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A new type of spin-wave instability is considered under conditions of incoherent external 
pumping. This instability is manifested by an abrupt increase of the number of magnons on the 
bottom of a spectral band when a certain threshold power is reached. Equations for the threshold 
are obtained in approximations in which the temperature difference between the magnons and the 
heat bath are assumed to be negligibly small as well as noticeable. Variants of above-threshold 
states in which Bose condensation of magnons is possible are discussed. It is proposed to detect 
the Bose condensation by conversion of wide-band pumping into coherent radiation at 
frequencies equal to, or multiples of, the frequency of the bottom of the spin-wave spectral band. 
The intensity of the coherent radiation is calculated. 

INTRODUCTION 

Action of intense coherent alternating magnetic fields 
on a system of spin waves in a magnet is known to lead to 
various types of parametric instability, accompanied by an 
exponential increase of the number of magnons in frequency 
and momentum-space regions determined by the synchro- 
nism conditions (see, e.g., Ref. 1). This results in strong 
disequilibrium states describable by using the dynamic and 
kinetic' or thermodynamic2 approaches of the theory of 
paramagnetic resonance in distributed media. 

As the spectra of initially coherent microwave-field 
sources broaden, the threshold pump amplitudes at which 
spin-wave parametric instabilities are produced increase 
quite rapidly and become possibly inaccessible to experi- 
ment. This raises the natural question of the behavior of a 
strong-disequilibrium magnon system excited predominant- 
ly by an incoherent pump source. In the present paper (we 
published a brief report in Ref. 3 )  we point out that in a 
noise-irradiated ordered spin system an instability can result 
from a change of the distribution function of all the magnons 
and from accumulation of magnons on the bottom of the 
spectral band. In the ideal-gas approximation this would 
mean theoretically the onset of Bose-Einstein condensation 
in the system. Allowance for nonlinear magnon-magnon in- 
teractions (which play an important role in magnets) can 
either modify the magnon-condensation conditions or pro- 
duce other cooperative states in the system. 

It should be noted that the interest in the possibility of 
observing Bose condensation under conditions of incoherent 
energy pumping from the outside dates back to the early 
Sixties (see Refs. 4 and 5). Much was hoped from exciton 
and biexciton systems in semiconductors. However, not- 
withstanding the many efforts in this field, no direct confir- 
mation of the theoretical predictions has been obtained. 
Theoretical research along these lines  continue^.^,^ The dif- 
ficulties encountered by experimental investigations of Bose 
condensation in a system of nonequilibrium excitons of a 
semiconductor (short lifetime of the quasiparticles and the 

peculiarities of their interactions at short distances) necessi- 
tate a search for other physical objects to observe this phe- 
nomenon. We assume that magnons, which are readily excit- 
ed by microwave fields, may serve as the object of his 
research. 

From the theoretical standpoint, the problem of insta- 
bility in a system of incoherently pumped magnons incor- 
porates, besides features unique to the magnetic system, a 
number of features not previously encountered. Thus, in the 
model used in Refs. 5-7, the main nonlinearity was taken to 
be due to three-particle decay processes (an initial boson is 
converted into a lower-energy boson and a phonon). Exter- 
nal pumping changes in this case only the effective chemical 
potential of the Bose system. As to magnons, in view of the 
nonlinear character of the exchange interaction, it is appar- 
ently impossible to confine oneself to the above three-parti- 
cle interaction processes, since magnon-magnon exchange 
scattering makes a substantial (and sometimes the princi- 
pal) contribution to the kinetics of the entire system.'.2 The 
study of instabilities in a system of magnons excited by an 
external incoherent pump is therefore of independent inter- 
est. 

