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An efficient method is developed for calculating the coefficients of the 1/N expansion of
arbitrarily high orders both for the ground states and for the radially excited states of the discrete
spectrum of the Schrddinger equation. The method is based on a semiclassical interpretation of
the 1/N expansion. The explicit use of expansion in Planck’s constant clarifies the reason for the
complementarity of the 1/N approach and the WK B approximation. Going over to the Riccati
equation and using the #i expansion make it possible to apply the quantization conditions to take
account of the nodes of the wave function, and this leads to simple recursion relations. For the
example of the funnel potential calculations are given of the first ten coefficients in the 1/n-
expansion scheme for the energy for different values of the orbital and radial quantum numbers.

1.INTRODUCTION
Recently, one of the most widely used methods for in-
vestigating the bound states of the Schrédinger equation
rL(I+1)
2mr?

2

U”(r)+[V(r)+ E]U(r)=0 (1

m
has been the 1/N expansion, the present state and the history
of the development of which are reflected in the reviews in
Refs. 1 and 2. At the basis of this semiclassical method is the
analysis of the classical motion of a particle at the bottom of
the potential well formed by the effective potential

R (+1)
Veﬂ- (r)= V(r)+ '—z'm—rz——

of Eq. (1), with subsequent allowance for quantum fluctua-
tions and anharmonicity effects.

There exist two equivalent approaches to the construc-
tion of 1/N expansions. In one of them the passage to the
classical limit is executed by letting the dimensionality of
space tend to infinity (D — « ). The expansion is performed

in the small parameter 1/(/ +D/2) (Ref. 3) or 1/~

(I —a+ D/2) (Ref. 4) (Iis is the orbital angular momen-
tum and q is a shift parameter that improves the conver-
gence). The physical dimensionality of space is restored in
the final formulas by the substitution D = 3.

Another approach, proposed in Refs. 5, uses the pas-
sage to the classical limit as the orbital angular momentum
tends to infinity. But, for a fixed radial quantum number n,,
if /- the principal quantum number 7= (n,

+ 7+ 1) - o as well. The resulting small parameter 1/7 is
chosen as the expansion parameter, and this is why this
method is called the 1/n expansion.

Both these methods, which differ in essence only in the:

choice of the expansion parameter, take anharmonicity ef-
fects into account by using the logarithmic,>*%” the Ray-
leigh-Schrodinger,®'© or the hypervirial,''!* perturbation-
theory scheme. The resulting 1/N expansions often diverge
asymptotically,® and, for the application of the latest meth-
ods of summation of divergent series, high orders of the ex-
pansion have to be evaluated. However, corrections of high
orders have been considered only for a narrow class of poten-
tials,>>7®114 in view of the difficulties that arise in their
calculation. As noted in Ref. 1, when Rayleigh-Schrédinger
perturbation theory is used it is difficult to advance beyond
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the first few terms of the 1/N expansion. Logarithmic per-
turbation theory, based on the Riccati equation, leads to
simple recursion relations in the case of the ground states,
but becomes very unwieldy in the description of the radial
excitations.>* Here, complications arise because of the se-
paration of the zeros of the wave function in the form of an
individual factor.

There is, however, another way of taking the zeros of
the wave function into account—namely, by introducing the
quantization condition'>'® by analogy with the WKB ap-
proximation. This approach requires the explicit use of ex-
pansions in Planck’s constant. Together with the results of
Ref. 17, it enables one to understand better the semiclassical
nature of 1/N expansions. In addition, it should clarify why
the 1/N expansion and the WKB approximation, as semi-
classical methods, are complementary to each other.

The present paper is devoted, first, to a semiclassical
interpretation of 1/N expansions that explicitly uses expan-
sion in #, and, second, to an account of a method of simple
recursion relations that permit one to calculate 1/N correc-
tions of arbitrary order for the energies of both the ground
states and the radially excited bound states.

The proposed technique is a further development of the
fi-expansion method recently applied'® to aninvestigation of
bound states in the (/, E) plane.

2. THE #-EXPANSION METHOD

Because of the nonuniqueness of the passage to classical
mechanics, following Ref. 14 we write

BL(IH1) =A*+RAA+7*B, (2)

which brings the Schrédinger equation (1) to the form

ﬁz 2
——U"(r)+ [——A—( 1+fi—A—+ h? E)
2m 2mr? A A?

+ V(r)—E]U(r)=O. (3)

Next, after certain simplifying substitutions, the solution is
usually constructed in the form of a series in powers of 1/A.
Here, the specific variant of the 1/N method is determined
by the choice of the parameters 4 and B; in particular,
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D —_
sorp, 52O
4
D
A=ﬁ(l+?) [Ref. 3],

_ (D—2a) (D—2a—2)
4 ,

A=1-D+2a, B

A=h( l—a+§) [Ref. 4],

(4)
A=—1, B=0, A=h(l+1) [Ref. 5],

A=0, B=0, A=[#%(1+1)]"[Refs. 14,19] -

However, as can be seen from Eq. (3), A appears in the
expansion parameter in the combination #i/A. Consequent-
ly, it is possible to choose another route and to perform the
expansions in powers of Planck’s constant.

