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The intensity of the small-angle neutron scattering by xerogel samples annealed at various 
temperatures has been measured over the scattering-vector interval q = 0.008-C.5 A I. The peak 
on the scattering curves is interpreted on the basis of the Porod model for a porous structure. The 
correlation lengths of the pore structure are determined. The asymptotic behavior as q - co of the 
scattering curves is q - " with n - 3.65-4. This is the behavior typical of the fractal surface of a solid 
phase for n < 4. The correlation lengths and specific surface areas found for the porous structure 
from the small-angle scattering are compared with the values found for these properties by other 
methods. 

INTRODUCTION 

Small-angle neutron scattering is used widely to study 
highly dispersed porous materials and other structures 
which grow in random proce~ses. '~~ In particular, small-an- 
gle neutron scattering can be used to study the fractal char- 
acteristics of objects. For fractals, the scattering intensity is 
typically a power-law function of the momentum transfer 
q = 4rsin8 /A, where A is the neutron wavelength, and 28 is 
the scattering angle: 

where n is the Porod exponent. The q interval in which ( 1) 
holds is the "Porod region" of the scattering curve. 

For three-dimensional and bulk fractals, n is the same 
as the fractal dimensionality D, where 1 ~ 0 ~ 3 .  For scatter- 
ing by three-dimensional entities with fractal surfaces we 
would have n = 6 - D,, where D, is the fractal dimensiona- 
lity of the surface (2<D<3). In addition, for fractal porous 
materials we would haven = 7 - y, where y is the exponent 
in the distribution of pores with respect to the size r: 

Most of the studies on small-angle neutron scattering by por- 
ous objects have not, however, determined quantitative 
characteristics of the porous structure. Outside the Porod 
region, at small values of q, certain materials have a peak on 
their scattering curve which is believed to be unrelated to the 
porous structure of the  ample.^ 

Our purpose in the present study was to obtain quanti- 
tative information about the porous structure of xerogels of 
solid solutions from experiments on small-angle neutron 
scattering. These materials, with their large surface area, are 
used as sorbents in catalysis, chemistry, and nuclear power. 
They also hold promise in electronics and other technologi- 
cal fields. We interpret the data on small-angle neutron scat- 
tering by these objects with the help of the model described 
in Ref. 4, of a randomly distributed substance of homogen- 
eous density, as proposed by Porod.' That approach makes 

small-angle neutron scattering on the length scales and area 
scales of the internal surfaces with the corresponding values 
found from large-angle diffraction and from experiments on 
low-temperature adsorption of nitrogen vapor. 

1. TEST SAMPLES AND EXPERIMENTAL PROCEDURE 

A solid solution of the oxides, with the composition 40 
mole % TiOz, 55 mole % SnO,, and 5 mole % ZrO,, was 
prepared by the sol-gel method6 in the form of spherical 
grains 1-3 mm in diameter, with a saturation density 
p,,, - 1.6 g/cm3. The test samples were annealed in vacuum 
for 1 h at 150-900 "C. A total of eleven samples, differing in 
annealing temperature, were studied (Table I ) .  For all sam- 
ples, x-ray diffraction patterns at large angles were recorded 
in order to determine the atomic structure and the size of the 
coherent-scattering regions. The characteristics of the por- 
ous structure were determined from data on nitrogen ab- 
sorption and on small-angle neutron scattering. The small- 
angle neutron scattering was measured on two pieces of 
apparatus, installed in horizontal experiment channels at the 
IVV-2 reactor. The measurements in the interval q = 0.008- 
0.13 A ' were carried out on a small-angle neutron scatter- 
ing device with an average neutron wavelength 2 = 4.5 A 
with Ail /A - 30%. The measurements in the interval 0.09- 
0.5 A - ' were carried out on an apparatus with a monochro- 
matic neutron beam with A = 2.42 A. The scattered-neutron 
intensities were converted into scattering cross sections with 
the help of a standard vanadium sample. All the measure- 
ments were taken at room temperature. 

