Effect of Langmuir-plasmon diffusion on echos in a weakly turbulent plasma
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The attenuation of spatial and spatial-temporal echoes in a weakly turbulent plasma as a result of
nonlinear processes is analyzed. The nonlinear processes considered are decay interactions of
plasma waves and ion acoustic waves. These interactions are of a diffusive nature. It is possible to
determine the plasmon diffusion coefficient in wave-number space either from the Fourier
spectrum of the envelope of the spatial-echo signal or from the way the amplitude of the spatial-
temporal echo at a fixed point depends on the distance and on the time interval between the pulses

of external perturbations which excite the echo.

1.INTRODUCTION

The existence of an echo in a weakly turbulent plasma
was first demonstrated by Nemtsov and Eidman' in the par-
ticular case of Langmuir turbulence. Underlying this effect
is the retention of a memory of external perturbations in the
form of undamped oscillations of the spectral density of
Langmuir plasmons. These oscillations are of the same na-
ture as Van Kampen modes in a quiescent plasma. They
consist of a set of modulated electron streams. External per-
turbations, given as low-frequency ion acoustic waves, un-
dergo resonant damping in the gas of Langmuir plasmons.
Damping of this sort, which was described by Vedenov and
Rudakov,? stems from the coincidence of the phase velocity
of the sound waves with the group velocity of the plasmons.
Like Landau damping, it is not accompanied by irreversible
dissipation of the energy of the ion acoustic wave.

It was suggested in Ref. 1 and in some later studies®” of
echo effects in weakly turbulent plasmas that the perturba-
tion of the plasmon spectral density is undamped. Mathema-
tically, this assumption corresponds to a zero right side of
the kinetic equation for the waves. We know from the theory
of echos in a quiescent plasma®° that this phenomenon is
exceedingly sensitive to any effect which disrupts the phase
memory. Falling in the latter category, in particular, are
Coulomb collisions which are accompanied by deflections of
the charged particles through small angles. Microturbulence
would also fall in this category. This circumstance was uti-
lized in Refs. 11-13 for an experimental determination of the
electron mean free path or the diffusion coefficient in velo-
city space. This quantity appears in the Fokker—Planck colli-
sion integral.

In the case of a weakly turbulent plasma, effects which
disrupt the phase memory are nonlinear interactions of
waves and particles, which are described by the right-hand
side of the wave kinetic equation. In the present paper we
examine the effect of decay interactions of Langmuir waves
(or plasma waves) and ion acoustic waves on the spatial and
spatial-temporal echos in weakly turbulent plasmas. Since
the ratio of the frequencies of the acoustic and plasma waves
is small, these decay interactions are of a diffusive nature,'*
like Coulomb collisions in a quiescent plasma. We show be-
low that in this case echo effects can be utilized to determine
the diffusion coefficient for Langmuir plasmons in wave-
number space. The results derived on the spatial-echo effect
were reported briefly in Ref. 15.
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2. FORMULATION OF THE PROBLEM; LINEAR
APPROXIMATION

We consider a homogeneous, weakly turbulent plasma
in the particular case of a Langmuir turbulence. We write
the kinetic equation for plasma waves in the form

A 9 p, O (1)

dt ok ok;
The left side of (1) is the Liouville operator d /dt, which acts
on the spectral-density function of the Langmuir plasmons,
N,, in the phase space of coordinates and wave vectors. The
right side of this equation, which describes nonlinear inter-
actions of waves and particles which lead to a relaxation of
the perturbations of &,, is written in the form of a plasmon
diffusion operator in wave-vector space.'* This representa-
tion is justified for a homogeneous and isotropic plasma, in
which the most important linear processes are decay interac-
tions of plasma waves and ion acoustic waves. For them the
diffusion tensor D; becomes
————dk kil_kjlnk'wk,k',k—k'y

D;,-(k)= (2n)°

where n,_is a Fourier component of a low-frequency pertur-
bation of the plasma density caused by ion acoustic waves,
and W, .., _,. is the matrix element representing the inter-
action of the waves k, k', and k — k'.

