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The phonon thermal conductivity x,, of alloys Bi, _,Sb, (0<x<0.16) has been studied as a
function of the antimony concentration and the temperature (1.8<7<300K). The temperature
dependence has been observed for the phonon thermal conductivity for Bi, _, Sb, alloys of
various compositions, for the first time. For the “clean’ insulator the behavior is

Hon (T) cexp(6/bT) for T<@and x, (T) < T ~ for T'> 6. This behavior is characteristic of
pure bismuth (x = 0), which consists of only a single isotope. The behavior found for the “dirty”’
insulator is x,, (C,T) « C ~**T ~**for T< @ and x,,, (T) « C ~*>T ~'*for T> 6. This
behavior was found for the alloy Bi, _, Sb, (0.08 <x<0.16). Here 8~ 120K is the Debye
temperature for Bi, and Cis the concentration of local defects which arise because of the
difference between the relative atomic masses of Bi and Sb. According to a theoretical analysis,
the behavior of the phonon thermal conductivity observed experimentally as a function of the
temperature and the defect concentration is typical of a dirty insulator. It arises because of a
composite mechanism involving scattering of the phonons by both defects and phonons, but
Simons processes are predominant in the phonon-phonon interaction.

INTRODUCTION

Bismuth is an excellent model substance for a study of
the phonon thermal conductivity. In the first place, bismuth
consists of only a single isotope, so there is no isotopic scat-
tering for phonons. That scattering causes a serious limita-
tion on the thermal conductivity in solids at low tempera-
tures and makes it impossible to determine the behavior in
different regimes of the flow of the phonon gas.

Second, in the case of bismuth a method is available for
growing high-quality single crystals of large dimensions.

Third, in the compensated semimetal Bi, with a charge-
carrier density n =p~3-10'"" cm ~°, at low temperatures
(2 <T<20K), the heat is transferred primarily by phon-
ons."? The scattering of phonons by charge carriers for 7> 2
K is negligible.” The phonon thermal conductivity x,, in a
high-quality bulk bismuth crystal (8.8 X 8.6 mm?) reaches a
maximum (and record high) value of 86 W/(cm*K) at a
temperature 7,, ~3.5 K (Ref. 1). The primary reason for
the scattering of phonons by phonons is the anharmonicity
of the lattice vibrations of Bi, which leads to a characteristic
Peierls dependence for the phonon thermal conductivity,
which was observed in the experiments of Refs. 1 and 3:
%o (T) < exp(0/bT) for Ty, <T<6 and x,, (7)< T !
for T'> 6, where 6~ 120 K is the Debye temperature for Bi.
In bismuth, the temperature dependence of the mean
free path of the phonons involved in the ¥ and U processes at
low temperatures has been found from the experimental
data, including data on the thermal conductivity:
Iy (em) =7,5~ 5-10°exp(40/T) (Ref. 3), I, (cm)
= 755~AT ~*, where 4~0.4 and 3 (Refs. 4 and 5), and
5= 1.5-10° cm/s is the average sound velocity.

Fourth, bismuth can be used to form binary alloys, and
alloys of various compositions can be used to study the tem-
perature dependence of the phonon thermal conductivity.
The antimony atoms in the Bi-Sb alloys occupy sites of the
Bi crystal lattice. For phonons, they constitute scattering
centers similar to isotopic scattering centers (the atomic
masses of Bi and Sb differ by a factor of 1.7).
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The temperature dependence of the phonon thermal
conductivity of Si-Sb alloys has been the subject of several
studies,®® but the measurements of Hph in Refs. 7 and 8 were
restricted to the narrow temperature interval 7' <40 K. In
studies in which the thermal conductivity has been mea-
sured at temperatures above 20 K, the phonon and electron
components have not been distinguished. Only the total
thermal conductivity has been studied (this is true of Ref. 6,
for example). The results of a study of the total thermal
conductivity of Bi-Sb alloys at temperatures over the range
77-300 K were reported in Ref. 6, and it was concluded that
the electron component is a major component of the thermal
conductivity. The phonon thermal conductivity of
Bi, _,Sb, (0<x<0.2) alloys was studied in Ref. 7 over the
temperature interval 5-40 K. It was found that there is a
significant decrease in the thermal conductivity with in-
creasing antimony concentration. The analysis of the expéri-
mental data on the thermal conductivity of Bi-Sb alloys
which was carried out in Ref. 7 and the conclusion, based on
that analysis, that the dominant scattering of phonons by
internal boundaries is due to composition fluctuations in the
alloys do not agree with the results of other studies. For
example, a study® in which one of the present authors par-
ticipated yielded data showing a significant size effect of the
phonon thermal conductivity at low temperatures in the al-
loy Big g5 Sbo 15 -

The research which was been carried out on the tem-
perature dependence of the phonon thermal conductivity of
Bi, _,Sb, alloys for T'< 20 K isincomplete. At temperatures
above 20 K, there are no data in the literature on the phonon
thermal conductivity or on its dependence on the tempera-
ture or the composition of the alloy.

