Suppression of transition radiation by a magnetic field
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The role which the curvature of the path traced out by the relativistic particle plays in the
generation of transition radiation in a randomly inhomogeneous medium is discussed. The nature
and properties of the transition radiation from a particle moving in a magnetic field are shown to
be quite different from those in the case of rectilinear motion. The emission by high-energy
particles, with ¥ > w, /@, is strongly suppressed. This suppression is so strong that it sharply
reduces the total amount of energy radiated and weakens the dependence of the radiated power on

the particle energy.

1. Several aspects of the emission of electromagnetic
waves by ultrarelativistic particles do not depend on the
properties of the particular external field or the particular
medium in which these particles are moving.' The charac-
teristic distance /. over which the emission occurs (the radi-
ation formation zone) is considerably greater than c/w,
where c is the velocity of light, and w the emission frequency.
If the path traced out by the relativistic particle is in some
sense only slightly different from rectilinear (more on this
point below), the size of the formation zone can be deter-
mined by requiring that the wave and the particle ‘‘become
separated spatially” by a distance ¢/w over the length /.
Noting that the phase velocity of the waves in a plasma is
different from ¢, we find

2,2 -1
lcz312(1+m’3 ) , (1
® ®

where ¥ = & /Mc” is the Lorentz factor of the particle, &
and M are the energy and mass of the particle, and ), is the
plasma frequency. Most of the energy emitted at the frequen-
Cy o goes into a narrow cone around the direction of the
particle velocity, within an angle

) 2)

Op
(ol

9¢N(1"2+

The deviation of the path traced out by the particle from
rectilinear is important' if the angle @’ by which the direc-
tion of the particle velocity changes over the distance /. is
greater than 6,:

a’>>0..

In this case the size of the formation zone is smaller than (1)
and is the same as the length over which the direction of the
particle velocity changes by an angle 6.

Transition radiation by a relativistic particle moving in
arandomly inhomogeneous medium or crossing an interface
between two media arises even when the charge is in uniform
rectilinear motion, since transition radiation is the result of a
coherent superposition of the emission by the individual par-
ticles of the medium, which are excited by the virtual field of
the passing particle.? Under actual conditions, however, the
path of the particle is often different from rectilinear. This
difference may be caused by Coulomb collisions of the rela-
tivistic particle with the particles of the medium and also by
external electromagnetic fields.

Let us take a qualitative look at how the curvature of the
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particle path should affect the formation of the transition
radiation of this particle. Transition radiation is known to be
aresonant process.” By this we mean that the emission at the
frequency w arises from the interaction of the field of the
relativistic particle with harmonics of the spectrum of irre-
gularities of the medium for which k ~'~/_ (). Let us as-
sume that the curvature of the path is such that the direction
of the particle velocity changes by an angle 8, over a distance
'€l (w). Since the emission is concentrated along the di-
rection of the particle velocity, the emission is thus formed
over a short distance /', and the emission from subsequent
parts of the path will be in a different direction. In this case, a
charge having traversed a path /' <k ~ '~/ (w), will clearly
interact less effectively with the density inhomogeneities of
the medium with length scales k'~ I, (w), with which the
transition radiation at the frequency w is associated. This
radiation should thus be strongly suppressed. A similar ef-
fect is known in bremsstrahlung, when the multiple scatter-
ing of a relativistic particle by Coulomb centers in a medium
is taken into account (see, for example, Ref. 3). The effect is
called the “Landau-Pomeranchuk effect” in that case.

We are interested here in the transition radiation by a
particle which is moving through a plasma with random var-
iations in the electron density. This plasma is in a uniform
magnetic field B. A situation of this sort is typical of a variety
of astrophysical entities and also under laboratory condi-
tions. In a  magnetic field, we  have'
l'=1=Mc*/qB = c/wg, where wp = qgB /Mc is the gyro-
frequency of the particle. Since /. (w) reaches its greatest
valueat v = w,7,

l(0pY) =cY/ w5,

the condition for suppression of the transition radiation by
the magnetic field reduces to

1> 0y/0s. (3)

In this region of parameter values, the suppression of the
transition radiation also changes the behavior of the total
radiated energy as a function of the energy of the relativistic
particle.