To estimate the threshold of the instability of interest to 
us we start from a kinetic equation for the magnon occupa- 
tion numbers nk in the form 

where fk is the arrival term describing the probability of 
creation of a magnon by external action; r, is the relaxation 
term responsible for the interaction of the magnons with the 
heat bath (magnons from other modes, photons, etc.); 
I '4'(nk ) is the four-magnon collision integral: 

I ( & )  {nk)= (2n) -' J d3k, d3k, d3k, I O (k, k,; k ,  k,) l2  
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in which @(k, k,;k,, k,) is the scattering amplitude and E, is 
the magnon energy (we use here and below a system of units 
with f i  = k, = 1 ). We assume that three-magnon collisions 
are forbidden by the energy and momentum conservation 
laws, and the contribution of three-magnon anharmonicities 
is taken into account in the effective four-magnon vertex. In 
addition, we assume that the characteristic time scale T, of 
the magnon-magnon collisions is much shorter than the 
characteristic time T = min{rr,rfTf) where T, is the time of 
relaxation of a number of magnons into the lattice and rf is 
the characteristic magnon-excitation time. In other words, it 
is assumed that magnon-magnon scattering is the principal 
process in the system, while interaction of magnons with the 
heat bath and with the pump field are considerably less prob- 
able to the extent of the smallness of the parameter T, /rg 1. 
The solution of ( 1 ) can then be represented in the zeroth 
approxiniation in T,/T by a quasiequilibrium distribution 
function: 

nk= {exp [ ( e r - p ) / T ]  -1)-', (2) 

where ,u is the chemical potential and T is the temperature, 
as defined by the two integrals 

Here Nis the total number of magnons, E is the energy of the 
magnon system, F= V / ( ~ Z - ) ~ ,  and V is the volume of the 
crystal. 

With interaction between the magnon and the heat bath 
taken into account, the magnon system tends during a time - T, to an equilibrium state with ,u = 0 and T = T,, where 
T, is the temperature of the heat bath. Application of an 
external magnon-pumping source violates the thermody- 
namic equilibrium with the heat bath, but an energy-flux 
equilibrium is established between the excitation and the re- 
laxation in the magnon system. Accurate to corrections - T, /T, a quasiequilibrium magnon distribution function 
(2) is obtained, in which the effective chemical potential and 
the effective temperature are determined by the external 
conditions. Note that certain effects connected with quasie- 
quilibrium in magnon systems have already been considered 
in Refs. 8 and 9. 

It is easily seen that the growth of n, in (2)  occurs when 
,u and (or) T increases. A singularity in ,u exists then at the 
point where the chemical potential is tangent to the bottom 
of the magnon band, ,u - min E, , where the occupation num- 
ber becomes infinite (cf. the case of equilibrium Bose con- 
densation). From there on, the magnon system can no long- 
er be described in the framework of Eqs. ( 1 ) and (2).  We 
need a detailed analysis of the structure of the magnon-mag- 
non interactions. 

The present paper consists of two principal sections. In 
the first we analyze the subcritical region, both in an approx- 
imation in which the effective magnon temperature is equal 
to the heat-bath temperature T, and when Tbecomes differ- 
ent from T,. The second section is devoted to an analysis of 
the possible above-threshold states of a Bose system. The 
article ends with a discussion of a method for observing the 
predicted Bose-condensation effect through coherent radi- 
ation. 

1. SUBCRITICAL REGION 

We consider first the state of the magnon system prior 
to the critical point. 

We introduce the notation 

From Eq. ( 1 ) with allowance for ( 3 )  and (4)  we easily 
obtain the balance equations for the total number of particles 
and the energy of the magnon system: 

which determine implicitly the evolutions of ,u and T. 
A rigorous analysis of the set of equations (5)  is quite 

complicated and depends substantially on the specific forms 
of the amplitudes of the interaction between the magnons 
and the heat bath in the relaxation terms R, and RE. For 
simplicity and to preserve the general character, we confine 
ourselves hereafter to the T approximation: 

where the parameter 7; ' is indicative of the rate of change of 
the total number of magnons, and T; ' the rate of change of 
the Bose-system energy. The deviations of the number of 
particles and of the energy in (5)  are reckoned from the 
quasiequilibrium state of a strongly excited Bose system, and 
the formal parameter f i  is determined from the condition 

The cause of this equality is that the magnon temperature is 
established in a time T, much shorter than 7,. It is easy to 
verify that in the absence of an external pump Eqs. (5 )-(7) 
lead to the solution ,u = 0, T = T,. Using (6 )  and (7)  we 
can in principle analyze the states of a Bose system with 
appreciable deviations of the particle number and of the tem- 
perature from the initial values N(0, T, ) and T, . 

