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A field-theory approach using a replica method is proposed for calculating the thermodynamic
and correlation characteristics of polymer solutions and melts containing macromolecules of
various chemical compositions and various structures. The distribution of components among
phases and the conditions for thermodynamic equilibrium are derived for arbitrary sets of
macromolecules by a mean-field theory. In the case of solutions of linear heteropolymers in which
the alternation of monomer units in the macromolecules obeys Markovian statistics, a phase
diagram is constructed, and the conditions for the appearance of periodic spatial superstructures
are derived. Over a wide range of the composition of such heteropolymers, there can be a third-
order phase transition to a superstructure with a rhombohedral symmetry and a period which
depends strongly on the parameters of the bulk interactions. The possibilities of this new general
approach are demonstrated in the particular case of a calculation of the correlation function for
density fluctuations in solutions of branched statistical heteropolymers of fairly arbitrary

chemical structure.

INTRODUCTION

Most theoretical papers on polymers in which the ma-
cromolecules have a given chemical structure (or configura-
tion) take Flory’s classic approach.' It starts from a mean-
field expression for the free energy F{n(C)} of the polymer
which depends on the numbers {#(C)} of macromolecules
of a given configuration C. In this approach, the position of
the spinodal temperature of a spatially homogeneous state is
found from the vanishing of the determinant of a matrix with
the elements

au(C)/on(C"), n(C)=0F {n(C)}/on(C), (1)

where 1 (C) is the chemical potential of a macromolecule of
configuration C. For a polyphase system the distribution of
the numbers n” (C) of macromolecules among the various
phases s is found in the usual way by equating their chemical
potentials ¥ (C).

Itisimportant to note that the condition for the applica-
bility of Flory’s approach, n(C) > 1, is satisfied only for lin-
ear homopolymers and mixtures thereof. In the case of
branched polymers or heteropolymers, the number of differ-
ent configurations {C} of macromolecules in a specific sam-
ple increases exponentially with increasing degree of poly-
merization, /, of these molecules. For real systems of large
but finite volume, the mean numbers of macromolecules of a
given configuration are small, 77 (C) €1, since they cannot be
chosen as independent components in a conventional ther-
modynamic description.

In Sec. 1 we propose a more general approach, which is
capable of describing polymers with arbitrary values of
n(C). This approach is essentially one of choosing monomer
units M; of various types i/ as independent components. A
similar approach has been taken previously to describe poly-
mer systems which are in chemical equilibrium with respect
to the formation and rupture of bonds.>* In contrast with
the latter, in the case of systems with a fixed distribution
{%(C)} one should switch from the usual d-dimensional Eu-
clidean space to a dm-dimensional replica space, in which
the position of a point is characterized by the set
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X = (x",...,x") of coordinates x‘*’ of the units M, in each

of m identical “replicas” of the system of interest. To de-
scribe the system obtained as a result, one uses the standard
methods of the molecular theory of polymer systems in
chemical equilibrium.’ An important point is that the ap-
proach which we are proposing below makes it possible in
principle to go beyond the scope of the mean-field theory on
which Flory’s classic theory is based.

In Sec. 2 we take this new approach to calculate correla-
tion functions. We find a condition on the spinodal tempera-
ture which generalizes (1) to the case of arbitrary 7(C). We
also describe a polyphase system of such polymers, and we
find the distribution of numbers »(C) and the condition
for a phase equilibrium.

In Sec. 3 we take this approach to study periodic spatial
structures which form in heteropolymer systems. Structures
of this type have been studied previously, both theoretically
and experimentally,*® in the case of regular copolymers
consisting of a small number (two or three) of blocks of
units M, of acommon type and of a given length. As is shown
below, the nature of these structures is different from that
studied below.

We examine the effect of a configurational disorder on
the conditions for phase separation and on the characteris-
tics of the spatial structure which results for the case of Mar-
kovian heteropolymers, which are the most common in
practice.” For them, the mean numbers of macromolecules
of a given configuration C (which is set by the sequence of
alternation of the / units along the chain) are given by

=1

7 (C) =mmy, Hv'n'n+in‘l’ (2)
Aemi

where 7 is the total number of polymer units in the system,
and the transition matrix elements v, ; | determine the con-
ditional probability that unit n» + 1 of the chain is of type
i, in the case in which unit » is of type i,. The quantities
7, and 7, are the probabilities for finding initial and final
units of types /, and /,, respectively. Their normalization
conditions are
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Zﬁ«=1, N+ Zv«;=1. (3)
1 i

The quantities %, and v;; are usually treated as indepen-
dent parameters.” Below we assume that the chains
(iy,..-,i;) and (i,,...,i; ) are identical. The condition that the
numbers of macromolecules in (2) must be independent of
the direction in which the units of these molecules are num-
bered leads to the reciprocity relations

