5ljn 01 Umpy, (4)

where u; = 1 [du;(r) +8}u,-(r)] is the strain tensor. In
deriving (4) we used the relation

00 =8;0:lUij. (5)

To find an explicit expression for the part of the free energy
due to dislocations and disclinations, we write the strain ten-
sor in the form

wi= 0wy, (6)

where @ is the strain tensor generated by regular strains
®, (r), and u;; reflects the contribution of disclinations and
dislocations to the strain tensor.

A dislocation at the point r is characterized by the size
of the increment in the contour integral of the displacement
field when a closed loop is traced out around the disloca-
tion:'?

¢ du=—a.b(r)=—n(r)a.e,—m(r)ace,, (7)
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where b(r) is the dimensionless Burgers vector, a, is the
period of the triangular lattice, e, and e, are basis vectors of
the lattice, and m and n are integers.

Correspondingly, a disclination on a triangular lattice
is characterized by the circumstance that when a closed loop
containing the disclination is traced out the integral of the
rotation angle (2) acquires an increment which is a multiple
of 277/6:

¢dm (r)=—(2n/6)s,

[The contours in (7) and (8) are traversed in the counter-
clockwise direction. ]
We find equations for the field u(r) from (3):
SF
Su,
This equation can be rewritten in the form

s==+1,+2.... . (8)

=—(prrjddu - nViuy—aViey d,0 =0,

Of,-=2|1u,~j+iu,,5;j,

. A 9)
2u=2u—aV? A=A+aV2
where the tensor o is given by
d;0;,=0, (10)

Equation (9) has the form of the equilibrium equation
of a deformed object, and the symmetric tensor o is the
stress tensor. The tensoro;; takes the standard form'® when
we allow for the conversion of the Lamé coefficients u and 4
into operators & and A.

Using (6) and (10), we can decompose the tensor g
into regular and singular parts. We write «j; in terms of the
singular part of the stress tensor, oy Usmg (10), we find

uijs: 0"{3 —_— —= ;: =
LTTEE) (an
The stress tensor can be written in terms of the stress func-
tion'®?® y(r):

0.~,~‘=e,,.e,vdh6,x (l') .

S
0,,°6; .

(12)

Using Green’s formula, we find from (7) and (8) equa-
tions for u;; for a dislocation at the point r’ and for a disclina-

tion at the point r”, respectively:
£ij€mn0i0mUjn” = = QyEmnOimb, O (r-2"), (13)
Sijaiaj(ﬂ=8ijelmaidlumj"= - (23/6) 56 (_l’—l' " ) . ( 14)

Using these equations along with (11) and (12), we find an
equation for y(r) under the condition that there are N dis-
clinations at the pointsr; and M dislocations at the points r;:

n~ Ao N
dp (p+A) (1 T
— A ~ —s0(r—r;

2p + A {%{ 3 % ( 5)

M

+aq L €Oyl (1) 6 (t — r;)} )

=1

Viy (1) =

(15)
A solution of Eq. (15) is
N

_ u(uthr) 2y P55l
x(r) = 6(2ut) o 8;|r—1;|* In ———
ah N =
— I
;uuﬂ) Z"s 1T
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M

emnbn (l‘,-) (r—ru‘)m [ln 'r r'
=1

ao 4p(putA)

4 2putA

+C]+1‘)(r)

(16)

where a and C are constants, and J(r) is a singular function
which contains a §-function and its first derivative. This part
generates a short-range interaction of disclinations and dis-
locations with each other. The short-range part does not lead
to the formation of bound states, so we will consider this
term no further.