Under the assumption that the ion acoustic waves are
excited by plane grids (Refs. 16 and 17, for example), we
specify the external perturbations to be monochromatic
waves with frequencies @, and w,, which are applied to the
plasma in the z = 0 and z = / planes, respectively:

~1
Pext (2,8)=p,8 (i )exp (imlt)+p26( —z-————) exp(—imgt). (2)
Zo 2o

Here p, and p, are the amplitudes of the external perturba-
tions, and the constant z, has the dimensionality of a length.

Choosing the external perturbations in the form (2)
corresponds to an analysis of the spatial echo. This choice
allows us to restrict the discussion to a spatially one-dimen-
sional problem, by virtue of the presence of the preferred
direction z. In this case the Liouville operator d /dt becomes

d d +am,,a dw, 0

di ot ok, 0z 0z ok,

and we are left with only a single term on the right side of

(3)
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(1). That term contains D,,. In (3) we have used the nota-
tion

@,°(2) =wo? (14n/n,), w.*=4ne’n,/m,

where n is the perturbation of the equilibrium plasma den-
sity n, by the ion acoustic waves. The latter waves are de-
scribed by the equation for the density perturbation:

W 6’ dk

a7 oM 9z (am) VAo 4

’n cza'n
ot °

where c, is the isothermal sound velocity, and m and M are
the masses of an electron and an ion, respectively.

We solve Eqgs. (1) and (4) by successive approxima-
tions, writing the perturbation of the plasma density and the
spectral density of the plasmons in series:

n=n,+n+n®+ .., =NOHN DN @+

where N (% is the unperturbed three-dimensional spectrum
of the Langmuir turbulence, and the superscripts 1 and 2
specify the deviations of the corresponding quantities from
their equilibrium values which are respectively linear and
quadratic in the external perturbations. To determine the
effect of the right side of (1) on the perturbation of the spec-
tral density of the plasmons, we use O’Neil’s approximate
method'® for solving a kinetic equation with a diffusive colli-
sion integral. We start from the assumption that the diffu-
sion coefficient D,, is small. Near the planes in which the
external perturbations are applied (for definiteness, we will
discuss the z = 0 plane), we can then ignore the right side of
the equation for the linear perturbation of the plasmon spec-
tral density,>

1)

ONy )
= Du
ak. ok, ( ok,

(5)
in comparison with the last term on the left side. From (5)

and (4) we have the following result for the first of the per-
turbations in (2), in the linear approximation:

276 (0+o,) aN.:O)

(1) 1) (0)
dNy 0w, Ny 0 an*) 9Ny 7]
at ok, az 2n, 0z

N(l)( )l . P120®o®
Z,®) | 100=1 Vg2
* ° 2novg,? e (0/vg ©) Ok,
®
X exp iU z), (6)

gz
where @(x) is the unit step function, v,, =Jdw,/dk, is acom-
ponent of the group velocity of the Langmuir plasmons, and

aNy /ok,
(2n)® @~—nv,+i-0

Wo*%* dk

7
4noM ( )

e(x%, o) =x%—w*—

In solving Eqgs. (4) and (5) we used Fourier transforms in
space and time:

A%, 0)= j dz exp(—ixz) j dtexp(iot)A(z,t).

With distance from the z = 0 plane, the ion acoustic
density perturbation n‘"’ undergoes resonant damping in the
gas of Langmuir plasmons. This damping is analogous to
collisionless Landau damping. At distances greater than the
length scale for this resonant damping we can ignore the last
term on the left side in (5), and we can describe the function
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N (" by the equation
1) a (1)
—ioNy (z, m)+vg,3-Nk (z, w)
VA

2 [ 0 ]

=aTZ DzzENk (z,m)], (8)
supplemented with a boundary condition. This condition
states that the solution of (8) becomes (6) at small values of
z. Using the assumption (made above) that the diffusion
coefficient D,, is small, we can replace the derivatives d /dk,
on the right side of (8) by their approximations found by
differentiating the most rapidly varying factor:

a 3ovr’zs
— Ny (z,m)z—z—sz (z,0).
dak. WyVg:

Under the assumption that D,, is independent of the coor-
dinate z in the homogeneous plasma, we then finally find

)