MV =ThVans, (4)

which make it possible to express the parameters 7, in terms
of the elements of the matrix v in the case of symmetric he-
teropolymers.® For two-component systems we find from
(4) and (3)

M=/ (mMiHaena),  fo=nane/ (mmtmams),  (5)

where the fractions 7; of units of type / are

’ ni='V21/(Vtz+'Vzi)q nz=Viz/(’Vtz+’Vzi)- (6)

Expressions (2)-(6) describe chemically different
classes of polymers, depending on the ratios of v;;. The case
v, = v,, = 0 corresponds to a mixture of polydisperse ho-
mopolymers each of whose macromolecules consists of units
of acommon type. In this limit the parameters 7; are equal to
the fraction of the units which are of type i, and the quanti-
ties 77, determine their mean length: /, = ,~'. The case v,,,
v,; #0 corresponds to heteropolymers (or copolymers® ) for
which the mean number of units in the macromolecules is
T= (mm, +mm,) " The case v,, =v,, =0 describes
copolymers with regularly alternating units, the case
V11 Vas = V2V, corresponds to completely random (Ber-
noulli) copolymers, and the case v,,v,, >v,,v,, describes
multiblock copolymers.

1.REPLICA METHOD FOR SYSTEMS WITH AN ARBITRARY
MOLECULAR-STRUCTURE DISTRIBUTION

We use a known model®? to describe the polymer sys-
tems. In this model, the interaction of units M, and M; is
described by a potential ¥;, and the conditional probability
for finding the units of a bond (n,n’) separated from each
other by a given distance |x, — x .| is given by

Aa(Rn—%Xn) = (4710%) ~* exp (—2%/4a?), 7

where a is the mean size of the bond.

As was shown in Ref. 3, the partition function of an
ensemble of macromolecules with a given distribution
{n(C)} can be represented as the mean of the partition func-
tion of the same noninteracting (ideal) macromolecules
whose units are in a random field v = {v; }:

Z{n ()= <II 8.9 (C, {zse1)) >v. (8)

n(C)!

Heree; = exp( — h,;/T), where h, is the external field acting
on the M, units; z¥ = exp( — v,/T); and the factor n(C)!
appears because macromolecules with an identical configu-
ration C are themselves identical. The angle brackets in (8)
denote the average over stochastic fields v with a probability
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Pv) ={ [ Dw exp[—Ho/T]} " expl—Hy/TI,
9

Ho(v)=— % Z, 5 dxdx’ V' (x—x")v,(x)v;(x’),
ij

and the matrix ¥ ~!is found from

Z de”V“ (x—x")V;; ' (x"—x") =840 (x—x"). (10)

1

The partition function =, of an ideal macromolecule
with a configuration C is given in the model of Refs. 2 and 3
by the expression

Bi(C, {3:}) = H J.dx,.z"" (xa) H}»{(xn—xnv), (11)

(n,n’)

where the first product is over all units M, in a macromole-
cule with configuration C, and the second product is over all
its bonds (n, n’).

Various sets of configurations {n(C) } can be realized in
the synthesis process. We assume below that the probability
for each set {n(C)} is given by a Poisson distribution

pin@)=T[exp (=N a@O 1 OmEN.  (12)

The mean value of the free energy of the system is found by
taking the average of the logarithm of the partition function
(11) over all the {n(C)} with probability (12). To carry out
this averaging procedure, we use the following equation,
which holds in the asymptotic limit m —0:

InZ{n(C)) = 71;7[ < H 21 (C, {ze) > —1]

—Z Inn(C)!. (13)

In the replica method,'®!' the parameter m in (13) is
assumed to be some arbitrary integer, and the limit m—0is
taken only at the end of the calculations. The product of m
identical factors in (13) can be represented as an average
ov r the fields ¥ = {v"*(x*)}, k=1,...,m with a mea-
sure equal to the product of the measures (9) of each of the
replicas k:

I=80c, z* Xy e ) >
c Y (14)

m

e;(X) = [ e (xm).

k=1

25 (X) = 1] 2% (x®,
k=1

Substituting (14) into (13), and taking the average of the
resulting expression over the sets {n(C)} with probability
(12), we find the following expression for the free energy of

the polymer:
0Qum {h} _ [7(C)]"
T| +T§C:‘exp[——n(0)] ;—————n! In n!,
(15)

F=

m=0

where (2, is the thermodynamic potential of the chemically
equilibrium system whose units are in a dm-dimensional
space

exp ( — B~ Coxp (_ Qi 22 (%), () )>;, (16)
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and (17;, is the thermod;namic potential of the dm-dimen-
sional system of chemical bonds® which consists of ideal
macromolecules:

Qi (2 ()Y T=— 3 A(C)Bumn(C, (2 (X)), (17)

c

Accordingto (17), the quantities 7(C) serve as the activities
of the macromolecules in such a system.