Substituting (6) into (4), we find for F the representa-
tion

F=F'"4F"

where F'" corresponds to the regular part of the strain tensor,
and F° corresponds to the singular part, which is generated
by the dislocations and disclinations (one can show that the
cross terms vanish ). Substituting (11) and (12) into (4), we
find the singular part of the free energy in terms of the stress
function y(r):

— [ @iy vig o),

- . (17)
1 p2 b ph—a(p i 2)T2
TR
Substituting (15) and (16) into (17), we find the energy of
the system of dislocations and disclinations:

l,I?::

o

N

= Zs.»s,.{£ ry? ln—— —2aln 1‘1}+L Z
8 i] 8 j=1
Kao 2 2 Si€mnba (r:) (05—T:) m (ln

i=1 j=1

LA c) +E(,Z| b*(r,)

aoK

(b (r:)ri;) (b(x;)ry) }
8 k)

2
1£7)

{peobeim ™

i)

(18)

where E, and E, are the energies of the disclination cores
and dislocation cores, respectively,

K=4p (u+h)/ (2u+A).

r;=r;—T;

The first two terms describe the energy of the interact-
ing dislocations, while the third describes the interaction of
dislocations with disclinations. The last two terms describe
the interaction energy of dislocations. It can be shown that
the energy of a given configuration of disclination and dislo-
cation charges is finite only under the conditions

Zs,-=0, Z r;s;=0; 2 b(r;) =0.

j i
The last term in Hamiltonian (3) does not contribute to the
long-range interaction between dislocations (although it
does contribute to E ;). It is not difficult to see that the inter-
action between dislocations is the same as the dipole—dipole
disclination interaction (the Burgers vector b is orthogonal
to the disclination dipole moment vector d: d, = b,,
d, = —b,,d*=5b7?). As we know,>"?® a dislocation may

(19)
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be thought of as a disclination dipole, so we will use the
dipole moment d instead of the Burgers vector b in the dis-
cussion below. Conditions (19) show that there are no free
disclinations or disclination dipoles (i.e., dislocations) in a
two-dimensional lattice.

MELTING OF TWO-DIMENSIONAL LATTICES

In the low-temperature phase, dislocations can exist
only as pairs with a zero Burgers vector, while disclinations
can exist as strongly coupled quadrupole complexes. As the
temperature is raised, free dislocations may arise, or free
disclinations may arise at once, according to the melting sce-
narios outlined above. In the former case, the free disloca-
tion charges screen the charges of opposite sign, leading to a
short-range (exponentially decaying) interaction between
dislocations. The interaction between disclinations is modi-
fied; while remaining a long-range interaction, it increases
only as Inr. The system converts into an ordinary liquid after
the appearance of free disclinations. In the latter case, the
system becomes a liquid through one transition. As a result
of the screening, the interaction between disclinations be-
comes a short-range interaction.

To describe the dislocation-disclination melting, we use
a method similar to the well-known Debye-Hiickel method
in plasma theory. The energy required for the formation of a
disclination or a dislocation depends on the magnitude of the
disclination charge, s, or that of the Burgers vector b. We
consider defects with the lowest energy, namely, disclina-
tions with s = + 1 and single dislocations on a triangular
lattice:

v, v,
d’=(3 /2)’ d2=(3 /2), d3=( 0>’
'/, —'/s -1

)

es(0F), e-(0P) ecl?)

We see that Eq. (15) is analogous to the Poisson equa-
tion in electrostatics, with the function y (r) serving as elec-
trostatic potential. Substituting (15) into (17), and using
Emndyb,, =3d,d,, wefind

F“=U|+U27
where
U.=—%Z s Wy (r), (20)
i=1
M
Us= Y, audo (1) W9y (1), 21

i=1

Here U, is the energy of the system of N disclinations in the
potential y(r), and U, is the energy of the M dislocations.
Assuming that the dislocation density n(r) and the disclina-
tion density m (r) are small, we can use the Boltzmann rela-
tion for the density of defects in the field y(r):

' (r) =ng exp{—aopdn' ¥y (r)}, (22)
m(r)=mqexp { (1/3)ps Wy (r)}. (23)
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Here 8 = 1/k, T, and kj is the Boltzmann constant (in the
discussion below, k, will be included in the definition of the
temperature). In deriving (22) and (23) we used (20) and
(21). Let us use Egs. (22) and (23) to describe the screening
of dislocations and disclinations [ the presence of six types of
elementary dislocations on a triangular lattice has been tak-
en into account explicitly in Eq. (22)].