In the present paper we are reporting an analysis of our
measurements of the temperature dependence of the phonon
thermal conductivity of Bi,_,Sb, (0<x<0.16) alloys of
various compositions over the temperature range
1.8<T<300 K. Preliminary experimental results on the
thermal conductivity of Bi—Sb alloys were published in Ref.
9.
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EXPERIMENTAL RESULTS

1. The Bi, _, Sb, alloys consist of the elements Bi and
Sb, which belong to group V and which differ in atomic mass
(mg; =209, mg, =~122) and also ionic radius (rg ~0.62 A,
r¢, =~0.74 A). The differences in the atomic properties of Bi
and Sb lead to the formation of local defects at antimony-
atom sites in the crystal lattice of the Bi-Sb alloy. The pres-
ence of local defects in the Bi—Sb lattice gives rise to intense
scattering (similar to isotopic scattering) of phonons by
these defects, and it makes possible an experimental study of
the effect of the number of defects (the Sb concentration) in
the alloy on the magnitude and temperature dependence of
the phonon thermal conductivity.

The bismuth and antimony atoms in the Bi-Sb lattice
differ in force constants as well as atomic masses. As a result,
the lattice constant depends on the antimony concentration
in the alloy.!° There is also a change in the energy spectrum
of the charge carriers in the Bi, _, Sb, alloys as their compo-
sition is varied, from a semimetallic state (0<x<0.07) to a
semiconducting state (0.07 <x <0.22).'! Bismuth is a com-
pensated semimetal with a carrier density n =p~3-10"
cm 3, and in the Bi, _ ,Sb, alloys with 0<x <0.07 the car-
rier density decreases with increasing antimony concentra-
tion.!!

In pure bismuth!? and in Bi-Sb alloys® the heat is
transferred primarily by phonons over the temperature in-
terval 2 < T <20 K, while at T'> 20 K electrons come into
play along with the phonons. The electron component in-
creases with the temperature, and at 7>60~ 120 K the elec-
tron and phonon components are comparable in magnitude.
These conclusions follow from the results of the present
study. The presence of carriers in Bi does not result in signifi-
cant scattering of phonons by electrons for 7> 2 K (Ref. 3);
the same comment applies, even more strongly, to Bi, _, Sb,
(0<x <0.07) alloys, for which the carrier density is lower
than in Bi.

This analysis leads us to the conclusion that a fairly
intense scattering of phonons by defects comes into play
along with the phonon-phonon scattering in Bi-Sb alloys.
The phonon-phonon scattering is observed in bismuth at
temperatures below and above the Debye temperature.

2, To measure the thermal conductivity of the
Bi, _,Sb, alloys, we used samples which were rectangular
parallelepipeds. The long dimension of the samples coin-
cided with the bisector of the angle between the C, axis and
the direction of the heat flux, in other words, with VT. The
samples were cut by electron discharge machining from sin-
gle-crystal bars grown by horizontal zone refining. After the
cutting, the samples were etched in a 1:1 C, H;OH-HNO,
solution. The transverse dimensions of the samples were
chosen so that the size effect would not affect the phonon
thermal conductivity x_,, for T> T,,. The samples thus had
dimensions of approximately 4 X 4 X 40 mm®.

The magnitude of the thermal conductivity was deter-
mined by the method of steady-state heat flux through the
sample. The sample was soldered to the bottom of a vacuum
chamber immersed in a temperature-regulation liquid (ni-
trogen, hydrogen, or helium). Carbon resistance thermom-
eters were used over the range 1.4-60 K, and copper-con-
stantan thermocouples were used for 7> 40 K.

The phonon component of the thermal conductivity,
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FIG. 1. Temperature dependence of the phonon thermal conductivity,
%,, (T), of single-crystal samples of bismuth-based alloys (VT ||C;). I—
Pure bismuth;' 2-4—Bi, _ . Sb, alloys; 2—x = 0.001; 3—0.03; 4—0.13.

%y, (VT isdirected along the C, axis) was distinguished by
applying a classically strong magnetic field to suppress the
electron component of the thermal conductivity.

3. Figure 1 shows the typical temperature dependence
%, (T) for the alloys Bi; ,Sb, (0<x<0.16) of various
compositions. As we mentioned earlier, bulk samples were
used for measurements of the thermal conductivity of the
Bi-Sb alloys, so the transverse dimensions of the sample did
not affect the temperature dependence of the thermal con-
ductivity at T, < T < 6. With increasing Sb concentration in
the Bi-Sb alloys, the phonon thermal conductivity becomes
smaller than x,, of pure Biover the entire temperature range
studied, 1.8<7'<300 K. The effect is particularly noticeable
at Sb concentrations above 0.1 at. %.