The interaction ¥;; of the monomer units of the macro-
molecules in expression (16) is described by a strongly fluc-
tuating stochastic field v. Over length scales short in com-
parison with @, such fluctuations do not contain the
“polymer specifics.” Their contribution should thus be
summed beforehand. In the field formalism, this purpose is
served by transforming to an integral over the new variables
2% in (16):

Q m . 1 xc
exp(— »;— )= j H Dz, (k’exp[ -7 Qum{z:"(X) e: (X))}
ik

—Z,Q~{z.-""’}/T]. (18)

As is shown in Appendix A, the functional Q* can be
expressed directly in terms of the pressure P™(p,) and the
chemical potentials u}* (p;) of the “system of ruptured
units”:> an equilibrium ensemble of monomer units which
interact with each other with a potential ¥, but which do not

form chemical bonds,

@z ()= — | dx P (pu(x)), 2 (x) = exp e (03)/T),
P'(Pi)=P"3(Pi)—TZPi' wi () =w:" (p;) =T ln pi. (19)

In the lattice model of Ref. 3, excluded-volume effects are
described by a parameter v, and binary interactions of units
M; and M; are described by dimensionless Flory parameters

Xij

. 1 v
P (p)/T=~ —;ln(1—vp)—9 Tt Exu-p:pj,

(20)
p= 2 P Wi (p;)/T=—In(1—vp)+v Z X0

Expressions (17)-(20) completely determine the ener-
gy of a polymer system with arbitrary given mean values
n(C) of the numbers of macromolecules of the various con-
figurations.

2.MEAN-FIELD THEORY

A. General theory. When density fluctuations are ig-
nored, the functional integral in (18) can be evaluated by the
method of steepest descent. The equation for the saddle-
point function z} determines the mean density of units in the
case of a spatially homogeneous state in the limit m —0:

1 _
o = e (). (21)
1
Here V' ? is the volume of the system, and 7 (1) is the com-
position distribution, i.e., the number of macromolecules
with a composition vector 1 which has a given value and
whose components /; are equal to the numbers of units M, in
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the molecule. From (15) and (18) we find the following
expression for the free energy of the system:

PEO)=1 L el -7(0)]

y ZE(_S!)lln”_!_ﬁ(c)ln Bq(C, {1}) }

n=0 V(O)
+VO8 ("), (22)
where we have set
f(p)=P(p:)— Z,pfu«‘ (ps). (23)

Expression (22) agrees with the results of Flory’s theo-
ry' for the lattice model in (20) only in the limit7#(C) > 1,in
which the sum over nin (22) reduces to an integral which we
can evaluate by the method of steepest descent. In this case
the position of the spinodal temperature can indeed be found
through a calculation of the determinant of matrix (1) with
the help of (22). In general, the spinodal temperature should
be found from the condition for the divergence of the Fourier
component of the density-density correlation function:

8*F
6h.‘ (X)Gh,‘(x,) ’

Here 8p, (x) are the fluctuations in the density of the M,
units. An important point is that the Fourier component g,
of the correlation function (24) is discontinuous at the point
q = 0. Exactly at the point ¢ = 0, this Fourier component is
identically zero because of the conservation of the total num-
ber of the M, units, but it is nonzero in an arbitrarily small
neighborhood of this point. Everywhere in the discussion
below, we understand the case ¢ = 0 as meaning the limit
q—0 from the right (¢ >0).

Two qualitatively different cases are possible, depend-
ing on the magnitude of the wave vector ¢,, at which the
following conditions first hold:

D(q.*)=0, D(g*)=det8q", (25)

&,-(x—-x')E(Gpi(x)ﬁp,(x'))=-—T (24)

The first of them, g, = 0, corresponds in particular to the
ordinary spinodal transition. In the second case, g >0, the
critical value of the external parameter (of the temperature,
the pressure, etc. ), at which stability is lost, is found from the
condition dD (g3 )/dq5 = O.