The equation for the stress function y (r) in the case in
which a dislocation d’ at the point r’ is screened by disloca-
tions and disclinations is
M{ aydn' 0,0 (r—r1") +a,,2 dn'dmni(r)
2ut+A .

i=1

Vix(r)=—

+(n/3)m*(r)—(n/3)m‘(r)}. (24)

Here n; (r) is given by Eq. (22),and m " and m ~ are found
from (23) by setting s =1 and s = — 1. A corresponding
equation for the screening of a disclination with s =1 is
found from (24) by replacing the first term on the right-
hand side by (7/3)8(r — r'). Equation (24) corresponds to
the Poisson-Boltzmann equation in Debye-Hiickel theory.

We now linearize the right-hand side of Eq. (24) with
respect to y (r) and take Fourier transforms:

pa— 1 ikr,
x(r)= @) d*k e™y (k).

A solution of this equation is

ayl4p (p+2) +20hk? —ak lidy' ke
(2u+r) A (k) ’
A (k) =bsnok®+ (1+binotcumo) K+ (bono+camg) ki 4-com.,
be=3c*Ba,?/2 (2u+1),
b,=24Ba.’K,

x(k)=—

b.=6apa,’,

=4 ap/Y,

c;=ma*B/9 (2u+r),
o= BK /9.

The solution for the screening of a disclination can evidently
be found by replacing id,, k,, by (7/3)s.

As was mentioned above, melting may be thought of as
the appearance of nonzero densities m, and n,. Our problem
is to construct closed equations for these quantities. We as-
sume that the gas of dislocations and disclinations is of low
density. We can then write the following expressions for n,
and m, with the help of Boltzmann relations:

mo=(1/A) exp (B,), (25)
no=(1/A) exp (Bu.), (26)

where u, and p, are the chemical potentials of the disclina-
tions and dislocations, respectively, and the dimensional fac-
tor A is equal to the area of the unit cell of the lattice and is
given by

A=a,?-3"/2.

The chemical potential of a disclination consists of two

parts: the energy of the disclination core, E, (this energy
incorporates nonlinear effects), and the elastic energy of an

individual disclination, U, :

w=—(E+0,). (27)
Correspondingly, for a dislocation we write
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po=—(EA+T.) (28)

(the quantities U, and U, are analogous to the self-energy of
a charge in electrostatics). To calculate U, and U,, we use
(20) and (21). As in electrostatics, these quantities diverge
in the case of point charges. Dislocations and disclinations
have finite dimensions (7 and r,, respectively), so we can
write the estimates U, ~ U, (r,) and U, =~ U, (r§) of the self-
energies of a disclination and a dislocation. Taking Fourier
transforms of (20) and (21) [using (17)], and substituting
in the expression for y (k), we find

1
Uy (ry) = —
18 (2u+A)
i (n+2)+a(2u+r) k*+ okt /4
xjdgku pta) 0(4?@) AL
’ (29)
Us(rs")

. a,’ 5d2k Bl (p+r) ta (2pti) k2 +atki/4]
(27)2(2u+A) AE)

x exp (ikr,’). (30)

Equations (25)-(30) constitute a closed system of
equations for determining m, and n, (the densities of free
disclinations and dislocations). This system has a solution
m, = n, = 0, which corresponds to an “unmelted” crystal.
A general analysis of Egs. (25)—(30) is rather complicated,
so we turn to the most important particular cases.

1. Dislocation melting. We first consider the melting of a
two-dimensional crystal through the formation of free dislo-
cations.!">?* This case corresponds to m, = 0. We evaluate
the integral in (30) in the approximation n, €1 [in agree-
ment with (26)]:

U.(r. )= (@ i80) KK Lry' (bary2) ™), 31)

where K,,(x) is a modified Bessel function. We introduce the
screening radius

g = (bun/2)” .