2. EXPERIMENTAL RESULTS AND DISCUSSION 

According to the results of the neutron diffraction and 
the large-angle x-ray diffraction, all the samples of the ori- 
ginal composition were solid solutions with a tetragonal unit 
cell (of the rutile type), with lattice constants a = 4.70 A 
and c = 3.12 A and with six atoms. The x-ray density found 
for the solid phase from these data is 5.83 g/cm3; the volume 
fraction of the solid phase in the porous sample is found to be 

- - 

it possible to analyze the entire scattering curve, rather than c-0.5. 

simply the Porod region. We also compare the data from Figure 1 shows the angular distribution of the neutron 
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TABLE I. Characteristics of the porous structure of a xerogel of a (Sn, Ti, Zr) 0, solid solution. 
I I I I I 

Annealing 
sample N I , A 1 , A 1 I ,  A 1 o r  1 s, mz/g 

m2/g exponent 

scattering cross section for several saomples. These curves 
have peaks at q between 0.02 and 0.05 A - '. There is no peak 
on the curve for the sample annealing at 900 "C; this peak 
presumably does exist, but at angles inaccessible in our ex- 
periments. The error in the determination of the scattering 
cross section is not indicated in this figure. This error might 
amount to several tenths and would come into play in the 
conversion of the measured intensities into cross section, be- 
cause of the uncertainty regarding some of the nuclear-phy- 
sics properties of the sample material. 

It can be seen from Fig. 1 that with increasing annealing 
temperature the peak on the scattering curve shifts toward 
smaller angles, and the scattering cross section increases 
dramatically. It is natural to link these effects with enlarge- 
ment of the solid-phase particles as they are sintered during 
the annealing. The same conclusion is implied by analysis of 
the experiments on the adsorption of nitrogen vapor and by 
the results found on the dimensions of the coherent-scatter- 
ing regions from the width of the Bragg reflections. These 
dimensions were estimated under the assumption that the 
original grains had a globular structure consisting of micros- 

FIG. 1 .  Differential cross section for small-angle neutron scattering by a 
unit volume of (Sn, Ti, Zr)02  xerogel samples annealed at various tem- 
peratures. 1-250 "C, 2-350 "C, 3 4 0 0  "C; 4-500 "C; 5-600 "C: 6- 
700 "C; 7-800 "C; 8-900 "C. 

copic spherical particles of diameter d,,, , a certain packing 
of which forms a porous structure. 

In the experiments on the absorption of nitrogen vapor, 
we determined the specific inner surface area SN2; the aver- 
age surface diameter of the particles (globules) was found 
from the expression 

wherep,,, is the actual density of the solid phase. 
Table I shows the specific surface area SN2,  the corre- 

sponding surface diameter d ,  and the size of the coherent- 
scattering regions, d,,, . The errors in the determination of 
these properties include the errors of the experimental pro- 
cedures and also the imperfections of the model of the por- 
ous structure. They are apparently of the same magnitude as 
the error in the determination of the neutron scattering cross 
section. We see from this table that the characteristic struc- 
tural dimensions determined for the samples by the different 
methods are approximately the same and can be used in ana- 
lyzing the data on small-angle neutron scattering. 

The asymptotic behavior as q -  w of all the scattering 
curves in Fig. 1 is a power law d W d a  - q - " with n between 
3.65 and 4.0. 

We will first discuss the small-angle neutron scattering 
curves near the peak and then move on to the behavior of the 
scattering cross section in the limit q -  W .  

2. I .  Model of the porous structure and its application in 
analyzing the small-q scattering cross section. In general, the 
model of a set of microscopic particles or a globular model of 
the porous structure can be used in interpreting scattering 
curves of a xerogel if one assumes that the microscopic parti- 
cles interact as the molecules of a liquid or solid do. Results 
on the scattering by concentrated oxide sols were explained 
in this manner in Refs. 7 and 8. However, we use a different 
model here, which we feel is more appropriate for a xerogel. 
This is a model of a randomly distributed substance of homo- 
geneous d e n ~ i t y . ~  This model is frequently used in analyzing 
the asymptotic behavior as q- w of the cross section for 
scattering by porous objects. 

According to this model, the differential cross section 
for the scattering of neutrons by a unit volume of a porous 
solid is 

m 

dZ sin qr -- dSZ - 4xpac (4-e) J o ( r )  --rz q r dr, 
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where c is the volume fraction of the solid phase, p = &n/u3 is 
the amplitude density of the neutron scattering, 5 is the aver- 
age neutron scattering amplitude, u is the volume of the unit 
cell, n is the number of atoms in the unit cell, and y( r )  is a 
correlation function, given by 

Z ( r )  -c 
y (r)= - . 

I - c  

Here Z ( r )  is the probability (averaged over all points of the 
sample and over all directions) that, if some point lies in the 
region occupied by the solid phase, then a second point, at a 
distance r from the first, also lies in the region occupied by 
the substance. 

The limiting values of y ( r )  are known: y(r)  - 1 as r + O  
and y( r )  - 0 as r - w . It follows from the definition (4) that 
as r increases from 0 to co the function y( r )  can oscillate 
around a value of zero, changing sign when the point of the 
vector r goes out of the substance into a pore or vice versa. 
The amplitude and period of these oscillations should fall off 
monotonically with increasing r. In general, on the other 
hand, y(r)  is a characteristic of a porous structure, which 
determines the short-range order in the distribution of the 
substance and the voids and also the characteristic dimen- 
sions of both. 