Evaluating the variational derivatives (24) in the
mean-field approximation, we find the following expression
for the Fourier components of the matrix of correlation
functions:

04=8q(1—gqCq) ™" (26)

On the right side of this expression are Fourier components
of the structure function g,

gi(x—x") =m=1T-'8°Q.{z°} /6 In z; (x) 6 In z;" (x") |,,.=o,(27)
and of the matrix of the direct correlation functions C,
Cys({p}, x—x') =0 ({p}, x)/80;(x") T. (28)

Expression (26) is a generalization of the corresponding
expression which was derived in Refs. 2 and 3 by a thermo-
dynamic approach.
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We now consider a polyphase system for arbitrary val-
ues of 7(C). In finding the g values of the various phases, we
partition the replica space of dimensionality dm into ¢ re-
gions, each of which has a volume

II (V(s))n, ,

where 7 is the number of replicas in phase s. The number of
regions with identical sets of numbers n, (En, = m) is equal

to the number of combinations [ {;n}] . It is then not difficult

to verify that the total number of regions and their total
volume are ¢” and V' ™, respectively, with V=2V ),

To evaluate the free energy, we separate from expres-
sion (11) (for the partition function of a macromolecule
with configuration C) the integration over the collective
variable of its center of mass, X_:

c

Bun(C, {27} )= dX.8un(C, {2}, Xo)

=Z( {Z})H (V‘“)"-H (2 )0 (C, (1)),  (29)

{ng}

where z** is the value of the function z*(x) in phase s.
Carrying out the summation over 7 in (29), and using the
resulting expression in (17) and (15), we find the difference
between the energies of the g-phase system and that of a
single-phase system, (22):

q
a1 Ysom| Xgg [T e y]
1 s=1 i
q

+ Z V(S)f' (p(S)) _.V(O)f‘ (p(o)).

=1

(30)

We are assuming here that the densities p{ of units M, in
phase s are related to z*” by (19). Minimizing the right side
of (30) with respect to p{”, we find the equilibrium values of

these densities to be

pi(a)= (V(s))—i Zﬁ(s) (l)li’

(31)

where 7 (1), the mean numbers of macromolecules in
phase s with a given composition vector 1, is given by

ﬁ(l) Ve H(Z:(') )z,

Yove e

The equilibrium values of the volumes ¥ of each of
the phases are found by minimizing the functional (30) with
respect to ¥V ) at a fixed total volume ¥. The conditions for a
minimum are equations stating that the pressures P ¢ in all
the g coexisting phases are equal:

7 (1) =

(32)

P"’=TZ| a9 ()+P (p). (33)
1

Equations (30)—(33) give a complete description of this g-

phase system. The correlation functions in (26) and the dif-

ference between free energies in (30) are described correctly

by Flory’s equations, although Flory’s theory is not valid at

small values 7(C) € 1.
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B. Markovian heteropolymers. The direct use of rela-
tions (22), (26), and (30) of the general theory requires a
summation of series over all configurations C. A distinctive
feature of the new approach of the present paper is that in the
basic cases of practical interest this approach leads to a
closed expression for the functional Q};, in (17), without
the need to carry out tedious combinatorial calculations.
The calculation for branched polymers is discussed in Ap-
pendix B. In the case of linear n-component Markovian
heteropolymers, (2), this functional can be written in the
comparatively simple form

Qum{zs}/AT

3 67, [dxax (in) (X506 X)

hj=1

=Yz ®) @0+ (@X)+n), (34

where the functions p and ¢ are found by minimizing the
right side of (34). They are functionals of z* (X). It is not
difficult to verify that the expansion (34) in a functional
series in powers of z* (X)) does indeed reproduce series (17).

Evaluating the variational derivatives in (27) and (34),
we find the following expressions for the Fourier compo-
nents of the matrix g of structure functions (27) and of the
density of the M, units:

8isa=P 0T pHijat P jia, (35)
pi=(A/VO) [M(E=¥) "], %q=(v-'A'—E),

where A, = exp( — a’q’) is the Fourier component of the
function A, in (7).

To determine the boundaries of the region of absolute
instability of the solution of a binary heteropolymer with the
help of (25) and (26), we find a function D(g?) for it, work-
ing from (35):

D A—BAqt+CAL
N 9192[1'*' (Vi Fvaz)Agt (Vn'\’zz-'\’ﬂz\’zl)}qu] ’

A=(1—p:Cyy) (1—p:L2) —ps0:C 2%

B=v,[ (1+p.C11) (1—p:C32) +p:p:C1c"] +
Fvoo [ (1—p.C1s) (1+p2C22) +0,0:C122] +2(p1V12H02V21) Cisy

C= ('Vn'sz_'Vaz'Vzt) [ (1+Picu) (1+chzz) ‘“Pipzciizl-

(36)

The sign of D is the same as the sign of the numerator of
expression (36), since the denominator is always positive.
The condition for an instability, (25), for fluctuations with
(a) azerovalue or (b) a nonzero value of the wave vector g,
is, correspondingly,

B=A+C (a), B*=4AC (b). 37

Figure 1 shows a phase diagram of this heteropolymer
solution for the case 4 > 0. In the opposite case 4 <0, which
corresponds to an absolute thermodynamic instability of the
system of ruptured units, the polymer system is always un-
stable. It can be seen from this figure that a necessary condi-
tion for the loss of stability at the wave vector g, > 0 is that
all three coefficients 4, B, and C be positive. Since
Agp =B/2C=24/B, only a small neighborhood of the
point M in Fig. 1, in which the inequality g,a <1 holds, is of
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FIG. 1. Phase diagram of a solution of Markovian copolymers. The
boundary of the hatched region, which is the region of thermodynamic
instability, consists of a straight line @ and a parabola b, both defined in
(37).

practical interest for research on phase transitions of this
sort.