It can beseen from (31) that when there are free dislocations
the interaction between dislocations has a behavior
exp( —r/&"). At ry /&' €1 we have

Up(ro )~ - (a:*/87) K[C+ln (r)'/28) ], (32)

where Cis Euler’s constant. Substituting (32) into (27) and
(26), we find an equation for £ ":

/'o’ p r | kAT (33)
=) T9\ ’
3 3
where
I, [ (¢ 02 Joxe L oo r
9= g P (C—1In2) fexp - ) t =

We obviously have g < 1 for sufficiently large values of E,. In
this case we see from Eq. (33) thatfor T'< T, = KaZ/167 we
have the unique solution 7} /£’ = 0, which corresponds to a
crystalline phase. At 7> T, we have
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ry ( Ka; )"
=gy a=(2-2 )
13 8aT

The dislocation melting thus occurs at

T.=Ka,*/16m. (34)

The transition temperature is the same as that found in
Refs. 1-5 and 25.

2. Hexatic phase. As was pointed out in Ref. 4, as a
result of dislocation melting the system goes into a state with
a slow decay of the correlations along the directions of the
bonds. In other words, the relation

(35)

(e=itw(n pibn(0)y o p=u(T)

holds. This state, called the ‘“hexatic phase” in Ref. 4, be-
comes an ordinary liquid through a Kosterlitz-Thouless
transition, in the course of which disclination pairs undergo
dissociation. The phenomenological Hamiltonian

Ho=—Kun) J i vo ot (36)

was proposed in Ref. 4 for describing the hexatic phase; the

quantity K, (T) can be called a “Frank modulus” by analo-

gy with liquid crystals. Standard calculations***?® lead to
0(T)=18T/nK.(T).

A Kosterlitz—Thouless transition occurs at the temperature

T; such that n(T;) = §;i.e,
T=nK.(T:)/72. (37)

Halperin and Nelson* showed that in the hexatic phase
the Lamé coefficients renormalized by free dislocations, ug
and A, vanish. Making use of that circumstance, we find
from (25), (28), and (29) an equation for determining the
screening radius of free disclination charges:

(ro/€)*=q"(r/%) ",

where

2'=mn/54a.*n,(T), (38)

g—l _ 1 2n*m, ]Ilz ’__ t*n’ ex (- __u_)
2 L 27a.2n,(T) 4 q 3"2ay*ny (T) P rr

To
t=—.

/23

At large energies of the disclination core we have ¢’ < 1.
In this case, Eq. (38) has a nontrivial solution under the

condition

ao*ne(T) =n/108. (39)

Expression (39) with the equal sign gives the density of dis-
locations on the (hexatic phase)—(ordinary liquid) transi-
tion line. Comparing (37) with (39), we find expressions for
the Frank modulus and the index 7:

27a°n, (T) (40)
——_———n .

Ka(T)= n(T)=

2T
3a,'ne(T)
We see from (40) that as we approach the melting line
[1o(T)—0] we have K, (T) - « and 7(7T) —0. This result
corresponds to the existence of an orientational long-range
order in the two-dimensional crystal. The condition for the
(hexatic phase)—(ordinary liquid) transition, i.e., condition
(39), and the expression for the index 7 do not depend on the
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details of the interaction of the specific system (but they do
depend on the lattice symmetry). The appearance of a free
dislocation generates a displacement field # « InR, which
disrupts the translational quasi-long-range order. The rota-
tion angle which arises, however, satisfies w « 1/R, so the
orientational quasi-long-range order persists until the den-
sity of free dislocations reaches the critical value [see (39)].

3. Disclination melting. A crystal can melt not only
through the two transitions described above but also
through a single transition, in the course of which disclina-
tion complexes dissociate, and free disclinations appear in
the system. Because of the screening, the interaction be-
tween disclinations becomes a short-range interaction.
When there is a disclination, the displacement field at large
distances is of the form u « R InR, so the phase into which the
crystal converts is completely disordered. Assuming that
there are no dislocations in the liquid phase, we find an equa-
tion for the screening radius £ from (25), (28), and (29)
under the condition 7,m{* < 1:

@ (2) =2°—z exp (—Q/a*)=0, (41)
where
nKa’t* na n*Kat?
O=bt— " Q=
44T 9T 5767 (2)
n2Ka,*t* ( E. ) { ne(1+C) nKa,*t* (1—C) }
z=————exp\ —— Jexp - ,
8:3/:T T 9T 144T
(a)
Cis Euler’s constant, x = r,/&, t = ry/a,
1 . 1 8Km, \ "
§=7(Como) /=—2—('T%‘0—) . (c)