The temperature dependence of the phonon thermal
conductivity of bismuth is exponential for T,, < T< 10 K,
while it is a power law in the Bi-Sb alloys. While for Bi at
T> 6 we have x,, (T) < T ~', for a Bi-Sb alloy we have
Hpn (T) « T —", where n<1. The deviation of the tempera-
ture dependence of the phonon thermal conductivity of the
Bi,_,Sb, alloys from the x,, (T) « T ~' law sets in at a
threshold Sb concentration x>0.003, while there is no such
threshold antimony concentration near the temperature of
the maximum in the phonon thermal conductivity of Bi-Sb
alloys. The thermal conductivity decreases at an arbitrarily
.ow Sb concentration. Near the maximum of the thermal
conductivity of the alloys, the defects have a far greater ef-
fect on the thermal conductivity than at higher tempera-
tures. For example, the magnitude of the phonon thermal
conductivity of the alloy Bi,g;Sb, 3 is lower than x,, of
pure Bi at 7=300 K by a factor of more than 2. At
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T = 6=120 K, it is smaller by a factor ~4; near the maxi-
mum of the thermal conductivity at T~4 K it is smaller by
more than two orders of magnitude.

The temperature ( T,,) at which the thermal conductiv-
ity reaches its maximum for the alloys studied does not shift
as the Sb concentration is raised to 16 at. %. It lies near
T = 4 K and is fairly close to the value T), =~3.5 K for pure
Bi (curves /-4 in Fig. 1). The peak on the x, (T) curve,
however, becomes more rounded as the Sb concentration is
raised. This can be seen from the change in the temperature
dependence of the thermal conductivity at 7= 2 K of the
alloys Bi,_,Sb, as their composition is varied:
%y (T) < T**  for  BiggeeeSbogors #pn (1)« T*°  for
Big 5, Sbo.15, and x,;, (T) < T for pure Bi.

The power-law dependence x, (T) at temperatures be-
low and above the Debye temperature is different for alloys
of different compositions. For example, we find
Yo () o< T 722 for Big g99 Sbgoe; for Ty, < T< 10 K, while
for T>6 we find x, (T) < T ~' (curve 2 in Fig. 1). For the
alloys Bi; _ . Sb, (0.03<x <0.08) for T, < T <20 K we have
%o, (T) & T =2, while for T8 we have x,, (T) < T '
(curve 3in Fig. 1). For alloys Bi, _,Sb, (0.08 <x<0.16) we
have x, (N «T %> for T,<T<20 K and
%o, (T) &« T =1 for T>6 (curve 4 in Fig. 1).

Figure 2 shows x;, of the Bi, _,Sb, (0<x<0.16) alloys
at T= 10 K versus the concentration of local defects, C,
defined as the mean square relative fluctuation of the mass of
the Bi and Sb atoms at lattice sites:

C=Am?/ (i)*=(mai—msy) 2z (1—z) | [ment-+ms, (1+7) 12,

where x is the relative antimony concentration. The curve of
the phonon thermal conductivity of the Bi, _, Sb, alloys as a
function of the defect concentration shown in Fig. 2 corre-
sponds to the hyperbolic law s, (C) ~C ~ 2 at low defect
concentrations, 2-10 7 <C<0.017. This interval corre-
sponds to antimony concentrations 0.01 < x <0.1. At high
defect concentrations, 0.017 < C <0.027 (0.1 <x<0.16),
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FIG. 2. Phonon thermal conductivity x,, (C,x) of Bi, _,Sb, (0<x<0.16)
alloys at T'= 10 K as a function of the relative antimony concentration x
and as a function of the local defect concentration C.
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FIG. 3. Temperature dependence of the phonon thermal conductivity
%4, (VT||C, ) of a BiggsSbg,, alloy for samples with various transverse
dimensions. I—d, =~3.18 mm, d, ~3.3 mm,d = (d,d,)"*~3.2 mm; 2—
d, =2.3 mm, d, ~2.0 mm, d~2.2 mm; 3—d, ~1.33 mm, d, ~1.15 mm,
d~1.24 mm; 4—d, ~0.99 mm, d, ~0.88 mm, d~0.8 mm.

the curve is described better by a »x,, (C) « C ~** law.
Figure 3 shows the phonon thermal conductivity for the
alloy Big 33 Sbg,, as a function of the temperature and the
transverse dimensions of the test samples. The thermal con-
ductivity at the maximum behaves in the following way as a
function of the effective transverse dimension d = (d,d, )"
of the Biy g5 Sby 1, samples: x,, (T, ) «cd /*, whered, and d,
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FIG. 4. Temperature dependence of the increment Ax; = x, — x; in the
thermal conductivity for the alloy BiggsSbg 5. I—Ax, = 2%y — %4; 2—
Az, = xy — %y. Here %, = x,, x;, and x, are the thermal conductivities
of the alloy Bi, g5 Sby ;, according to measurements on samples 1, 3, and 4,
as shown in Fig. 3 (the number of the sample is the same as the number of
the curve in Fig. 3).
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are the transverse dimensions of the sample. This behavior
differs from that for pure bismuth, for which s, (T,,) «d.