Let us examine in more detail the most interesting case,
goR> 1, where R ~al '"? is a length scale of the macromole-
cules. Solving the second of equations (37) for v,, + v,,,
and using (3) and (6), we find

Vietve =2%/ [ ((B*+a’) (B*+7%) ) "+p*+ay],
B*=(p1C11—0:C2) *+4pipCre’y  a=1—0,0,(C1.C2—C\"),
(38)
Y=p [ Z Cimntmn, (2C,—C,—C.s) ]
ij

From (38) we find 0 <v,, + v, < 1; this inequality should
hold at the spinodal temperature in (374). In the two impor-
tant limiting cases of a mixture of homopolymers
(v, + v, =0) and Bernoulli heteropolymers
(vy, + v,; = 1), this phase transition to a state with a non-
zero wave vector g, > 0 is therefore not possible.

3. PERIODIC SPATIAL STRUCTURE IN MARKOVIAN
HETEROPOLYMERS

We now consider a heteropolymer melt, which can be
described quite accurately as incompressible. In this case we
can use the lattice-gas model in (20). In the present section
of the paper we assume for simplicity that the probability 7,
for observing an initial unit of type i is equal to the mean
fraction 7, of the units of this type [see (6)]. From (5) we
then find y, =7,=1 "

According to results (36)—(38) of the preceding sec-
tion of this paper, a spatially homogeneous state in the in-
compressible system under consideration here can become
unstable only at g, =0. The incompressibility condition
corresponds to the limit p—v ~ ' in expression (20) for the
function u¥(p;) of the lattice model. That function deter-
mines the parameters C;; in (28). As aresult we find that the
region of absolute instability corresponds to the condition

XEX11+X22_2X12>X“

where the parameter
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— Vit Vay
Xe (1+'Vu) (1+sz)*V12V21
- —viy) (1+
x[1+vw+v“ + (1+vu) (1 ‘sz) + (1 V“) (1 ng) ]

Viz Vaq

takes the following simple form in the heteropolymer limit
I(vi, +v,)>1:

K= ('V12+V21)/ﬂsﬂz(z—'\’iz_'vzi)- (39)

Below we show that under the condition y > y., despite the
condition g, = O, there is a periodic structure with a period
proportional to (y — x.) ~ /%, which is much greater than
the length scale of an individual block. Incommensurable
structures of this sort are qualitatively different from those
discussed previously,*® for which these length scales are
comparable.

To study the nature of the transition near the point
X = X.> we expand the functional Q7;, in (34) in powers of
the functions

uy (X) =mn,z,"(X) +m.2," (X)—1,
us (X) =2,"(X) —2,"(X), (40)
Uz (X) =m,2," (X) +m,2," (X) —1,

treating the latter as a small perturbation. With u; = 0, the
quadratic form in (34) can be diagonalized by transforming
to the new variables

FX)=3(X)S,  H(X)=S-'¢(X), S=( e 1). (41)

—m, 1

In the momentum representation, the eigenvalues of the re-
sulting quadratic form are proportional to the quantities

ho=exp (—a*Q?), (42)
where A, are the eigenvalues of transition matrix v, given by
M=1-1",

g =AM, i=1.2,
Ae=1—T""—V—Va.

c

Using (42), we can put the expansion of (1}, in powers
of the Fourier components of the functions in (40) in the
form

Q:V:/TV'"‘-—"CODSt—pV [Uoo + 2 Uoeg1QUqo +... ], (43)
Q

Uq -q'=UA (Q—Q')+ 2 Usq+pr82pUs—Q'-P
P
+ Z Usq+pgapUor—pgarls—q'—T+ ..., (44)
P,T

where A (Q) is the Kronecker delta, and all the momenta Q,
P, and T are defined in the dm-dimensional space.