The effect of a strong magnetic field on the dielectric
constant of a plasma was considered in Ref. 2, but the charge
was assumed to be in rectilinear motion along the field. In
the present paper, we ignore the effect of the magnetic field
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on the dispersion of the medium. In a magnetized plasma, we
can use the formula?*

2
e(@)=1-—% (4)
o
if the electron gyrofrequency wp, = eB /mc is small in com-
parison with the frequency v > w,:

ozl (5)

The role played by the magnetic field in the path of the parti-
cleis important (Sec. 2) if ¥ R ®,/w 5, holds for electrons or
¥R w,/wg, for protons. With y> 1, this condition is compa-
tible with condition (5).

2. Let us examine the transition radiation by one relativ-
istic particle moving through a turbulent magnetized plasma
which has small-scale variations of the electron density.
These variations might be produced by magnetosonic waves
or shock waves, as well as by plasma waves and ion acoustic
waves. We assume that the turbulence is statistically isotrop-
ic and homogeneous in space and time. We assume that the
spectrum of irregularities can be described by a power law,
as in Ref. 4:

v—1 <AN®E, ™!

| 8N | o= v+

k=k,, (6)

where (AN 2) is the mean square value of the irregularities,
and k, = 27/L,, where L, is their dominant length scale.

According to the theory derived in Ref. 2, to find the
intensity of the transition radiation in a plasma with random
variations we need to calculate the Fourier component of the
plasma current, j;,,, which is bilinear in the electric field of
the relativistic particle, Ef!, and in the amplitude of the plas-
ma density ﬁuctuations 6N,

]k":w=—"—— El. Jk—k’ GNm'_k'dm'dk'. (7)
mo

Here e and m are the charge and mass of an electron (in
contrast with the ¢ and M of the particle). Only the virtual
part of the electric field of the moving particle should be
considered in this expression. The real part (i.e., the synch-
rotron radiation field) also interacts with the fluctuations,
but this interaction results in a scattering of the radiation,
not an emission of transition radiation. The energy emitted
at a given frequency o in a given direction 7 is expressed in
terms of ji', by

g,,m=<zn>°—;‘§— <) 01|, (8)

where the angle brackets mean an average over the fluctu-
ation spectrum. The field of the charge is related to its cur-
rent by

q’l"‘Gu (('3 k)JJk oy 9
where G ; (w,k) is the transverse Green’s function, given by
k.k 4nie
! ,k=( - ”) (10)
Gﬁ ((l) ) 6(.1 kz zkz—mza ((1)) ]

and the particle current is expressed in terms of the particle
path r(#) and the velocity v(¢):

=0 _’.v(t)exp[—zkr(t)ﬂmt] @ (11)
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Substituting (10) and (11) into (9), then substituting (9)
into (7), then substituting (7) into (8), and then taking an
average over the random phases by means of the relation

(ONyr o ONx 0 >=| 6N |28 (') 8 (0”) 8 (k'—K”),  (12)

we find
- 4qet ,
B = e ey f ax jdt
<Re Jdr | 6N |« ?exp (iot—i(k—k’) [r(t+1)—r(2) ])
- [1—(k—k")*c*/ 0% (0)]*
[nk’] ((k—=k")v(?))
x{ vy 1+ L)}

[nk’] ((k—k")v(t+7) }

x{ [av(t+0) 1+ e

(13)

The second terms in the braces can be ignored here, since
they are small quantities of higher order than [nv].

The particle path in a magnetic field (a helix) and the
velocity of the particle can be written

[b v, ]

r(t)=ry+bo,T + Lé sin Qt + (1 —cos Q1),

v(T)=V,tv, (1—cos Qr)—[va_]sm Qr, (14)

whereb = B/B, ) = wz/7, and the || and 1 mean the longi-
tudinal and transverse components, respectively, of the ve-
locity vector with respect to the direction b.