N 1  P1Z20Wo®, o( )aNk -’( ®, )
v (z,t)=—i D ovg? Vgz ok, € Ve y @y

z 2 B‘Dll s
Xexp(im,t—i d _M:.__ﬁf__) (9)
ng Wy Vg,
The linear perturbation of the plasma density is
M (%, ©)=pPex (%, ©)/e(%, ®). (10)

In (10) we have ignored the contribution from the right side
of Eq. (5) to dispersion function (7) by virtue of our as-
sumption that the plasmon diffusion coefficient in wave-
number space is small. This condition is equivalent to the
condition that the length scale for the resonant damping of
the sound in the gas of Langmuir plasmons be much smaller
than the length scale for diffusive damping.

3.SPATIALECHO

Working in second-order perturbation theory, we find
the following expression for the function N (¥, which is qua-
dratic in the external perturbations [this expression is valid
near the point z = /, where we can ignore the right side of Eq.

(D]

(0)
() Wo® Ny ® ®
Ny (z,0)|:m=i— n®\ — o) exp\i z
2novg° 0k, Vg Vg2

+i 3vTe2plpzzozmom|(l)zﬁ)5l ON:Q)
4ngtvg,® ak,
218 (0—3)0 (vg,)
e(—o)./v,,, _mt)a(mz/vgz, ;)
( O] (Z—l) _mll 3mi2vTe‘Dnl3
X exp\i — >
Ulz ®o ng

). (11)

The second term on the right side of (11) describes the non-
linear perturbation of the plasmon spectral density at the
frequency w; = w, — @, caused by the sources (2). The
evolution of this perturbation results in the excitation of a
spatial-echo signal. This echo results from modulation of the
linear perturbation of the spectral density (9), from the first
source, as a result of a linear perturbation of the density of
the form (10), caused by the second source.

We describe the effect of the plasmon diffusion on the
function (11) in basically the same way as in the preceding
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section of this paper for the linear perturbation N {". There
is the difference that in the present case the derivatives on the
right side of Eq. (1) in the region z > / are given approxima-
tely by the following expression, as can be seen from (11):

o (z—1)—~od 3v:’

7] @
'—'Nk ’(z,(l))z—i -

N7 z,0).
ak, Vg Wo 1z 0)

Ignoring the effect of plasmon diffusion on the dispersion
properties of the plasma, we find

(0)
€2) ., W@ N, @ ® . @
N (2, 0)=i——"——n" | ——, 0 Jexp\ i z
2nv,* ok, Vg Vg:

+i 3010201 50" 0001 0,05l aNe
4nyiv,,® "ok,

0(v,4,)0(z—1) 218 (0— )
e (—0,/Vg, —@,) e (0:/Vg;, ©;)

(_ o(z—1)—w,l 30, °v'D,.I°
X exp\i -
Vg 0V’
r,*D,,
__oi;;FJ [(o(.z—l)——(oil]zdx). (12)
L

The second term in the exponential factor in the last term in
(12) describes diffusive damping of the linear perturbation
N{" in the region 0 <z < /. The third term describes damp-
ing of the nonlinear perturbation N {*’ at z > I. The step func-
tions &(v,.) and @(z —I) reflect the circumstance that in
this formulation of the problem an echo can arise only in the
region z > /, and the only plasmons which contribute to it are
those whose z projections of the group velocity are positive.

Substituting (12) into (4), and taking inverse Fourier
transforms in space and time, we find the echo perturbation
of the plasma density, which is the nonlinear response to
external perturbation (2):

n'® (Z, t)= —

i Bp,pzzozv,,zmo’m,mzm,’lj dk
8n’M (2n)?
% 0 (ve.) AN explio, (3—1')v,'—inst]
Vet Ok, e (—(Dg/;gz, —(p,)s {02/ Vg, 02) & (03/Vg:, ©3)
30 0,05 D, )

ﬁ)o‘mavns

Xexp( — (13)
where /' = lw, /w,. The integral in (13) is zero except near
the point z = I, because of the rapidly oscillating exponen-
tial function in the integrand. When the function (12) is
substituted into the expression for #n‘*), the upper limit on
theintegration over z of the exponential factor describing the
diffusive damping of the echo in the region z >/ is therefore
replaced by the valuez =1".