In the alloys, as in pure Bi (Ref. 3), we see a size effect
in the thermal conductivity for T> T,,. This effect in-
fluences the temperature dependence of the thermal conduc-
tivity. In bulk samples of the alloy Bi,g3Sb,;, we have
%o (T) < T ~", where n=4/3, while for samples with finite
transverse dimensions we have n <4/3. For a sample with
d =0.88 mm, for example, we find x, (T) < T ~'/* (Fig.
3). Because of the scattering of phonons by the surface of the
sample, the thermal conductivity for T> T, is lower than
that of a bulk sample, x,, by an amount Ax = »x, — x. In this
case the sample with the largest transverse dimensions,
d~3.3 mm, is a bulk sample, and the temperature depend-
ence for it is 5, (T) o< T ~*7.

Figure 4 shows the temperature dependence of the in-
crement Ax; in the thermal conductivity because of the size
effect for Bi, g4 Sb, ;, samples 3 and 4. These are the samples
which have the smallest effective transverse dimensions,
d =0.88 mm, and d = 1.24 mm (see Fig. 3 regarding the
designations of the samples). The temperature dependence
of the increment in the thermal conductivity is approximate-
ly Ao T —4,

To explain the observed behavior of the phonon ther-
mal conductivity of the Bi-Sb alloys as a function of the
temperature, the Sb concentration, and the transverse di-
mensions of the sample, we have carried out a theoretical
analysis of the behavior of the thermal conductivity as a
function of these parameters in dirty insulators. We turn
now to that analysis.

THEORETICAL ANALYSIS OF THE THERMAL
CONDUCTIVITY OF DIRTY INSULATORS

1. In the case of the isotropic Debye model we have the
following expression for the thermal conductivity:

8/h

Z j dop(w)s*hot; dN,/0T,
i 0 (1)

p(o)=w?/(3)% No=[exp(ho/T)—1]"",

2
3(2=)®

K ==

where 7 is the index of the phonon branch, @ is the Debye
temperature, s, is the sound velocity, p(w) is the density of
phonon states, 5 is the average sound velocity, 7 is the relaxa-
tion time, NV, is the Planck distribution function, and T'is the
temperature in energy units. The relaxation time of the
phonon distribution function is determined by scattering of
phonorts by impurities and by phonon-phonon scattering:

Ti=1,7'+1 ~t g, =Ae'hY0d, (2)

ph

where the constant 4 is proportional to the concentration of
impurity atoms, C.

In a dirty insulator, the scattering of thermal-energy
phonons by impurity atoms (impurity scattering) is far
stronger than the phonon-phonon scattering:

(1) ron(T) <1 for T<0; 7,(0)/Ton(0)<1 for T>0. (3)
Despite the strong dependence of the impurity scattering on
the frequency, however, we cannot restrict expressions (1)

and (2) to simply the impurity scattering. The integral
would diverse at low frequencies. We must also retain the
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phonon-phonon relaxation, which has a weaker frequency
dependence and thus makes it possible to eliminate the di-
vergence of the integral at its lower limit. It follows that the
integral (1) is dominated by those subthermal phonons for
which the phonon-phonon scattering intensity is compara-
ble to the intensity of the impurity scattering.

2. We first consider the contribution of transverse
phonon branches to (1). For low-frequency phonons, the
most important processes are the attachment of a subther-
mal transverse phonon (¢) to a thermal longitudinal phonon
(1), accompanied by the formation of a longitudinal thermal
phonon (/), and the inverse decay process, i.e., Landau—
Rumer processes:'?

' =bi0T*/p(5)*s’R* for T<6, @
Ton' =b:0T0%/p (5)*s,°%° for 120,

where the b, are constants, and p is the density of the materi-
al. Other processes which are allowed by energy and mo-
mentum conservation for phonons—the connection of a
transverse thermal phonon to a transverse subthermal
phonon, accompanied by the formation of a longitudinal
thermal phonon; the conrection of a subthermal transverse
phonon to a thermal longitudinal phonon, accompanied by
the formation of a transverse thermal phonon; and the in-
verse decay processes—can occur if all the phonons involved
in the process have energies on the same order of magnitude.
As a result, the corresponding reciprocal relaxation time is
proportional to the fourth degree of the frequency. In other
words, it contains a small factor (#iw/T)* or (%w/8)* in
comparison with the Landau-Rumer expression, (4). Such
relaxation processes can accordingly be ignored.