The functional Q* in (19), which describes the interac-
tion of the units in an incompressible system, takes its sim-
plest form,

Q/T=p 5dx[u(x)+v’(x)/2x], (45)

in terms of the variables # and v, which are related to the

parameters z; in (19) by
z,"=exp(u+mn.v), z,'=exp(u—mn,v). (46)

Expressions (45) and (46) are found in the lattice model by
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taking the limit p— v~ 'in (20) and (19). The function v(x)
is proportional to the deviation Ap, (x) of the density of the
monomer units of the first type at the given point x from its
mean value over the volume:

v(x) =xAp:(x)/p, Api(X)=11p:(X) =740, (x), (47)
The densities of units M, are therefore
pu(x) =mp+Api(x), pa(x)=mp—Api(x).

Substituting (45), (46) and (43), (44) into (18), we
find, in the mean-field approximation,

Qunm/pVT=const — Zf(u‘”, v®)— Z,fm(v"", v AL

he=1 Rk’ (48)
Ft,0) = 3y A4/ 2 007 (Gagt/2) 10ab—a—atiqti—s)
a0
— (7,—m,) Zp 82q82a'VqVq'—qV-q’ —Z &1a€a-u,
q,q'+0 q%0
§q=uq—mn22 (820" t"/2) Ve 4a¥-q',
pr
fimt (0, V") =nm,° Z 81a,a' (g2a1"/2) (g2qr+/3)
q,q'#0,q+q " +0
X qu—qvtz'v—q'y

819, =810 Q= (qv q,1 01 ceey 0) (49)

Here it is assumed that all the momenta q and q' lie in the d-
dimensional space. Minimizing expression (48) with respect

to u{*, we find

®) CIG)
g =giq(grqt"/2)nu, Zl (g2a'+'/2) Vasa'v-a’
«

(50)
Substituting (50) into (48), we find a functional Q,,, which
depends only on the field v. We are interested below in the
momentum region [ ~ ' <€a’¢*<€v,, + v,,. In other words,
we are interested in characteristic dimensions g ~ ' which are
small in comparison with the size of the macromolecule,
R = al /2, but large in comparison with the characteristic
dimensiona(v,, + v,; ) ~ /2 of one of its blocks. Restricting
the discussion to the terms linear in ¢* in the expansion of the
functions g, in (42) in this approximation, and introducing
the dimensionless variables

— T(V‘2+V“)Cp T=1 _ ._X.i
! [ (1—vig—vai) ] ™’ ’
P _ (Viatvay) (2—=vie—vay)

=yt ,
1 a 1 2(1—vi—vzy)

(51)

we 'ud the following expression for the functional (},,,,:

Qun oV T =7 D [ e e (—atp)—a

hemi  pusn

x 2

P,?' ¥0,p+p’#0

(R) (k) (k)
Cp Cop—p'Cp’

k) (k) (&) (k)

e p+p” '
R£R' p,p’#0 (52)
A= 2(mt;—m,) ( 1—vi—vyy )',z
2—Vi3—Vyy T4 T )
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We restrict the discussion below to the solution
c{¥ = ¢,, symmetric with respect to replicas, of the equa-
tions which describe the conditions for a minimum of func-
tional (52). A nontrivial analytic solution, which exists at
7> 0, can be found as a power series in the parameter |A|. In
the leading approximation in |A|, we find

Cp=C Z [A (p—poei) +A (p+poei) ],

=1

(53)

_ sgnA( (2 a 1 lAl)
c= 3:/"21/2 1+ _3-) [Al)1 po_?.,;(l'l- 6"’ k) (54)

wheree,, i = 1,..., 6, are unit vectors directed along the edges
of a regular tetrahedron. Solution (53) corresponds to an
absolute minimum of the free-energy functional (52) with
A 0. Solutions of this sort, which belong to a rhombohedral
(trigonal) crystal symmetry system,'? could not be derived
in Refs. 4-8, where periodic structures in heteropolymer sys-
tems were studied theoretically. It is not difficult to see that
solution (53) is stable at small values |A| < 1. In the follow-
ing orders in |A| in the sum in (53), higher harmonics with
wave vectors 2n;e; (the n, are integers) of the reciprocal
rhombohedral lattice contribute to sum (53). A solution of
this type exists only under the condition |A| <A, ~1. For
the quantity A it is a simple matter to derive an upper esti-
mate A, < (3/2) '/, through the use of the variational prin-
ciple with the trial function (53).

The condition a’¢*€v,, + v,, for the applicability of
expansicn (52) holdsonly at 7<€ 1. At 7~ 1, the amplitude of
the superstructure, Ap, (x) in (47), (51), reaches values on
the order of the total density p, and its period reaches values
on the ora.r of the size of a block. In expansion (52) of the
thermodynamic potential, at 7= 1, we should thus retain
only the small terms of higher order in v'*’ and «‘®. This
solution is a clearly defined domain structure with a period
equal to the size of a block. Similar spatial structures have
been described in previous theoretical papers,*® based on
models different from our own. However, a description of
such structures goes beyond the scope of our Ginzburg-Lan-
dau approach.