Stationary solutions for Tandp,  and their dependences 
on the pump intensity, are obtained from the integral equa- 
tions (5)-(7) under the condition d /dt = 0. We investigate 
below these solutions. 

1 .l. The case T= TB 

In the simplest case (at T, &T,) the Bose-system tem- 
perature variation up to the instability threshold can be ne- 
glected. Equation (5a) suffices then to calculate the change 
of the chemical potential. The inequality above holds in 
magnets in which the predominant interactions between the 
spin waves and the heat bath are those in which the total 
number of magnons in the investigated spectrum branch is 
preserved. Such a process is, for example, magnon decay into 
a magnon and phonon (in YIG ferromagnet or in antiferro- 
magnets FeBO, and CsMnC1,). 

The simplest method of exciting spin waves in magnets 
is via decay of a microwave-field quantum (a) into a pair of 
magnons of half the frequency and with equal but opposite 
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wave-vector directions (tk + t - , ). In this case the arrival 
term in ( 1 ) is given by 

or, if R > ~ E ,  

jk(p, T)=2nO ( 2 ~ r )  h21 Vklz[2nk(~, T)+11, 

where h is the characteristic oscillation amplitude of the al- 
ternating magnetic microwave field, 4 ( a )  is the noise- 
pump-source line shape normalized to unity, and V, is the 
coefficient of magnon coupling with the external field. 

In weakly anisotropic antiferromagnets, the low-acti- 
vation magnons, whose spectrum is given by 

are excited by the alternating field practically isotro2ical- 
ly.I0 The coupling coefficient is then" 

here H i s  the stationary external magnetic field, HD is the 
Dzyaloshinskii field, and g is the gyromagnetic ratio. 

In ferromagnets, on the other hand, the situation is en- 
tirely different. The decisive role in magnon excitation is 
played here by the dipole-dipole energy, which leads to an 
isotropic coupling coefficient of the form (see, e.g., Ref. 1 )  

vk=2ngZMek-' sin2 fh cxp ( 2 i ( p k ) ,  ( 1 1 )  

where M is the magnetization, 8, and p, are the polar and 
azimuthal angles of the vector k in a spherical coordinate 
system whose axis is oriented along M. The magnon spec- 
trum is then (for E~ % 2 m )  

Here we, is the exchange frequency and a is the lattice con- 
stant. 

It is easy to discern from ( 1 1 ) and ( 12) a specific fea- 
ture of the effect of Bose condensation of magnons in a ferro- 
magnet, viz., the external field excites mainly magnons with 
wave vectors perpendicular to the magnetization, klM, and 
the quasiparticle accumulation takes place at points with 
kllM ( k - 0 ) .  

Thus, Eq. (5a)  which defines implicitly the effective 
chemical potential as a function of the external pump, takes 
in the case of interest to us the form 

To be specific, we consider next the action of an inco- 
herent pump having an equal alternating-magnetic-field am- 
plitude h in the frequency band from Rex, to 
Q,,, + An (a , , ,  > 2 ~ ~ ) .  We have then 

qb (Q) = {AQ-i7 
QE[ Qexr, Qext+AQI, 

L. 0, Qe [Qezr, Q,x,+AQI. 
For an antiferromagnet, the functions of the total number of 
magnons and of the integral-pumping, with allowance for 
relations (8)-( 10) and ( 14). can be written in the form 

and 

The last approximate equality is valid under the condi- 
tion flex, )p,  when f(,u,T) z f (0 ,T) .  Equation ( 13), which 
determines implicitly the effective chemical potential of the 
system, can thus be represented in the form 

Expression ( 1 5 )  is noticeably simplified at low tempera- 
tures, T, <,co and under the condition next ) AR,t,: 