The scattering at small angles determines the behavior 
of y ( r )  at large distances. Taking the oscillatory nature of 
y(r)  into account, we adopt it in the form shown in the inset 
in Fig. 2. Substituting y( r )  into (3),  and using an approxi- 
mation as used by G ~ i n i e r , ~  we find an expression which 
holds for qR 5 1: 

The solid lines in Fig. 2 are calculated from (5)  for 
various values of R ,  . In these calculations we used the values 
c ~ 0 . 5 , ~ ' =  16.5.1020cm-4,R,/R, = 1.414, y,/(y, + y,) 
= 0.3, and y, = 0.3. 

FIG. 2. Differential cross section for neutron scattering calculated from 
( 5 ) .  The inset shows the function y ( r )  used in th~calculations. The values 
of R ,  for curves 1-5 are 30, 40, 50,60, and 70 A, respectively. 

It can be seen from a comparison of the curves in Figs. 1 
and 2 that the theoretical curves agree satisfactorily with the 
experimental ones in terms of both the absolute value of the 
cross section and the shape. Admittedly, we would have to 
use a more realistic function y(r)  in order to extract quanti- 
tative information, and we would have to determine the par- 
ameters of this function by fitting the experimental data or 
by using inverse Fourier transforms. Nevertheless, we be- 
lieve that the oscillatory nature of y ( r )  has now been solidly 
established. We should not assume that the oscillatory func- 
tion which we have adopted for y ( r )  is of universal applica- 
bility-that it is valid for all porous structures. For example, 
Debye et found a function y( r )  = exp{ - r/a) for a 
structure with a completely random shape and a completely 
random pore distribution. We might note the analogy 
between (on the one hand) the scattering curves of the por- 
ous structure and (on the other) the scattering by Guinier- 
Preston zones and by ordered alloys with a short-range 
order.'' This analogy is not purely superficial; it rests on a 
similarity in the physical processed involved in the forma- 
tion of these structures. 

Let us find some global properties of our model. As was 
shown in Ref. 4, the correlation length is 

Correlation lengths calculated from the experimental 
data with the help of Eq. (6)  are given in Table I. We see that 
these lengths are close to the dimensions of the coherent- 
scattering regions. 

It is interesting to compare the correlation length calcu- 
lated with the function y( r )  in Fig. 2 with the length L, 
found experimentally. The curve for R, = 50 A in Fig. 2 is 
approximately the same as the curve for a sample annealed at 
500 "C in Fig. 1. The correlation length for a step function 
y( r )  and for R ,  = 50 A is 58 A according to (6).  For the 
sample annealed at 500 "C we have LC ~ 5 6  A. In other 
words, even the step function y( r )  in Fig. 2 is good for some 
quantitative estimates. 

In our case, an integral Porod invariant should 
rn 

Since all the samples have the same chemical composition 
and the same volume fraction of solid phase, the quantity 
(7) has the same value for the various curves in Fig. 1. Sub- 
stituting numerical values for p and c into (7) ,  we find 

An evaluation of the integral in (7)  with the help of the 
experimental values of dWdR yields Q values in the interval 
(9-1 1 ) .  10'' cm for the various samples. Again, this result 
shows that the model being used here is valid within a few 
tenths. 

2.2. Asymptotic behavior of the scattering cross section; 
fractaIproperties of the surface of the solid phase. Figure 3 
shows asymptotic regions as q - w of the scattering curves, 
in logarithmic scale. The origin for the 1nZ scale has been 
shifted arbitrary distances for the various curves, in order to 
avoid intersections and superpositions of the curves. The 
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L n I  

lines in this figure simply given an idea of the change in slope 
(or the change in n); they cannot be used for comparing 
intensities. We see that the I ( q )  curves of all the test samples 
are described well in the limit q + co by the power law ( 1 ). 
Values ofthe P o d  exponent n foqnd from the slopes of the 
curves in Fig. 3 are shown in Table I. For the samples an- 
nealed at 900 "C, 800 'C, and 600 "C, the absolute intensity of 
the neutron scattering for q between 0.05 and 0.1 I A is high, 
and the lont background does not affect the value of n. For 
the other samples, in contrast, the background must be Con- 
sidered more carefully. The scattering curves in the asymp- 
totic region for the.samples annealed at temperatures below 
600 "C were analyzed with the help of the expression 

The exponent rt for these curves was found by fitting ( 8 )  to 
the experimental results, Over the interval from 0.1 to 0.4 

- ', the background rises continuously with decreasing an- 
nealing teniperature. The apparent reason for this result is 
the presence of a wrtain amount of crystallization water in 
the samples with the low annealing temperatures. 