Using logarithmic perturbation theory, after the substi-
tution C(r) = AU '(r)/U(r) we go over from Eq. (3) to the
Riccati equation

AC/(r)+C3(r)= %2+2m(V(r)—E)+ —:z—(hAA-i-h‘B). (5

We represent the function C(7) and the energy E in the form -

of asymptotic series in #:

C(r)= DLCa(A, 6)
h=0
E=2Ehﬁ". @))]

In the classical limit (#i—0), which specifies the zeroth
approximation, for the energy we have

, A

Eo=V("o)+’2Trnzy (8)

which corresponds to the motion of a classical particle in a
stable circular orbit. The radius 7, of this orbit is determined
by the position of the minimum of the effective potential, and
is found from the equation

mrV' (r,) =A% 9)
Substituting the expansions (6) and (7) into (5), we arrive
at the chain of equations

AZ
C (N =2mlV (1) —El+—,

e () +20,() €)= (2 ) yi-2mE,

! (10)
ro \?
e+ L6 )= (2 ) y-2mE,
where
vi=AAr?,  Y.=Blr, Ys=Y.=...=0.

To take anharmonicity effects into account it is conven-
ient to move the coordinate origin to the point r = r, and to
expand the effective potential in a Taylor series in
x = (r — ry)/ry. Then the first equation of the system (10)
gives
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Colz) =— 0oz (1+aztaz*+. . .)", (11)

where the minus sign ensures fulfillment of the boundary
conditions and we have introduced the notation
(Doz=2m(Vz+3/zV1), (12)
k+3
2

2
a;.=_mi2( Vh+2+(_1)k Vk)v Vh=rth(k)(r0)/k!- (13)

At the same time, for C, (x) we have

_ 1 Ye Cu—,x(x)
Cu(@)=— 2«:.,(x)[2mE*— eSO

+2, €@ Cumila |. (14)

It is clear that the recursion relations (14) coincide
with the relations obtained by means of the standard 1/N-
expansion technique for ground states.* In the standard
approach, however, complications appear in the description
of the radial excitations. Application of the # expansion
makes it possible to circumvent these difficulties using the
quantization conditions.

In the case of a radially excited state the wave function
U(r) of Eq. (1) has exactly n, real zeros. Therefore, its
logarithmic derivative C(r) has n, simple poles at these
points. Taking into account that the residue at each of these
poles is equal to #i, we arrive at the well known Zwaan-Dun-
ham quantization conditions'*'¢

%t?¢€(r)dr=n,ﬁ, n=0,1,2,.... (15)

where the integration contour encloses only the above-men-
tioned nodes of the wave function.

The conditions (15) are exact, and are used to find cor-
rections to the WKB approximation.'*® But in the WKB
method the passage to the classical limit is implemented us-
ing the rule

f—~>0, n,~o, fin,=const. ‘ (16)

Being complementary to the WKB approximation, the 1/N-
expansion method under consideration requires that the rule
for passage to the classical limit be

#—0, n.=const, in,—0. a7

In this case, after substitution of the expansion (6), the
quantization conditions (15) give

——-21——;¢C.(r)dr=n,,
. £12] (18)
-—-2-;5¢C,,(r)dr=0, k¥*1.

A further application of the theorem of residues to the expli-
cit form (14) of the functions G, (7) solves the problem of
describing the radially excited states.

From the expression (11) it can be seen that for the
function G, (x) the point x = 0 will be a simple zero. But
then the function C, (x) has a pole of order 2k — 1 at this
point, and consequently can be represented in the neighbor-
hood of this point by a Laurent series:
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oo

Cu(2)=2"> Y | Che (19)

ae=0

According to the theorem of residues, the quantization con-
ditions (18), expressed in terms of the coefficients of the
Laurent series (19), take the form

Res C,(0)=C,'= = ' (20)

To
Res €, (0)=Cor_,=0, k1. 21

To unify the notation, we write the expansion (11) of the
function C, (x) as

Co(z)=2x ZCG%“, (22)

Cum0
where the coefficients C,° are related to o, and a, by

Co’=—0wy, C'=—wea/2,

=— c’ Ca_, ®o’dq).
LY

®o j=1

(23)

Substituting the expansions (19) and (22) into (14) and -

equating coefficients of equal powers of x, for a #2k — 2 we
have

3— 2k+a® -y Z Z ¢ ck

j=0 P==0
=9(a—2k+2) (—1)*(a—2k+3) s, (24)
where we have introduced the Heaviside function
1, a=0,
8(a)= { 0, a<0. (25)

From this we obtain a recursion formula for C_*:

3—2k+a o

Ty

1
Cot= 3¢, 0[G(oc 2k+2) (—1)*(a—2k+3) 7 —

k—1 a

X Y o2 Yoeeed, | @)

j=1 p=0 Ba=1

TABLE I. Accuracy of the 1/n expansion for the funnel potential.

Using the coefficients C,° C, ', and C%, _,, given by the
expressions (20), (21), and (23), from Eq. (26) we find all
the remaining coefficients C_ * for a #2k — 2.