Since there is a preferred direction, the z direction, in
this problem, it is convenient to switch to cylindrical coordi-
nates (k,, k,, ¢) in wave-vector space, with the new
volume element

dk=k, dk, dk.dgp.

In the case of an isotropic Langmuir-turbulence spectrum
N9, the integrand in (13) is independent of the azimuthal
angle @, and only the function N {*’ depends on k. In the
new variables we have’
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§ i e, aNE 10k, =— kN (), (14
0

and expression (13) becomes

3

P:pazuzmom:mzm;’l ( [0 )75 dk

af: o
8n,.2M (2x)* 3vgl k' N (k)

n® (z,t)=i
[

explio, (z2—1' )0 —iost— (0,20:0,°D . /81007 k.") ]
e (—@y/ Vg, —01)8 (02/Vg;, ©2) € (09/Vgz, @)

(15)
The integration in (15) can be carried out with the help of
Cauchy’s theorem, if we go over to the complex k, plane.
The integration contour is closed in the upper or lower half-
plane, depending on the sign of the difference z — /’. The

integral is dominated by the poles of the dispersion functions
£, which are conveniently written in the form®

e(x%, 0)=[xc,tw(1+iy)] [xc,—o (1+iy)]). (16)

Here v is the dimensionless damping rate of an ion acoustic
wave in the gas of Langmuir plasmons, given by

Y= ( (Do‘/ZSS.JIYLOMC,UTe‘) Nk(o) (ko ) N ko=c.0)o/3v’l‘ez-
We finally find a result for the spatial-echo signal:

3pipzzozvfe2(l)scal

w0zt == 810, 0,0,
® ®

X exp[ —i@gtt+i—(z—1")— Y—s—] z—1'} ]
Cs Cs

0 0,0,°D,, 1 )
81wsv.. k"

w;(z—1") 0

ool

). an

8

X[ —1——9(1’—z)+
Y

Comparison of (17) with the results of Refs. 3 and 7,
which were derived without the right side of Eq. (1), shows
that, under our assumption that the plasmon diffusion coef-
ficient in wave-number space is small, the influence of this
coefficient on the spatial echo reduces to an exponential de-
crease in the amplitude, with an argument proportional to
D_ and!’.

4.SPACE-TIMEECHO

In the study of the spatial echo in a weakly turbulent
plasma above, we considered sources of external perturba-
tions which were point sources spatially. Strictly speaking,
such external perturbations would contradict the condition
for the applicability of the adiabatic approximation—a con-
dition which was used in the derivation of Eqgs. (1) and (4).
However, it was shown in Ref. 7 that in the case of a spatial
echo whose signal is an integral over the entire wave-number
spectrum the results for point sources differ in no fundamen-
tal way from the results for spatially extended sources. The
situation is different in the case of a space-time echo excited
by external perturbations which are localized in both space
and time. In this case it is a matter of fundamental impor-
tance to take the finite spatial size of the sources into ac-
count.” We accordingly consider the space-time echo excit-
ed in a weakly turbulent plasma by external perturbations
which are wave packets in space and time:
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Pext (2,t)=p, exp (iw,t) [0 (¢)—0(t—7)] gd—A (k)exp (ikz)
+ p2 exp (—iw,t) [0 (:—T) -0 (t—T—7)]

X jg%Az(k)exp[ik(z—-l)]. (18)

In time, according to (18), the sources are packets of high-
frequency waves with rectangular envelopes with a length
7<T, which are excited at the times t=0 and t=T7. In
space, the external perturbations are wave packets with
spectral functions 4, , (k), which are localized at the points
z =0 and z =/, respectively. We restrict the discussion be-
low to packets of Lorentzian shape:

Ai,z(k)=2’h,2/[ (kik1,2)2+%24,z]- (19)

The linear response of the spectral density of the plas-
mons to the first of the perturbations in (18) is

2 (z,1)=

1(!)00)‘ ()N. ( )
-0 (v, )A
2 Ny gzz ok, (%e:) Vg:

Xée ( - —® )
] 1
)gz

@y z 3misze‘Duzs )