T,-I (E, ,T~)"? 
(gh) = 

( 2 n ) ' h g Z ( ~ + ~ , / 2 )  Z' 

It can be shown using ( 16) that initially, at p < T,, the effec- 
tive chemical potential increases quadratically, ,u a h  ', and 
then acquires at t o % p )  T, the logarithmic dependence 
p a lnh. As already mentioned, the Bose system becomes un- 
stable when the point p = to is reached. From ( 16) we ob- 
tain for the critical amplitude h i"' the expression 

where < ( 3 / 2 )  ~ 2 . 6 1 2  is a Riemann zeta function. 
The estimate (17)  yields for the antiferromagnet 

FeBO, (HD z 100 kOe) at to = 27~. 10 , . GHz 

which attests to the possibility of observing the effect in the 
temperature region T, < 1 K .  

For a ferromagnet we have 

I - 
~ ' e X p [ ( E k - p ) / T ] - *  

and 

As a result, Eq. ( 1 3 )  takes the f ~ r m  
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In the low-temperature limit T, g~, ,  and at flex, >E,, Afl  we 
obtain from (18), neglecting in (12) the anisotropy of the 
magnon spectrum (E,) 2rTTgM). 

From ( 19), finally, follows an expression for the critical am- 
plitude of the noise field: 

For YIG (47rM = 1.75 kOe) at flex, = 2 r .  100 GHz, the es- 
timate (20) yields 

1.2. The case T# T, 

If the relaxation is slower, the difference between the 
magnon temperature T and the heat-bath temperature TB 
can no longer be neglected. To determinep and Tin this case 
it is necessary to solve thecomplete set of equations (5)-(7). 
It is clear from physical considerations that the magnon sys- 
tem overheats, i.e., T >  TB. It  follows then from (7) that 
p <ji. It can be readily concluded hence that the changes of 
p and Tare described by the system (6) correctly only under 
the condition 

prior to the condensation of the magnons with k = 0. There- 
fore rigorous calculation of the critical characteristic ampli- 
tude h. of the incoherent pumping, at which the effective 
chemical potential touches the bottom of the magnon band, 
cannot be carried out within the framework of the consid- 
ered approximation. It  will be shown below, however, that 
one can determine the interval in which the value A, of inter- 
est is located. Thus, the equation 

withp < E~ can be used in Eqs. (6)  to obtain the lower bound - - 
h.,, : h. > h.,, . The upper bound h .,,, : h. < h .,,, , how- 
ever, can be obtained from (6)  by puttingp = &, and assum- 
ing the energy E(P, T, ) to correspond to the fully condensed 
state: E(P,T, ) = NE~.  

We confine ourselves to calculation of h .,in and h .,,, 
in the low temperature approximation T, , T ~ E ~  for an anti- 
ferromagnet. Simple manipulations yield 

Thus, the lower bound calculated from (22) is even lower 
than the obvious physical estimate 

Calculation of the upper bound of the critical field yields 

~ .? .~=h . (~ )  (TITB)"', (25) 

Note that for the low-temperature approximation to be valid 
the parameters in (26) must satisfy the inequality 

To describe systems with slower energy relaxation (down to 
7; ' - r; ' ) account must be taken of the superheating of the 
magnons to temperatures T-co and higher. 

2. ABOVE-THRESHOLD STATE 

We consider now the state of a magnon system in which, 
according to the analysis above, the effective chemical po- 
tential has already touched the bottom of the spin-wave 
band. The very fact that a large number of bosons had accu- 
mulated in a narrow phase-space region still does not allow 
us to conclude that they have condensed. The interaction 
between these particles must be analyzed. We write for the 
magnon system the Hamiltonian 

where a,+ and a, are the Bose creation and annihilation op- 
erators, and @(kl,  k,;k,,k,) is the magnon-magnon scatter- 
ing amplitude. The terms describing explicitly the noise 
pump and the energy escape from the system have been 
omitted. We confine ourselves to an approximation in which 
the role of the pump reduces only to changing the number of 
Bose particles, and can be taken into account via the func- 
tion of the total magnon number 

a function determined by the balance between the pump and 
the relaxation. To take into account the constancy of the 
particle numbers (for a given pump level) we have intro- 
duced into (28) the chemical potential p of the magnons. 