Since the emission by the ultrarelativistic particle oc-
curs over a distance over which the direction of the velocity
changes by the small angle 6, in (2), and since this distance
is short in comparison with the radius of curvature of the
path (correspondingly, w,z 751), the arguments of the
sines and cosines in (14) are small: Q7 <1 for > 1. Itis thus
legitimate to expand the trigonometric functions in power
series in the small quantity (7). In order to correctly deal
with the deviation of the particle path from rectilinearity,
however, we should retain the terms in expansion (14)
which follow the linear terms, as is usually done in a study of
synchrotron radiation:*

v(t)=nv(1—6—;>+ev,

v(t+1)=nv (1 — —g—z )+6v+Av(r),

Av(t)=[b[vb]] (1—cos Q1) —[bv]sin Qr=~v[nQ] T, (15)

3

r(t41) —r () =v(2) T—u[nm%z + u[ge]i; —0[Q[nQ] 1%,

where v = |v| =c.

Figure 1 clarifies the meaning of the vector 8, which is
equal in magnitude to the angle between the emission direc-
tion n and the velocity vector v(¢). When the emission is
observed along a fixed direction, one detects brief distinct
pulses, just as one would in the case of synchrotron radi-
ation.’ In other words, the corresponding emission intensity
is a function of the time ¢. The intensity of the emission into
the total solid angle (i.e., the energy loss of the particle on
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ul(t+o)/v

FIG. 1. Meaning of the vectors @, n, v/v, and Av/v and of the angles 8 and
[[nQ2]]7.

transition radiation per unit time), however, is independent
of ¢. It is thus possible to evaluate the outer integral over d¢ in
(13) and hence to go over to the intensity of the emission
into the total solid angle (i.e., to the energy radiated per unit
time, since the total emission energy over an infinite time
would be infinite in this case):

2nqet
m?c®

Lr=

_‘.do J'-@—gk—%g-lv—lk—'tRe j‘ dv([n0]1*+0[nQ] 1)

-00

2 2.8
vap{ i[o—(k—k")v] r—imﬂ[nﬂllz +ie .[lgéll}, (16)

where 4 = cos? = k'k/k 'k.

Because the emission by the relativistic particle is dis-
tinguished by its pronounced directionality, the integration
over the solid angle do = sinfdfdg can be replaced by an
integration over the two-dimensional vector d 6 = d6,.d6,.
Because the corresponding expressions converge rapidly,
this integration can be carried out between infinite limits,
from — o to + . Wecan thus put the origin for the scale
of theangle in (15) at a certain instantaneous value of v(¢),
because a change in variables of the type 8 = 0’ + A0(¢)
does not alter the range of integration over the angle. A re-
placement of this type, 0 -0’ + [nf2]7, is conveniently car-
ried out in order to integrate (16) over the time 7. Expres-
sion (16) then becomes (we are omitting the prime)

2ngle* dy dk’ |6N |y?
mzca j da j’ 2

1," =

X Rej d1(6’+20[nﬂ]r +-2—[n9]’1:’)

0p* +ot 2k'v)+ imm,_,_"r’}'
? o 24y*
(17)
The inner integral can be expressed in terms of an Airy func-
tion. Switching to the dimensionless variable
x = (wwp,*/¥*)'*(7/2) and using Ai" (£) = £ Ai(£) [the
function Ai(£) is normalized], we find
8n*g’e' [ oy \* du dk’| 6N |x?
1= BETE( 1) [ g [20IFIN]
om-c Wgy W

Xaxp{ loz)'r ('r‘ +

(18)

fos{22) o,

where
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4w,/ 0*+0%+2k nc/
§= Y Wp /O [O) . (19)

(@5, /00Y)™

The integration in (18) should be carried out over a region of
parameter values in which the relation £<0 holds. This rela-
tion corresponds to the virtual part of the electric field of the
particle. Expression (18) allows us to take the limit of a zero
magnetic field, wz —0. Since

lim Ai(a/d)

b0 b

=48(a), (20)

the integrals in (18) can be evaluated easily. The second
term in square brackets contributes nothing. Evaluating the
outer integral over d6, and using (6), we find (in agreement
with Ref. 2) the following expression for the spectrum and

angular distribution of the transition radiation emitted by a
particle in rectilinear motion:

_ 8n(v—1) g’e'<AN™) [ 2k, )"“’ . 0? )
(Y—3+92+mp2/m2) v42
21

Il
e vem?e® \To

In the general case B5#0, an evaluation of the outer integral
over d@in (18) does not give us the intensity of the emission
in a given direction. The formal reason is that the angle 8
depends on the times ¢ and 7 (there is no such dependence in
the case B = 0). The physical reason is the continuous vari-
ation in the direction of the particle velocity. One conse-
quence of this change in the nature of the particle motion is
that it is not legitimate to introduce the concept of “exactly
forward” emission (6 =0) in this case. Correspondingly,
the intensity of the emission does not vanish in any direction,
in contrast with the results in (21).