Landau-Rumer processes make it possible to find an
estimate of the average phonon relaxation time. We find 7,
by setting the phonon energy equal to T and 6, respectively,
in (4). Phonon-phonon scattering processes are always pro-
portional to the small parameter of the anharmonic interac-
tion, 84/p(5)°#’ < 1. Using (2) and (4), we verify that the
integrand in (1) has a maximum at the frequency at which
the impurity scattering becomes comparable to the phonon-
phonon scattering:

on=T[7,(T)/r;u{T) 1" or @w=8[71(8)/r,(6)]".

These frequencies dominate the integral (1), determining
the temperature dependence and concentration dependence
of the thermal conductivity:'?

, 3‘/zst23192p’/:

= T<0, (5a)
K b AT (5) ¢

c(C—zlaT'—‘/: for

g 2 s
, 3"ss,0p

- 70. (5b)
K b, AT R (5)

o C—«’/JT—’/.« for

It is a more complex matter to determine how the longi-
tudinal phonon branch contributes to the thermal conduc-
tivity. Analysis of all the processes listed above in which a
low-frequency longitudinal phornon is involved shows that
these processes are possible only for phonons whose energies
are comparable in order of magnitude. As a result, the reci-
procal phonon relaxation time is proportional to the fourth
power of the frequency. The frequency dependence of the
phonon-phonon scattering is thus just as strong as that of the
impurity scattering in the model of an isotropic medium, and
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it cannot prevent the divergence of integral (1). We are ob-
liged to go beyond the scope of the simple model of an iso-
tropic medium and to examine more-complex phonon-scat-
tering processes, which are closer to the situation in real
crystals: Herring processes and Simons processes.

3. Herring processes incorporate the difference between
the symmetry of real crystals and isotropic symmetry, so
degeneracy of two transverse branches is possible. Near the
lines of this degeneracy, the energy and momentum conser-
vation laws allow a low-frequency longitudinal phonon to
attach to a thermal phonon of one of the degenerate trans-
verse branches, in a process accompanied by the formation
of a thermal phonon of the other degenerate transverse
branch. Since the phase volume for such nearly degenerate
frequencies is small, there are corresponding low-frequency
factors for a longitudinal phonon in the expression for the
reciprocal relaxation time:!?

Ton x=byx0™T*""/p(5)%s°A*™  for T<8,  (6a)

Tp;,‘x=bz,x(0mT9"m/P (5)%s A" for T>e, (6b)

The exponent m differs for crystals of different symmetry,
taking on values from 2 to 4. For bismuth it is 3. This value
tells us that Herring processes nevertheless have a frequency
dependence weaker than that of impurity scattering.

4. We turn now to the connection of a longitudinal low-
frequency phonon to a thermal longitudinal phonon, in a
process accompanied by the formation of a thermal longitu-
dinal phonon. For an isotropic medium, the negative disper-
sion of the phonon frequency rules out satisfaction of energy
and momentum conservation in a process of this sort. Si-
mons incorporated the finite lifetime of a thermal phonon
due to processes by which it is scattered. This effect “blurs”
the selection rules imposed by the conservation laws. Since
the dispersion of the phonon frequency prevents such blur-
ring, the relative weights of these factors determine the form
of the Simons relaxation time:'?

Tale=bucoT"/p(5)*s, h* for T<®,
7 '(T)<o<r; 1 (T) B~ (8/T)% (7a)

Tonc=by, cAT/p(5)%,°08*  for T<8,
o> 7' (T)B~*(8/T)* (7b)
Tone=ba c0TO/p(3)s°H°  for T>0,

7 H(0) Ko< r,1(0)B7, (7¢)
7'p—h,lc=bzz, cATe‘/p (3)%s°*%* for T>0,

0>771(8)p" (7d)
Theconstant 8 determines the dispersion of the longitudinal
frequency and has a value ~ 1/3. We see that (7a) and (7c)
correspond to conditions in which the lifetime of a longitudi-
nal thermal phonon is such that the selection rule due to the
frequency dispersion is no longer in force. In this case the
intensity of the Simons process is on the order of that of
Landau-Rumer processes. Consequently, the intensity of Si-
mons processes is determined exclusively by the phonon-
phonon interaction. It is natural to compare these intensities
with the intensity of the Herring processes (6a) and (6b),
which are also determined by the phonon-phonon interac-
tion alone. It turns out that these Simons processes are al-
ways stronger than the Herring processes, since the intensity
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of the latter contains a relatively small factor (#iw/T)™ ~'or
(#iw/6)™~'. Equations (7b) and (7d) and Egs. (7a) and
(7c) correspond to the opposite relation between the life-
time and the frequency dispersion of a longitudinal thermal
phonon. In this case the intensity of Simons processes is de-
termined by higher-order perturbation theory in the
phonon-phonon and phonon-impurity interactions.