It follows from this table that the exponent n is approxi- 
mately 4 for samples 1,2, and 4. In order to find the scatter- 
ing law ( 1 ) from expression (3) ,  we must use an expression 
for y(r )  as r+O which is more accurate than that shown in 
Fig. 2. The exact value of y ( r )  as r+O is known from Ref. 4 
for the &el under consideration here in the case of smooth 
inner surfaces: 

Here S,, is the internal surface area, V is the volume, and 
S = S,, /V is the specific surface area per unit volume of the 
solid phase, 

From (9) and (3) we And the following result in the 
limit q-. w : 

dr, q s  
a - .  
80 qb 

( 1 0 )  

W e  can use this expression to determine the specific area of 
the xerogel for smooth surfaces of the phase. 

For the asymptotic law ( 1 ) with a noninteger n, the 
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FIG. 3. Zversus q, in full logarithmic scale, for several xerogel sam- 
ples. 1-200 "C; 2-300 "C; 3-500 "C; 4-600 "C; 5-800 "C; 6- 
900 "C. 

situation is more involved. In this case, for fractal interfaces, 
we have the following result from Ref. 12 for r-0:  

where No is characteristic of a fractal boundary. 
For objects with rough surfaces we haveI3 

where f is a numerical factor - 1 ,  So is the specific surface 
area if the roughness is ignored, b is a length, a is a lattice 
constant, and x > 0. 

The latter correlation functions lead to the expres- 
sion12.14 

dX n(2-A)  (1-A)J?(l-A)sin[n(I+ A)/21p2 -- - 
dQ Q' S ( q ) ,  ( 1 3 )  

where r is the gamma function. We have 

for fractal boundaries ( R  is a characteristic dimension, and 
A =  D, - 2),and wehave 

S ( q )  =fSo (b la)  (4 A 

( A = l - X )  
for rough boundaries. 

A fundamental property of fractal entities is the depen- 
dence of their dimensions on the measurement scale. For 
example, the area of fractal surfaces measured with a scale r  
is 

The same property is exhibited by rough surfaces withI3 

Here we are assuming w , / r )  1 ,  where w, = b(r /a )"  deter- 
mines the size of the fluctuations in the level of the rough 
surface with respect to the mean value, and A = 1 - x. 
Expression ( 1 4 )  is the same as ( 1 5 )  if b = a ( R / a ) *  and 
3 - D , = x .  
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Comparing the expressions for S(q) from ( 13 ) with 
( 14) and ( 15 ), we conclude that neutron scattering mea- 
sures the specific surface area at the scale q - l. This conclu- 
sion explains the decrease in n from the value n = 4, corre- 
sponding to entities with a fractal surface. 

The specific surface areas measured at a scale q - = 10 
A are listed in the last column in Table I. These areas were 
determined from (13) and the experimental values of the 
cross sections at q = 0.1 - I .  For the first three test sam- 
ples, the specific surface areas were determined at q = 0.182 
k', since the Porod region for these samples begins at 
q > 0.1, and the surface area does not depend on the measure- 
ment scale. 

Since the areas found from ( 13) are areas per unit vo- 
lume, Table I shows the values of this area divided by p,,,, . 

The decrease in A = D, - 2 to zero for samples 1, 2, 
and 4 may mean that the measurement scale q - ' for these 
samples is approaching the characteristic dimensions LC and 
d,,, . Furthermore, we cannot rule out the possibility that 
the interfaces in these samples are being modified by hy- 
droxyl groups, as was observed in Ref. 3. We also believe that 
the presence of definite length scales LC and d,,, in the xero- 
gel makes it possible to rule out the possibility that the re- 
sults on small-angle neutron scattering in the Porod region 
might be explained by means of the distribution (2) .  

CONCLUSION 

It can be concluded from these results that the Porod 
model, which we have used to describe the porous structure, 
successfully explains the experimental data on small-angle 
neutron scattering by samples of a xerogel of a solid solution 
of oxides of titanium, tin, and zirconium within a few tenths. 

In future work, it may be possible to achieve a further impro- 
vement in the accuracy with which the properties of the por- 
ous structure can be determined, through the use of a more 
realistic function y ( r )  and through precise measurements of 
the integral cross sections for scattering and absorption of 
our samples. These cross sections are required for calculat- 
ing the scattering cross section d2/dn.  

One of us (E. Z. Valiev) wishes to thank S. V. Maleev 
for a discussion of these results. 
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