Vgz Wo’Vg,"
X [e(t——-s;)—ﬂ(t—-::;—t)]. (20)

Solving Egs. (1) and (4) by the same method as was used for
the spatial echo, but now for the external perturbations
(18), we find the following result for the nonlinear perturba-
tion of the plasma density, in place of (15):

X exp (iu),t—i

pipzmo 0 0,047

8ne:M (2n )}2

2 (ka2

n(2) (Z t)—

dek

exp(—imst)

(073 )ex.p[i(l). (z—l, ) v',_’_ (mizﬁ)zmoapzzl’/s1.“)31)1‘98":15) ]
Vg: e (—0./vg, —(!)4')8 (@2/V;:, @) e @s/Vgs, @05)

Ao (=1 )[o(ve - )-e(o -7

—O(t—--z—_-—l-—T—t)

Vg,

X [e(vg,— Tlﬂ )—e(v,,———lT—)]}, (21)

where v,, and k, are related by v,, = k, (3v%, /).

The integration over k, in (21) can be carried out with
the help of the mean value theorem, after we have made use
of the circumstance that the integrand contains the differ-
ence between step functions with approximately equal argu-
ments. As a result we find the following expression for the
echo signal at the point of its spatial maximum, z = [/";

() (-2
C,

Vo

o

3Pipz(ﬂozvrezknzvn
8n*Mw.c,?(2m)?

X 4, (—“;— )[c,?—vo"’(1+i7)’]‘z[c.’—vo’(i—iy)’]*‘

n® (@, t)=i

3 2 ez zz *
X exp (—im,t— 01 07 Dot )E(}‘). (22)

©o’0sV,’
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Here v, =1 /7, and for the dispersion functions £ we have
used the representation (16). The quantity E(#) is the tem-
poral envelope of the echo signal:

E(t)~—m—(t—:T+—(;;r)

X[B(t—%T—i—%r)—G(t—z—:T)]
+r[e(t——°-’3T)—9(t—%isT—r)]
-2z

We wish to stress that expression (22) is valid under the
condition that no poles of the dispersion functions are pre-
sent in the integration interval in (21); i.e., this expression is
valid under the condition v, 7#c,. The value of the velocity v,
is determined by the distance and by the time interval
between the two pulses of external perturbations which ex-
cite the spatial-temporal echo. It can serve as an adjustable
parameter. In the case v, ~c, the amplitude of the echo sig-
nal has a resonant peak, which stems from the poles of the
dispersion functions and which is described by an expression
like (17).

5.DETERMINATION OF THE PLASMON DIFFUSION
COEFFICIENT

The results found above for the spatial and spatial-tem-
poral echos as a function of the diffusion coefficient for
Langmuir plasmons in wave-number space can be utilized
for an experimental determination of this diffusion coeffi-
cient. Specifically, it follows from (17) that one can use the
slope of a log plot of the spatial-echo amplitude versus the
cube of the distance / between the sources of the external
perturbations to find D,,. That method is acceptable if the
diffusion coefficient D,, is constant or a very weak function
of v,,, because we are dealing with D, (c,»,/3v%, ) after the
integration over the poles of the dispersion functions in
(17).

By using the space-time echo effect, we can avoid this
limitation. If no poles of the dispersion functions £ or the
spectral distributions 4, , of the external perturbations ap-
pear in the integration interval in (21), we have the value
D,, (vow,/3v3,) in expression (22), where the velocity v,
can be varied by experimentally varying / or 7. Using (22),
we can thus find the functional dependence D,, (v) and also
the value of ¢, from the characteristic resonant peak on the
curve of the echo-signal amplitude versus v,. The unper-
turbed plasmon spectral-density function N {* in (22) can
be determined either by means of the space-time echo effect
or from the Fourier spectrum of the spatial envelope of the
spatial-echo signal.>” The distance / between the sources of
the external perturbations must be chosen small enough that
the attenuation of the echo due to the right side of Eq. (1)
can be regarded as negligibly small.