Substituting (6) and (7) into (1), we find the following
behavior: at low temperatures, 7<06,

3lllsl362p’/s
1 = ~*h =43
xph,C 27nbx:" cAz/.Tu/,rl (5)1/’ < C ]
1<0*/A4": T [p (5)] *hs, <P~ (0/T)?; (8a)
2'/18“/‘95/, "
Ko o= ! o o« C-1T-"
S b AT ’
08'/A T [p(5)*]*hs>B~"(8/T)?, (8b)

h°/‘A [ o (5) z] "'s,'/‘/ﬁs/’T'/‘>> 1;

/3
\ _ pslzsts T2/36 10, » .
xPh,x 6ﬂ2b1,x§T2 np(§)25,3ﬁ3A 4/3 & T ln (DT C ),
H4 [p(§)2]'Icsl'/./es/z]"/z<i’ (80)

at high temperatures, 7> 6,

1 3%s,°0p"

X c= C—'/lT—-‘/s’
ph,C 27ﬂbl:1 CA%T'/,ﬁ (5)" «

1<T"0/A" % [p (5)] sk B~ (9a)
21/,3:'/Aes/‘px/‘
o= c-7T-%,
"ph,c 24nbz.chT'/.h5/.(§)’/; «
T"0/Ah[p (5)2] s >p~"s, (9b)

A (O/T).I'[p(5)21'/'31./"1'/‘9—’»1;

. psis] In Te?
T ol x ()70 AT ()8 A
A(B/T)"[p(5)*]" s n™ 0~ < 1. (9¢)

« T-t1n (BTC-*"),

Inequalities (8b) and (9b) can be compatible, because of the
small anharmonic-interaction parameter, which we men-
tioned earlier. As expected, the behavior in (8a) and (9a) is
the same as in (5), but the conditions for applicability are
severe.

The temperature dependence and concentration de-
pendence of the thermal conductivity of insulators at low
temperatures were classified in Ref. 14. Unfortunately, one
of the results in (8a) was not cited, although that result turns
out to be the most important one in a comparison of theory
and experiment.

We would also like to present the dependence which
probably arises at temperatures on the order of the Debye
temperature. This behavior was seen by one of the present
authors in a previous study,'® where it was shown that this
dependence is determined by a rather involved hierarchy of
phonon-phonon and phonon-impurity scattering mecha-
nisms, involving both thermal and subthermal phonons. The
final expression is

ezlap‘/, (5)"s

AVvT‘/nfl% o« C—Z/BT_A/:

Hon=bs 0'/p(5)°A'n’<1.  (10)
The fractional dependence on the temperature and on the
concentration arises here because the thermal conductivity

is dominated by the group of subthermal phonons which
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have the longest mean free path under the given conditions.
This group of phonons contributes little to the specific heat
of the crystal, so one cannot accept the idea of singling out
thermal phonons as a separate factor in the thermal conduc-
tivity," under the assumption that the factor which remains
is an effective mean free path. As we will see below, what
serves as the effective mean free path is the longest one. If we
use it instead, we could determine the specific heat of the
effective group of phonons. All these circumstances compli-
cate efforts to compare the thermal conductivity of a dirty
insulator with a description of the thermal conductivity in a
clean one, in which thermal phonons dominate the situation
in nearly all cases.

5. If the smallest dimension of the sample is comparable
to the mean free path for the frequency ,, which dominates
the integral (1), the thermal conductivity begins to depend
on the size of the sample. A very simple estimate is found by
adding a term s;/d to expression (2), i.e., by incorporating
boundary scattering by introducing an additional relaxation
time. If this time becomes shorter than Tpn (@,, ), the thermal
conductivity is determined exclusively by impurity scatter-
ing and boundary scattering, and it is totally independent of
the temperature:'?

9 g

e I an

i

This is the behavior of the thermal conductivity as a function
of the dimensions at the maximum of the temperature de-
pendence in a dirty insulator.

However, even when the dimensions of the sample are
greater than the mean free path we incorporate boundary
scattering by introducing an additional relaxation time. The
idea is to find the size correction to the thermal conductivity
given by (5), (8a), and (8b):

8/h

s 4n dw
pum— 3, EAR B0 o)yeaN/aT, (12)
-3 Y (2a)
2.3'%;8 (5)"°p"/s0h 12073
AKZ - 8,1ﬂdT20/3A‘/ab“'/s < = d lc T ’ (lza)
11, C
202714 5/ 31107
A — 2 SU TR O g (12p)

96rdT15/242 () b2 .