It is thus convenient to evaluate the integral over d@ in
(18) for a certain time and to call the corresponding quanti-
ty the spectrum and angular distribution of the intensity, so
that we can compare the resulting expressions with (21). In
view of the comments above, no confusion should result.

Substituting (6) into (18), and using the condition
£<0, which fixes the limits on the integrals, we can write
(18) in the form

*® —Rmin/k’

o 2n(v—1)q2e‘ko"“<A1v2>( oY )% f dk’ j dp
e omic® os, /o (K) K
(-DBL 'l)
o Jai®,
e-3(222)" e Jaice 22)
where
of _ Oy’
Fun (0) =40+ 22 ) (23)

It is difficult to analyze expression (22) in the general
case, since it is necessary to evaluate integrals of combina-
tions of an Airy function with power functions between fi-
nite limits. Nevertheless, it is possible to find asymptotic
expressions which give a good description of the emission
spectrum in certain frequency intervals.

We first consider the frequency region in which the con-
dition ¥ ~? 4+ 0,%/w*> (w, /wy)*” holds i.e., the intervals

©pY ) s

m<m.=mp(
(0778

(24)

and
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(D»O)H_L'Yz- (25)

In this case the curvature of the particle path plays a minor
role, and the Airy function can be replaced by a 5-function.
However, the finite width of this function must be taken into
consideration in the second term in square brackets in (22).
The reason this is necessary is that in the limit -0 the
second term in square brackets in (22) is the leading term.
Because the function (wy/wp, )** Ai(£) has finite width, £
is not equal to zero and instead varies over an interval
— 15£<O0. For a rough estimate we can set (for example)
&= — 1/3; doing so, we find

92+ ((I)H_L/CI)Y)%
(Y2 +0*+ 0, w®) "+

(26)

This expression differs from (21) in having an addi-
tional term (@, /wy)*” in the numerator. According to the
discussion above, this term stems from the nonlocal nature
of the emission process, i.e., from the circumstance that the
emission comes from a finite arc of the particle path, over
which the direction of the particle velocity changes. As will
be seen below, however, this term contributes little to the
total emission intensity, over all angles, in the frequency in-
tervals defined by condition (24) or (25).

In the other case ¥ > + w, %/’ < (w5, /0y)** or

8n (v—1)g*e*<AN*> ( 2k,c ) vt

2
In,m= 2 3.
vem'o

(0]

0.<0<og, Y%, (27)

theargument of the Airy function is effectively small, |£ | €1,
because of the rapid convergence of the interval over dk ’. It
thus becomes possible to expand the function Ai(§) in a
series, in which only the first term need be retained:

. . 1
Al (E) ~ Al (0) = 31,,I1 (z/a) *

The integration in (22) over du and dk ' then presents
no difficulties; it yields

I 240 (v—1) g*e*CAN®> Ai (0) (2k,c/@)" ! (0y/ @5, )%
0,0 (1—z+92+mp2/02)v

e v (vt1) cmie®

x(1 + ve? ) (28)
3(y*+0*tw,e?)

Our ability to replace the Airy function Ai(&) by Ai(0) sig-

nifies an important change in the nature of the transition

radiation. In particular, there is no resonant interaction with

fluctuations (such an interaction resulted from the §-func-

tion in the case of a particle in rectilinear motion).

It can be seen from (28) that the emission intensity falls
off with increasing magnetic field, i.e., I}, <@z *%;i.e., the
transition radiation is suppressed by a magnetic field.

Shown for comparison in Fig. 2 are the asymptotic spec-
tra in (26) and (28) and the corresponding curve found
through numerical integration of exact expression (22). The
difference between these curves is seen to be slight, and in
region (27) expressions (22) and (28) agree within 10%.
Also shown in this figure is the spectrum (21) for the case of
zero magnetic field, wgz =0.