Equation (41) always has the solution x = 0, which
corresponds to a crystalline phase. It is easy to see that a
nontrivial solution arises under the condition

@' (z)=0. (42)
From (41) and (42) we find
22=2Q/9. (43)

Disclination melting thus occurs as a first-order transi-
tion, and a real solution exists under the condition &> 0.
This condition holds if

1 (noc nKa,t?
T>— ..__,_2_)
4\9 Ty ) (44)

Comparing (44) with (34), we find that under the condition

9
a>a.=Ka 2( +——-)
=R\ 16 (d)

dislocation pairs undergo dissociation before disclination
complexes decay. In other words, under the condition a > a,
the two-dimensional lattice melts through two continuous
transitions. Qualitatively the same conclusion was reached
by Alder and Wainwright,”” who used the Monte Carlo
method to find a lattice version of model (3). Unfortunately,
the units of measure used in Ref. 27 prevent us from compar-
ing the critical value of a calculated there with the value
found for a, in the present study. Alder and Wainwright?’
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FIG. 1. E = 167E */Ka? versus g = a/Ka*. Solid line—t = 5; dashed
line—¢ = 3.

believe that a melting occurs as a first-order transition under
the condition a < a,. Their approach, however, did not con-
sider the energy of a disclination core, E_, or the relative size
of the core, ¢, which appear in the coefficients of Eq. (41). It
turns out that the behavior of the system depends strongly
on these quantities.

Substituting (43) into (41), we find an equation for the
transition temperature:

E 20\
ool 2} (2) e
T L)

_ nKa02t2(1—C)}
144T

It can be seen from (45) that the transition temperature
increases with increasing E,. and becomes higher than the
temperature of the dislocation transition (34) at a certain
E *. Under the condition E. < E ¥*, the melting thus occurs as
a first-order transition, while under the condition E. > E *it
occurs as two continuous transitions. Substituting (34) into
(45), we find an equation for E¥*. Figure 1 shows
E = 167E */Ka} as a function of g = a/Kaj for various val-
ues of .

That the energy of the core of a defect is important in
determining the type of transition has been pointed out in
many papers (e.g., Refs. 7 and 18) on simulation of two-
dimensional melting. Unfortunately, an unambiguous value
of the energy of a defect core was not found there for a realis-
tic model of the interacting particles. Various lattice repre-
sentations of an elastic Hamiltonian [ Hamiltonian (3) with
a = 0] are ordinarily used for the simulation.” Setting z = 3
in (45) (this is a fairly realistic value for the size of a defect
core®® ), and setting @ = 0, we find E ~2.24. Taking the en-
ergy of a dislocation core to be =2F, we find a fair agree-
ment with estimates found by simulation.”'8

It can be seen from Fig. 1 that there are values of a* at
which E * vanishes. At a <a* we should probably expect
that the melting would always occur through two contin-
uous transitions (the quantity a* is independent of 7).

Figure 2 shows E as a function of the relative size of the
defect core for various values of @. Here there are also values
of t* at which we have E* =0, while at > ¢* we would
expect a two-step melting. Unfortunately, we know of no
numerical simulations or actual experiments which have

8.3 . { no (14+C)
20 expl- =2
n’BKa,’t* 9T

(45)
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FIG. 2. E = 16E */Ka? versus t. Solid line—g = a/Kaj = 0.1; dashed
line—g = 0.

been carried out on how melting is affected by the size of a
defect core.

CONCLUSION

Many questions remain open and require further re-
search. The simplified picture of dislocations and disclina-
tions drawn by Hamiltonian (3) must be linked up with de-
fects in real systems. Serious difficulties arise in attempts to
determine the energy and size of a defect core. The behavior
of the system near the point at which the first-order transi-
tion gives way to two continuous transitions remains un-
clear. It would be interesting to see a test of universal relation
(39) for real systems.

The model which we have been discussing here is a sig-
nificant simplification of real systems. Nevertheless, we be-
lieve that it is capable of describing a large number of transi-
tions which are observed in the course of two-dimensional
melting.
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