Incorporating scattering at the boundary by introduc-
ing an additional relaxation time is not totally rigorous. A
correct analysis of the dependence on the dimensions of the
sample should be based on the solution of the kinetic equa-
tion for the phonon gas incorporating the boundedness of
the crystal. In an effort to test (11) and (12), we have car-
ried out a solution of this sort. We will not reproduce it here
because it is lengthy and opaque, but we will present the
results. In solving the equation, one should impose a bound-
ary condition on the reflection of phonons at the boundary of
the sample. If the reflection is specular, there will be no dissi-
pation of momentum, and there will be no relaxation of the
phonon distribution function. A rigorous analysis under this
boundary condition in fact shows that the entire dependence
on the dimensions of the sample drops out of the solution. In
other words, if a behavior like thatin (11) and (12) is to be
obtained it is necessary to introduce some degree of diffuse

669 Sov. Phys. JETP 73 (4), October 1991

reflection in the law describing the reflection of phonons at
the boundary.

We carried out the analysis for regions of two types: a
very long cylinder along which a temperature gradient is
applied and the region between two infinite plates, with the
temperature gradient parallel to the plane of the plates. In
general, the description depends strongly on the geometry of
the sample. The rigorous analysis completely confirms the
behavior in (11) near the temperature maximum. This be-
havior arises regardless of the geometry of the sample.

For the behavior (12), the situation is different. It turns
out that the expression for Ax contains terms of the form
(12), which appear with both positive and negative coeffi-
cients. Since the general expression is rather complicated, we
have been unable to prove that these terms cancel out com-
pletely, but it is possible that they cancel out to a substantial
extent. It is difficult to determine the temperature depend-
ence of the correction Ax, but one might expect it to be deter-
mined by the contribution from the range of energies on the
order of thermal energies to the integral in (12). In deriving
(12a) and (12b), we ignored those energies, assuming that
the corresponding contribution was parametrically small in
comparison with the contribution from the low-energy re-
gion. However, since the result which was obtained by solv-
ing the kinetic equation indicates a sharp decrease in the
low-energy contribution to the integral, we believe that the
thermal-energy contribution is the leading contribution. If
so, the expression for the correction to the thermal conduc-
tivity becomes

b,s,"0°

————— o —d~ 12T, 13
d(E)SAzﬁT"'OC ( )

Ax =

DISCUSSION OF EXPERIMENTAL RESULTS

Let us compare the experimental data on the behavior
of the phonon thermal conductivity as a function of the tem-
perature (for T< 6 and for T> ) and as a function of the
concentration of the isovalent antimony impurity (up to 60
at. %) in the bismuth (Figs. 1 and 2), on the one hand, with
the theoretical results presented above. That theory incorpo-
rates the effect of defects on the thermal conductivity of an
insulator. Experimentally, the bismuth thermal conductiv-
ity is observed to behave in a variety of ways, from the well-
known temperature dependence for a clean insulator to the
asymptotic expressions for a dirty insulator found from the
theory presented above. Those asymptotic expressions can
be interpreted reliably.

The temperature dependence and the concentration de-
pendence observed here (for the first time) for the thermal
conductivity of Bi,_,Sb, (0.08 <x<0.16) alloys, i.e.,
#pn (T,C) < C ~2°T —43 at low temperatures (T, <
T < 0), can be described well by the theoretical expressions
(5a) and (8a). At high temperatures (7> 6), the behavior
% (T,C) &« C ~*T ' again agrees with the theoretical
expressions, in this case (5b) and (9b). Those expressions
were derived for the case of a composite mechanism for
phonon scattering, involving scattering by both impurities
and phonons. Simons scattering processes are predominant
for the case of scattering by phonons. For the alloy Bi, _, Sb,
(0.03 <x <0.08), with a lower antimony concentration, the
observed temperature and concentration dependence, i.e.,

V. D. Kagan and N. A. Red’ko 669



%y (CGT) o« C 2T =2 at low temperatures and
%o (C,T) « C ~ 2T ~ /2 at high temperatures, is a transi-
tional dependence between the exponential dependence
%pn (T) in pure Bi and the power-law dependence x;, (C,T)
in Bi, _,Sb, (0.08 <x<0.16) alloys. This transitional be-
havior of x,,, (C,T) for the alloy Bi, _,Sb, (0.03 <x <0.08)
cannot be described satisfactorily by the theoretical expres-
sions (8b) and (9b). Although the temperature dependence
of the thermal conductivity for the alloys at 7" < 0 is the same
as that described by (8b), the dependence on the defect con-
centration is different.