The difference between the free energies of a state with
superstructure (53) and the spatially homogeneous state,
(22),1is

AF[pVT=—(297%/27) (1+2%|A]/3%), |A]<1.  (55)

Since the cubic invariants of the order parameter (53) are
finite, the expansion of the free energy in (55) contains odd
powers of |A|. Because of the factor 7°, the transition in
which we are interested here is a third-order phase transition
in the parameter 7, even if the functional (52) contains terms
which are cubic in v. This situation, which is a totally unu-
sual one for the conventional Ginzburg-Landau approach,
stems from the long-range nature of the fourth-order term
fine in (49), which describes the interaction of the different
replicas. The presence of a term of this sort, which incorpo-
rates configurational disorder, was also demonstrated in
Ref. 13, in the description of an isolated, statistically random
macromolecule of a heteropolymer, although in the symmet-
ric case we have 7, = 7, = 1/2.

The conclusion, reached in that previous study, that
there exists a spatial structure in a heteropolymer system
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with Bernoulli statistics for the distribution of units in the
macromolecule contradicts the results of the present paper.
According to the present results, such a structure could arise
only if there were long-range correlations in the order of
alternation of the types of units along the chain. There is
absolutely no such correlation in Bernoulli heteropolymers.
This discrepancy between results apparently stems from the
incorrect use in Ref. 13 of a continuum model for the chain
in a description of Bernoulli heteropolymers. In particular,
the conclusions reached in that earlier paper are extremely
sensitive to the length scale of the bulk interactions, but that
scale has no bearing on the polymer specifics of the problem
under consideration.

Erukhimovich'® and Leibler'® have also developed a
theory for domain structures in heteropolymers. They as-
sumed that the magnitude of the wave vector of the super-
structure, g, can be found by analyzing terms of the Ginz-
burg-Landau functional which are quadratic in the order
parameter. However, the value found for g, by that ap-
proach applies only to the transition point itself, 7 = 0. We
have shown that at this point we have g, = O but that the
characteristic value of ¢ (of the reciprocal-lattice vector of
the structure) increases in proportion to 7'/? with distance
from this point, with increasing 7.

The mean-field theory used in this section of the paper
is valid only in the case in which the benefit achieved in terms
of the free energy of the superstructure, (55), over a length
scale equal to the period of this structure, 277/g, is large in
comparison with the temperature 7. This condition imposes
a restriction on the values of the parameter 7:

>Ry (V"a)’ (56)

For real polymers we would have v'/? S q, so the Ginzburg
numberin (56) would always be small (75 €1) in the case of
block copolymers. Consequently, except for a narrow fluctu-
ation region 7S 7 the mean-field theory gives a correct de-
scription of the periodic superstructure.

CONCLUSION

In this paper we have proposed a new and fairly general
approach to the description of solutions and melts of poly-
mers of arbitrary chemical structure. We have discussed in
detail the important case of Markovian linear heteropo-
lymers, and we have studied the possibility that they would
form periodic structures. It has been shown that it is impos-
sible in principle for structures of this sort to form in the case
of Bernoulli heteropolymers, which is a case of practical im-
portance. In block copolymers, the period of the structure
depends on the strength of the interaction between the mon-
omer units. It may be much larger than the spatial size of one
block. An incommensurable superstructure of this sort
stems from the presence of configurational disorder, and it
cannot exist in the case of chemically regular copolymers.

Another important distinction between (on the one
hand) real multiblock heteropolymers and (on the other)
the chemically regular copolymers and block copolymers
with small numbers of blocks in a macromolecule which
have been studied previously is in the nature of their transi-
tion to a state with a periodic structure. In the latter cases,
this is a first-order phase transition, which can give way to a
second-order transition only at the symmetry point
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m, =, = 1/2 (Ref. 15). As we showed above, this transi-
tion is a third-order phase transition in Markovian heteropo-
lymers, even if there are terms in Ginzburg-Landau func-
tional (48) which are cubic in the order parameter. To
describe this unusual fact let us examine the Ginzburg-Lan-
dau functional which depends only on the amplitude Ap of
the superstructure and which is found by minimizing (48)
with respect to the magnitude of the wave vector g. Substi-
tuting the value g ~ | Ap|, found as a result of this minimiza-
tion, into (48), we find that the coefficient of the cubic term,
|Ap|®, is positive in the case A < A_. Consequently, a nontri-
vial solution Ap#0 which minimizes the Ginzburg-Landau
functional exists only under the condition 7> 0, which is the
condition under which the quadratic form of this functional .
loses its positive definite nature, and Ap is not discontinuous
at the transition point.