If, however, a = 2k — 2, from (14) we have, for k = 1,

Res C, (0)-———-—[1,+——2mE1 ) (27)
which, after application of the condition (20), gives

2mE,=y,+(zn,+1)%. (28)
[}

In the case k #1, after application of the condition
C%,._, =0, it follows from the expression (14) that

h—1{ 2r-2 2k-2
ImEy—yu — c,,._ Y Y e 5—22. CCal o
j=1 P=0

(29)

Thus, the expressions (26), (28), and (29) fully solve
the problem of constructing the recursion formulas and of

- the expansion of the energies of the bound states in Planck’s

constant.

3.CALCULATION OF THE ENERGY

We write out in explicit form the first terms of the #
expansion for the energy E = E, + #E, + #E, +

2mE=2mV (r,) +A?/r?,
2mE, =+ (2n,+1) wo/ro, (30)

ammy— (1) 4 2 (1) n ) act)

16 —— [12(2n,*+2n,+1)a,— (30n,*+30n,+11)a,*].

The passage to any variant (4) of the 1/N expansion
E=e®W+e®/A+e®/A%+. .. (31)
is implemented using the formula
e®M=(hA)E,. (32)

As an example, we shall consider the 1/n expansion of
the eigenvalues of the Schrodinger equation in the case of a
funnel-type potential

(k)
k bl
15 1P 1D 28 2p 38
1 0,996345 | 2,617172 | 3,698773 | 3,313040 | 4,321043 | 4,943314
2 0,979324 2,611439 3,695779 3,264759 4,302749 4,894418
3 0,979854 2,611013 -3,695573 3,246268 4,298707 4,876274
4 0,980751 2,611125 3,695595 3,237220 4,297366 4,864382
5 0,980289 2,611142 3,695600 3,232818 4,296917 4,856608
6 0,980245 2,611130 3,695599 3,230711 4,296769 4,851525
7 0,980515 | 2,611128 | 3695599 | 3.229716 | 3.296720 | 4.848205
8 0,980338 2,611131 3,695599 3,229249 4,296704 4,846040
9 0,980217 2,611132 3,695599 3,229031 4,296699 4,844633
10 0,980580 | 2.611130 | 3695599 | 3.228032 | 4.296698 | 4843722
pct 0, 9805366 2,611131 3,695599 3,228853 4,296697 4,842092
Note. & ¥ are successive sums of terms of the 1/n expansion: § ) =g gWp=t 4 ghop—*k

EoPtis the numerical solution of the Schrodinger equation.?’
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V(r)=—x/r+r/a’. (33)

Using the notation v(r) = — V(r),
2ry® r
V= m Vi 0=0, —10\ ,  eW=2AE,

and setting 1/n=h/A=1/(p+1 + 1), where p=n,, we
convince ourselves that for m = # = 1 the coefficients of the
# expansion lead to the expressions for the 1/n expansion
that were obtained in Ref. 2.

The rate of convergence of the 1/n expansion can be
seen from the table, in which successive sums of terms of the
series in powers of 1/n are presented. Here, the Schrodinger
equation with the potential (33) was first brought to the
standard form

du " [g n A o

dp* P
where A = x(2ma)??, £ = (2ma*)'’E, and the calcula-
tions were performed with the following values of the pa-
rameters: 2M = 1.84 GeV, x =0.52, and a = 2.34 GeV,
which corresponds to A = 1.37623.

It can be seen from the table that the accuracy of the
description of the energy spectrum of the Schrodinger equa-
tion by means of a sum of low-order terms of the 1/n expan-
sion increases with increase of the orbital quantum number
and decreases slightly with increase of the radial quantum
number. The states with / = 0 are described least accurately.
We note that the energy values calculated to order (1/n)?
inclusive, and given in the second row of the table, coincide
with the values obtained in Ref. 2.

Thus, a semiclassical interpretation (using expansion
in Planck’s constant) of the 1/N method has made explicit
the reason why this method is complementary to the WKB
approximation. The reason lies in the difference in the pas-
sages to the classical limit. The WKB approximation, using
the rule i—0, n, - o, fin, = const, becomes more accurate
with increase of the radial quantum number, whereas for the
1/N expansion the rule for passage to the classical limit is
#-0, #in, -0, n, = const. Here, the classical limit, which
gives the principal contribution to the expansion, is reached
more rapidly for states with small radial quantum numbers,
which explains the more accurate description of the nodeless
states.

_lgt)

pz

]U=0, (34)
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In addition, application of the # expansion has made it
possible to construct a new, effective algorithm for deter-
mining the coefficients of the 1/N expansion, based on the
use of the quantization conditions. The recursion formulas
obtained can be programmed easily, giving in analytical or
numerical form the coefficients of any order for the 1/N
expansion of the energy of both ground states and radially
excited bound states. We note that the proposed algorithm is
quite universal. Passage from one variant of the 1/N expan-
sion to another reduces entirely to replacing the initial coef-
ficients in the recursion relations.

The authors are grateful to G. M. Zinov’ev for his inter-
est in the work and for useful discussions.
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