There is also the possibility of determining the func-
tional dependence D,, (k,) by means of the spatial echo.
This possibility is based on a method proposed by Dryakhlu-
shin and Romanov'® for reconstructing the electron distri-
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bution function of a quiescent plasma from the spatial spec-
trum of an echo signal. For this purpose, one needs to know
the experimental profile of the echo signal as a function of
the coordinate z. We use this information to find the Fourier
spectrum of the echo, n‘? (x). On the other hand, if we ig-
nore the time dependence we find from (15)

n® (x)= J.dz expl—ix (z—1") | n® (2)

P:pzzoz(l)oz(l)t(!)zl 5 a7k") W30
= %’Ny \ 57—
96nn Mvrlos’ vl
exp [ - (3mizmsze‘lsDzzx5/(ﬂss(l)oz) ]
e (— %@/ @3, —01) € (X@:/ 3, ©2) € (%, ©3) (24)

where D, = D,, (w;w,/3v5,%). The plasmon diffusion coef-
ficient in wave-number space can be calculated by taking the
logarithm of (24), into which we substitute the experimental
values of n'®(x) and N(”, the known plasma parameter
values, and the expressions for the dispersion functions.

These echo effects can evidently occur if the damping of
external perturbations in a gas of Langmuir plasmons, with a
linear damping rate ¥, = xc, 7, is faster than the nonlinear
damping of plasma waves which destroys the memory in the
system and which occurs at a rate yy; . We take the latter
rate to be the reciprocal of the time scale of the decay interac-
tion of plasma waves and ion acoustic waves:'*

11 ko 0)0W

Toe = T4 Ak n,mvg? '

where Ak is the initial width of the spectrum of plasma
waves. In the case at hand, of a decay interaction of a diffu-
sion type, this width is far larger than k. In addition, W is
the energy of the plasma waves, given by

W= Widk, Wimol @)

Since the condition for the applicability of this theory
(7L > ¥~ ) must hold for all resonant plasmons, i.e., for all
k>k,, we assume

Ne=N® (ko) (klko) =", s>3.

The condition ¥, > ¥, then becomes

ko? s—3 m
2o (karpe)?< 2
A TR T

On the other hand, the gas of Languir plasmons remains
homogeneous as long as the wave energy satisfies the condi-
tion
1 3 n,T
e Ny<= ok e
(21\:)3 2 ®o
This condition means? that there is no modulation instabi-

lity. The condition for the applicability of the adiabatic ap-
proximation is ky/x> 1.

(kroe)?, >k,

6.CONCLUSION

We have studied the attenuation of spatial and spatial-
temporal echos in a weakly turbulent plasma caused by de-
cay interactions of plasma waves and ion acoustic waves.
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Since these interactions are of a diffusive nature, the effect of
the decay processes can be represented as a diffusion of
Langmuir plasmons in wave-number space.

The results of this analysis show that the echo effect
which arises in a weakly turbulent plasma because the plas-
mon spectral density retains a memory of external perturba-
tions is exceedingly sensitive to diffusion of plasmons, which
leads to a loss of the phase memory of the system. It follows
that it is possible to utilize the echo effect to determine the
plasmon diffusion coefficient in wave-number space. Two
possible measurement techniques have been discussed. In
one of them, which is based on the spatial-echo effect, the
velocity-dependent diffusion coefficient D,, (k,) can be de-
termined from the Fourier spectrum of the spatial envelope
of the echo signal with the help of expression (24). In the
other technique, the spatial-temporal echo, of a pulsed na-
ture, would be utilized. Since the echo signal is generated in
this case by only those plasmons whose group-velocity pro-
jections v,, fall in a narrow interval 7/ T * near a given value
Uy, One can determine D,, (k,) by simply measuring the v,
dependence of the amplitude of the echo signal at a certain
fixed point, e.g., at the point at which this signal is at a maxi-
mum, z = /. Recall that expression (22) for the spatial-tem-
poral echo is not valid at v, =~c;, in which case its amplitude
is determined by the poles of the dispersion functions. A plot
of the echo amplitude versus v, near the point v, = ¢, will
have a resonant peak. One can work from the position of this
peak to determine the nonisothermal-sound velocity. The
width of this peak will be determined by the dimensionless
damping rate ¥ for an ion acoustic wave in the gas of Lang-
muir plasmons. This damping rate is related to the plasmon
spectral density function.
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