For real experiments with beams of relativistic parti-
cles,® and also in the interpretation of the radio emission
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FIG. 2. Spectrum and angular distribution of the transition radiation for
the parameter values y=10°, 6 =10 °, 0, =10"s ', 0,/w, = 10°,
and v = 1.5. 1—Results of a numerical calculation based on (22); 2—
approximation of expression (22) by (26) and (28); 3—results in the
absence of a magnetic field (v, =0).

from astrophysical sources,’ the topic of greatest interest is
the intensity of the transition radiation into the total solid
angle. It is convenient to carry out the integration over the
vector @ in polar coordinates. The magnitude of the angle,
6 = |0, then runs over the semi-infinite interval from 0 to
+ 0. As aresult we find

. 8t (v—1) ¢*e’<AN® (Zkoc)"*‘
¢ vi(vt+1)

., (1)2 -y
) [os

In regions (24) and (25), where (29) is valid, the second
term in square brackets is small in comparison with unity
and can be ignored. The magnetic field is thus unimportant
in these frequency intervals, and the emission spectrum is
essentially the same as that in the case of a rectilinear motion
of the particle. At the frequencies in (24) the spectrum of the
transition radiation is 2 « " ~ %, while at frequencies (25)
itis 72 «e ~ "~ ? and weak in comparison with synchrotron
radiation.

In the intermediate frequency region in (27) the mag-
netic field is important. After integrating (28) over angles,
we find

cmfo’ \ o

owlopt] g,

,Y—Z+mp2/mz

g

16n%(2v+1) Ai(0) g*e*<AN®
vi(v+1)?

m,Y W ® mpz 1—v
Xt ) [+
(OF: 1 2koc Y (02

In this region the intensity of the transition radiation falls off
rapidly with increasing frequency: I <o~ '"? and
I} <o~ "~ *? When thereis a magnetic field, the transition
radiation is thus strongly suppressed at frequencies ® X w,, .
This effect is observed if w,, < ®,7; this condition is the same

1.} =

cmzms

(30)
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as (3). The meaning here is that the curvature of the paths of
high-energy particles in a magnetic field completely changes
the nature of the transition radiation by these particles, sup-
pressing this radiation at those frequencies at which most of
the energy would be radiated in the absence of a field. In
addition, there is an increase in the characteristic angle at
which most of the radiation is emitted (although this angle
remains small in comparison with unity). Substituting w,,
into (2), we find
Wp, '
05 = ( ) . 31
0pY
Figure 3 shows the spectra of the transition radiation for two
relativistic particles, with ¥, €w,/wp, and ¥, >0,/ wp, .

A particle moving in a magnetic field generates synch-
rotron radiation.! The generation of this radiation in a tur-
bulent plasma was studied in detail in Ref. 4. This type of
radiation is exponentially weak in a plasma because of a den-
sity effect at frequencies w < w, 7, while the transition radi-
ation is generated most intensely at specifically these fre-
quencies. The transition radiation is suppressed for v R w,,
and v, <w,7. The synchrotron radiation by heavy particles
(in particular, protons) is very weak because of the large
mass of the particles. In this case the transition radiation
may outweigh the synchrotron radiation even at frequencies
@ > 0,7, since the intensity of the transition radiation does
not depend on the mass of the emitting particles. In the latter
case the transition radiation also determines the total radia-
tive loss in a randomly inhomogeneous plasma. In each case
(for electrons and protons), the transition radiation is sup-
pressed by the magnetic field at those frequencies at which
transition radiation is the dominant type of radiation.