We mentioned earlier that the theory agrees well with
the experimental data on the temperature and concentration
dependence of the thermal conductivity for alloys Bi, _, Sb,
(0.08 <x<0.16). We should also note that for alloys of this
composition there is a good agreement between experiment
and theory in the analysis of the behavior of the maximum of
the phonon thermal conductivity as a function of the defect
concentration and the transverse dimensions of the sample
[see (11)], %, (Cd) cd V/4C —34,

In the alloys, as in pure bismuth, there is a maximum on
the temperature dependence of the phonon thermal conduc-
tivity (Fig. 1). In bismuth, the mean free path of the thermal
phonons for T < T, is limited by the transverse dimensions
of the sample, so we have x, (T) < C(T) « T 3, In the alloy,
we should again obtain this limiting case, in which the heat is
transferred primarily by thermal phonons, as the tempera-
ture is lowered. For the thermal phonons, scattering by the
surface of the sample becomes dominant, and the scattering
by the impurity becomes fairly weak. In the alloys, however,
this change should occur only at very low temperatures
(T=0.1 K). For this reason, the decrease in the phonon
thermal conductivity in the alloys for T'< T}, is naturally
linked with an approach to this limiting behavior. The tran-
sition to this behavior occurs more slowly, the higher the
antimony concentration in the alloy.

Going back to the size effect, we note that theoretical
expression (13) describes a small correction far from the
temperature of the maximum (7'> T},,). At the maximum,
T=T),,, the thermal conductivity depends very strongly on
the dimension d according to (11). Experimentally, on the
other hand, the correction to the thermal conductivity was
measured at intermediate temperatures, T/T,, ~2-3 (Fig.
3). Although Ax is only a small part of the total thermal
conductivity in this region, we cannot guarantee that the
asymptotic expression (13) will be applicable. However, the
experimental value of Ax (Fig. 4) is comparable to (13) in
terms of the qualitative behavior as a function of the size and
temperature and also in terms of sign.

CONCLUSION

This study of the phonon thermal conductivity of bis-
muth-based alloys (Bi-Sb) as a function of the temperature
and the defect (Sb) concentration turned out to be success-
ful only because the original matrix of the alloy—the bis-
muth—consists of only a single isotope. There is no isotopic
scattering of phonons in pure Bi, but we do see it in the Bi-Sb
alloys. It strengthens with increasing Sb concentration.

A dependence of the phonon thermal conductivity on
the temperature and the Sb concentration has been observed
experimentally for the first time in Bi,_,Sb,
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(0.08 <x<0.16) alloys: x,, (C,T) < C ~*°T =** for
Ty <T<6 and x,, (C,T) < C ~*°T = for T>6. This
behavior of the thermal conductivity can explained theoreti-
cally on the basis of a mixed mechanism for phonon scatter-
ing in a dirty insulator—scattering by both defects and
phonons, but with Simons processes dominating the
phonon—phonon interaction.

On the basis of this theoretical analysis of the thermal
conductivity in dirty insulators and of the experimental data
on the phonon thermal conductivity of Bi,_,Sb,
(0 <x<0.16) alloys we can conclude that Simons processes
are predominant in the phonon-phonon interaction at high
Sb concentrations (x> 0.08). Only at lower Sb concentra-
tions (x <0.03) could Herring processes, with a thermal-
conductivity behavior as in (8c) and (9c), become domi-
nant in the phonon-phonon interaction. Further research
will be required to explain this fact.

An important result of this study of the phonon thermal
conductivity of Bi, _, Sb, alloys for T3>0 is the observation
of a threshold Sb concentration (x> 0.003), at which the
thermal conductivity starts to become lower than the
%o (T) << T ~ ! for pure bismuth. As a result, there is a tem-
perature dependence x, (T) « T =" (n < 1). Near the tem-
perature of the maximum in the phonon thermal conductiv-
ity of the Bi-Sb alloys, on the other hand, there is no
threshold Sb concentration, and the magnitude of the ther-
mal conductivity decreases at an arbitrarily low concentra-
tion of defects.

According to the experimental data on the phonon ther-
mal conductivity of the Bi, _,Sb, (0<x<0.16) alloys, the
thermal conductivity reaches a maximum near 7' = 4 K, but
this maximum becomes rounded as the Sb concentration in-
creases (Fig. 1). A further theoretical analysis will be re-
quired to explain this behavior of the maximum of the
phonon thermal conductivity of the alloys.

A point we would particularly like to stress is that the
size effect has been taken into account in this study of the
temperature dependence of the phonon thermal conductiv-
ity in Bi-Sb alloys. This effect may be manifested at low
temperatures 7'> T,,. The dependence of the phonon ther-
mal conductivity at the maximum on the transverse dimen-
sions of the sample and on the defect concentration which
has been found, x,,, (C,d) « C ~**d /%, in contrast with the
%on (d) «cd for pure bismuth, can serve as confirmation that
phonons are scattered by defects in alloys with a sufficiently
high antimony content.

We wish to thank N. A. Rodionov and V. I. Pol’shin for
furnishing the Bi-Sb single crystals which were grown.
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