Following the theory ofweakly ideal Bose gas (see, e.g., 
Ref. 12), developed for gap-free spectra, we single out the 
classical condensate amplitudes with k = 0: 
a, = a,+ = N;l2, No = N + N', N1/N& 1. We obtain then 
from (281, accurate to quadratic terms, 

Ak=ek-pf 2 F r N 0 ,  9 - r ~ @  (k; 0; k, O ) ,  
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Diagonalizing the quadratic form (29) by the linear (u,v) 
transformation a, = u, b, + v, b I ,, we readily find that 

is the energy of the ground state, in which the chemical po- 
tentialp, the number of particles No, and the spectrum of the 
new quasiparticles t, are defined by the equations 

In the zeroth approximation in N'/N( 1 the quasiparticle 
spectrum can be written in the form 

For the stationary state to be stable it is necessary that the 
radicand in (32) be non-negative. The sufficient conditions 
for this are the inequalities 

Analysis of the magnon-magnon interaction amplitudes 
(see Ref. 1 ) shows that these two inequalities can be satisfied 
only in a ferromagnet. For weakly anisotropic antiferromag- 
nets the theory yields Yo = Yo < 0. 

It  follows thus from the above calculation that a quasi- 
equilibrium magnon Bose-condensation can be expected 
only in ferromagnetic crystals (for example YIG, EuO). In 
antiferromagnets, on the other hand, the accumulation of a 
large number of magnons on the bottom of a band is appar- 
ently accompanied by their "sticking" and subsequent col- 
lapse,4 which attests to formation of a spatially inhomoge- 
neous state. If, however, account is taken of the additional 
nonlinear terms of (28), which limit the increasing density 
of magnons with k = 0, spatially homogeneous states can 
result from a first-order phase t ran~it ion. '~, '~  We confine 
ourselves below, for simplicity, to Bose condensation in a 
ferromagnet. 

To determine N we must write down balance equations 
[similar to (5 )  ] for the total number of particles and for the 
system energy. This is easiest to do when the incoherent- 
action region lies substantially higher than the magnon-acti- 
vation energy (Q,,, )eo). The only absorption is then by 
quasiparticles whose spectrum hardly differs from that of 
the magnons, (i.e., Eq. (8)  is perfectly valid for the arrival 
term). If the low-temperature approximation 
( TZ T, (flex, ) is furthermore applicable, the effective 
heating of the quasiparticle system has practically no influ- 
ence on the absorbed power. 

The particles obviously exit from the system both via 
spin-lattice relaxation of the quasiparticles and via coherent 
emission of photons by the condensate. However, since it is 
assumed in the above model that N - No 4 N is small, it can 
be suggested that the particles leave the Bose system mainly 
via condensate relaxation. We confine ourselves here to the 
case of greatest interest, in which the modes with k = 0 can 
relax mainly via coherent emission of electromagnetic 
waves. This approximation is fully justified for magnetic sys- 
tems in which: 1 ) decay of a magnon with k = 0 into elemen- 
tary crystal excitations with lower energies is forbidden; 2) 
conversion of magnons with k = 0 into two phonons with 
equal but opposite wave vectors is ineffective; 3) interaction 
of homogeneous magnetic oscillations with impurities is ei- 
ther insignificant or leads rapidly to saturation of the im- 
purity subsystem with increase of the homogeneous-preces- 
sion amplitude. 

The magnetodipole-emission intensity is given by the 
equation15 

where M is the magnetic moment of the sample and c is the 
speed of light. The nonlinear character of the magnetic-mo- 
ment motion produces in the emission spectrum, besides the 
fundamental frequency w = E,, the harmonics 20, 30, etc. 
As a result 

where Xjw is the jth harmonic radiation intensity. 
Under the above assumptions, the value of N can be 

estimated from the following particle-number balance equa- 
tion 

in which FN is determined from Eqs. (3)  and (8)  with 
n, zO. 