A few comments are in order regarding the astrophys-
ical implications of this effect. In typical radio sources the
emission comes from electrons with a power-law energy
spectrum® N(E) < E ~*. In this case the synchrotron radi-
ation is strongly suppressed at frequencies ® < w,/wg. The
suppression of the transition radiation is seen at frequencies
> w}/wy; at lower frequencies there can be an effective
generation of transition radiation. It thus becomes legiti-
mate to use the standard expressions for the transition radi-
ation from particles in rectilinear motion in interpreting the

I
I
|
|
|
|
|
|
|
|
L 1
7 “’p?'z “‘urz
FIG. 3. Spectra of the transition radiation for two particles. 1—Particle
width ¥, €w,/wg,; 2—particle width ¥, >®,/wp,. The dashed line

shows the emission spectrum of the second of these particlesin the absence
of a magnetic field.
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low-frequency part of the observed radio spectra at’
o < w5 /wy. In general, however, in sufficiently dense objects
(w,/w>10%) and in highly inhomogeneous objects
((AN?)/N?*~1), the transition radiation can outweigh the
synchrotron radiation at frequencies a)~w,2,/a),,. If this is
the case, and if the particles also have quasimonoenergetic
distributions, the suppression of the transition radiation by a
magnetic field might be observed under astrophysical condi-
tions.

Finally, we consider the intensity of the transition radi-
ation integrated over all frequencies:

1,$=fm do. (32)

@p

In the absence of a magnetic field, this integral would be
dominated by the frequency region w S, 7, since at higher
frequencies the intensity /) falls off rapidly. Corresponding-
ly, we have
opY
L= fl,,,z doxy*-!,

®p

(33)

If, on the other hand, the magnetic field is not zero, and
if the condition > w,/wy, holds, then the transition radi-
ation begins to fade away rapidly even at frequencies
wR o, =0,(0,7/0s )" (0, <v,7). Inthis case, the de-
pendence of the total radiated energy (per unit time) on the
energy of the particle becomes weaker:

I‘o':'z j]mz do « ,Y(v—t)/z. (34)

®p

The reason for this change is that (as was mentioned earlier)
the transition radiation is suppressed in a magnetic field un-
der condition (3) at those frequencies at which most of the
energy would be radiated in the case B = 0.

If a system has sharp boundaries (e.g., if the system is a
stack of plates—a case of interest for the problem of transi-
tion-radiation detectors of heavy particles*®), we have
v =2, and instead of the linear dependence I, «y at
¥>w,/w wefind asquare-root dependence I, « y'/*. Al-
thouOh the effects of magnetic fields can be eliminated in the
laboratory, one should consider how the transition radiation
would be affected by the scattering of the relativistic particle
by the atoms of the plates. This scattering would lead to a
similar effect (one should bear in mind that a suppression of
radiation might also be advantageous, e.g., in the accelera-
tion of heavy particles to extremely high energies in a plas-
ma). The effect of multiple scattering on the emission of
resonant radiation (i.e., the emission in a medium with a
sinusoidally modulated dielectric constant) was studied by
Ter-Mikaélyan.’ In connection with experiments on transi-
tion radiation in foam plastics® and in other media with ran-
dom fluctuations, however, it is worthwhile to solve the
problem of how multiple scattering affects the characteris-
tics of the emission in such media. There is also obvious
interest in an experimental study of transition radiation both
in magnetized plasmas and in condensed media under condi-
tions such that the effects which we have been discussing
here (which stem from the curvature of the particle path)
are important.
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3. We can draw the following conclusions from this
analysis.

a) The curvature of the path traced out by a relativistic
particle in a magnetic field results in a suppression of the
transition radiation at frequencies w R w,, . For electrons, the
value of v, is determined by the electron cyclotron frequen-
cy wpg,, , while for ions it is determined by the ion cyclotron
frequency wg,, = (m/M,)zwg,, .

b) A dip appears at frequencies v, <o <w,7 in the
overall spectrum of the emission by a electron moving
through a turbulent magnetized plasma (the spectrum of the
radiation containing the transition radiation and the synch-
rotron radiation). The reason is that both synchrotron radi-
ation and transition radiation are suppressed in this region
(by, respectively, a density effect and a magnetic field).

c) The dependence of the total intensity of the transi-
tion radiation, I, on the energy of the particle weakens at
Y>w,/0p .

d) The directionality of the transition radiation is de-
graded, although the characteristic angle in (31) remains
small in comparison with unity.

e) The effects discussed here are important even in fair-
ly weak magnetic fields, wp <€®,. Under the opposite in-
equality wp, R w,, these effects are even more obvious. It
should be kept in mind, however, that the magnetic field
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affects both the path of the particle and the dispersive prop-
erties of the plasma.
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