The Ginzburg-Landau functional method which has
been used in all studies of phase transitions in heteropolymer
systems of which the present authors are aware, makes it
possible to describe only those first-order phase transitions
which are approximately of second order. The formalism
developed above makes it possible to go beyond that limita-
tion. This flexibility is important in practical calculations on
specific polymer systems. In addition to heteropolymer sys-
tems of linear macromolecules, the general approach pro-
posed here can describe branched polymers. As an example,
we give a closed expression for the thermodynamic potential
[expression (B2) in Appendix B] in replica space. That
potential makes it possible to find an exhaustive statistical
description of solutions of tree-shaped polymers, which are
frequently encountered in practice. In principle, incorporat-
ing the fluctuations of the functions z*in (18) would make
it possible to carry out a correct study of fluctuation effects
in polymer systems with a given arbitrary distribution of
numbers of macromolecules, {#(C)}.

APPENDIX A

Let us evaluate the functional Q* defined by the expres-
sion

exp[—g;,f—‘z—.}—]s<]_:[ 8[z:" (x) —exp[—vi(x)/T]] > K
(A1)

Representing the §-function as an integral over the complex
field z; (x) and transposing the average over v and the inte-
gration over z;, we rewrite (A1) as

jsz(x)exp[ — Z de z;(x) 2" (x) —QP* {2z, (x)}/T ], (A2)

where we have used the representation® of the partition
function of the system of ruptured bonds as an average over
the fields v(x),

exp[—gxi{—z;,(xJ]=<epo 5 dxzi(x)zi‘(x)> (A3)

At this point we assume that the system of ruptured
units is far from its critical point. Since the density fluctu-
ations of such a system are small, the integral in (A2) over
the variables z; (x) can be evaluated by the method of steep-
est descent without difficulty. The result of these calcula-
tions can be put in the form in (19).
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APPENDIX B

Let us evaluate the functional ;, in (17) for a system
of tree-shaped macromolecules obtained through a polycon-
densation of M, units which have respectively £, functional
groups of type @. The mean numbers of these macromole-
cules, n(C), are described by the Flory distribution:

7i (C) = v (2, yag) [L 2 [T y08,
i

ap

(B1)

where 7 is their total number, /; and m,; are respectively the
number of M, units and the number of the bonds between
groups a and f3, and the functional dependence of the nor-
malization factor v on the parameters 2z, and
Yap(0<2z;, y,5 <1)isderived below. These parameters may
be thought of as the activities of the units and bonds of a dm-
dimensional system at chemical equilibrium. The thermody-
namic potential of such a system, (17), can be written in the
form

Q2 (7} ATV (20, yar) ="/ Dy (3 ) § AX AKX’ (! ) (XX
(1]

x0u X0 (X)~ ), § Xz ) [T (a0 110
i a (B2)

where y ~ ! is the matrix which is the inverse of y, and the
function A ; ' is related to A, by an equation like (10). The
function ¢, (X) should be found from the condition which
minimizes the right side of (B2).

According to definition (17), the thermodynamic po-
tential in (B2) can be expressed in the case m = O in terms of
the total number of macromolecules, 7. Setting m =0 in
(B2), we find the following expression for the normalization
factor vin (B1):

V= (0, o) = DB/ D (V) as0n s (B3)
1 aB

0=z H (A+ge )/ foul,

where the parameters @ &’ are found from the solution of the
equations

2‘ (y—‘)agCPn(O) = Z 06,/0({);0).
B i

Expression (B2), along with general relation (18), can
be used as the starting point for constructing a microscopic
theory of solutions of branched polymers, in the same way
that expression (34) was used in the main body of this article
to describe linear heteropolymers. As a very simple example

(B4)
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of the use of (B2), we will calculate the structure function
(27) for a spatially homogeneous system. It is not difficult to
show that the minimum of (B2) in the limit m — 0 is reached

with the solution @, (X) = ¢ {* and that we have

P =1 (25, Yas) 0/ V. (BS)

Differentiating free energy (15), (B2) with respect to A, we
find the Fourier component of the structure function (27):

nv (zhv yaﬂ) [ aef 69, ]
gia="pw 8:8: +a2ﬂ' PPXD %apq PrvaE & (B6)
where the matrix which is the inverse of %, is
) A0)
(g™ ) ap= (Y )asra™" — Z 0°0:/09a 0@p . (B7)

It can be shown that (B6) and (B7) can be put in the form
which was found previously for the case of a concentrated
system in chemical equilibrium,* if we switch from z; and
Vap to the new variables p{” in (B5) and p,4:
Yas 90;

1+‘Pa(°) - 0<p,,‘°’ )

Pas = (B8)

This result seems quite natural, since in this case the molecu-
lar-structure distribution is the same as (B1).
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