We present the explicit form of Xjw for a cubic ferro- 
magnet: 

Here Sis  the electron-shell spin, X i s  the number of elemen- 
tary magnetic cells in the sample, p, is the Bohr magneton, 
and v < 1 is a parameter indicative of the degree of "bending" 
of the magnetic-moment hodograph over the quantization 
axis; this parameter is determined by the magnetodipole in- 
teraction (see e.g., Ref. 16) : 

where SS,, NY, and Nz are the demagnetizing factors of 
the sample, while Hi = H - 4 a W Z  is the internal field. In 
other words, v is coefficient of linear (u-v) transformation 
from local spin deviations to spin waves with k = 0. It 
should be noted that Eqs. (36) are valid only if all the mag- 
nons are "synchronized," i.e., make up a Bose condensate. 

840 Sov. Phys. JETP 73 (5). November 1991 Yu. D. Kalafati and V. L. Safonov 840 



Without this condition the classical Eq. (34) predicts ab- 
sence of radiation. The system radiation is then fluctuating 
and a quantum-mechanical calculation is required. 

Within the framework of a calculation without 
allowance for the cavity, a rigorous relation holds between 
the radiation intensities at multiple frequencies (see Ref. 
36). These conditions, however, may be violated if the sam- 
ple is placed in a cavity tuned to one of the radiation frequen- 
cies. It is particularly interesting that the role of this cavity 
can be assumed by the intrinsic magnetostatic modes of the 
sample. Thus, by varying the sample geometry it is possible 
to change strongly the emission intensity at a given frequen- 
cy. 

DISCUSSION 

We have estimated in this paper in the intensities of an 
incoherent microwave field in which Bose condensation of 
continuously pumped-in magnons can take place. It should 
be noted that accumulation of a large number of magnons at 
the bottom of a spectral band can be observed in principle 
also by using pulse methods, for example, by parametric ex- 
citation of spin waves by a narrow-band high-power pulse. 
In this case, after the end of the action of a short pulse, the 
magnon-magnon collisions in the system can establish (un- 
der assumptions made in the Introduction) an effective tem- 
perature and a chemical potential, defined by the equations 

where E and N are defined in (3)  and N ,  is the number of 
magnons parametrically excited by a pump pulse of frequen- 
cy S1. If the energy relaxation is much faster that the mag- 
non-number relaxation, the cooling of the excited system is 
accompanied by an increase of the effective chemical poten- 
tial (to satisfy the condition N = const), which can reach 
the bottom of the spin-wave spectral band at 
N, > N ( p  =O,T= T,). 

The assumed possibility of Bose condensation of mag- 
nons with k = 0 under pulsed parametric excitation of mag- 
nons with k # O  by an external coherent field is attested to by 
experiments (on YIG single ~ r ~ s t a l s " ~ ' ~  and with nuclear 
spin waves in antiferromagnetic CsMnF, (Ref. 19). Micro- 
wave radiation was observed in these experiments of fre- 
quencies that are multiples of the frequency of the bottom of 
the spin-wave band. It should be noted that these phenome- 
na received in Ref. 17 a different theoretical treatment 
(called "kinetic" instability of spin waves), based on inter- 

action between magnons having k = 0 and a spectrally nar- 
row packet of parametrically excited magnons with k # O .  
This instability sets in when the rate of damping of spin 
waves not connected with the pump is decreased to zero. A 

- - 

detailed experimental investigation of these phenomena 
(Refs. 17-lb) is therefore of interest from the viewpoint of 
separating the validity regions of the two theoretical ap- 
proaches (strong disequilibrium-Ref. 17-and quasiequi- 
librium-proposed by us). 

To exclude the influence of parametric magnons, the 
excitation pulses must be made shorter than in Refs. 17-19 
( t  < y - ', where y is the excited-magnon relaxation param- 
eter), and correspondingly stronger. 

The authors thank A. K. Khitrin for helpful discussions 
and V. I. Ozhogin for reading manuscript and for valuable 
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