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An attempt is made to investigate the problem of the fractional quantum Hall effect (FQHE) on
the basis of methods of quantum field theory. It is argued that the use of the anomalous one-
particle Green function, corresponding to matrix elements between states with different values of
the total angular momentum, and the Green function analogous to the F-function in the theory of
superconductivity leads to the result that the pair correlation function acquires properties
analogous to those which obtain for the Laughlin trial function. By means of Bogolyubov
transformations, equations describing the systemin the generalized Hartree-Fock

approximation are obtained.

1.INTRODUCTION

In the theory of the fractional quantum Hall effect
(FQHE) the work of Laughlin' is of fundamental signifi-
cance. The trial function introduced in Ref. 1 is used in one
form or another in most of the investigations devoted to the
theory of the FQHE. It is evident that the most delicate ele-
ment in the trial-function method is the question of the intro-
duction of the elementary excitations. In view of this, it is
very tempting to study the problem of the FQHE with the
aid of well developed methods from quantum field theory.
The degeneracy of the spectrum of two-dimensional elec-
trons in a magnetic field in a given Landau level makes the
problem of allowing for the interaction between the particles
extremely complicated. Therefore, it is of interest to deter-
mine in the language of Green functions even the most gen-
eral properties of two-dimensional interacting electrons in a
strong magnetic field H. In a previous paper’ we succeeded
in establishing an interesting distinctive feature of the dia-
grams describing the interaction of the electrons in a mag-
netic field. It was found that in the two-dimensional case it is
possible to exclude from the analysis all diagrams containing
polarization loops by means of a renormalization, per-
formed in explicit form, of the two-particle interaction po-
tential.

An important feature of the Laughlin trial function is
the zeros of high order in the difference of the coordinates of
an arbitrary pair of particles. This trial function corresponds
to the previously known Jastrow method in the theory of
nuclear interactions. However, a method for deriving ap-
proximations of the Jastrow type on the basis of a diagram
technique is not known. In Ref. 2 the author proposed for the
vertex part a concrete form that makes it possible to con-
struct a two-particle correlation function containing zeros of
high order in the difference of the particle coordinates. On
the other hand, Girvin® proposed an alternative form of two-
particle correlator that leads to zeros of arbitrary order. At
the same time, it seems to be extremely important to operate
only with anomalous pairings for the one-particle Green
function and with pairings of the Cooper type in the theory
of superconductivity. The character of the vertex part intro-
duced in Ref. 2 suggests the thought that anomalous one-
particle Green functions corresponding to matrix elements
that are nondiagonal in the total angular momentum may be
present. However, the form proposed by Girvin? for the ver-
tex part suggests that it is possible to introduce pairings of
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the Cooper type. It should be noted that the idea of the im-
portance of nondiagonal matrix elements in the theory of the
FQHE has been developed in one form or another in a whole
series of papers.*®

In the present paper, we consider the two types of possi-
ble anomalous pairings in the theory of the FQHE, leading
to zeros of high order in the two-particle correlation func-
tion. An analysis is given of certain properties of the anoma-
lous Green functions. By means of Bogolyubov transforma-
tions, equations describing the system in the generalized
Hartree-Fock approximation are obtained.

2. ANOMALOUS PAIRINGS

The Hamiltonian of the interaction of polarized elec-
trons (the spin index is omitted below) has the form

1 N . -
H:’nt=—2—55 dry dr, 1IJ+(1‘1)1P+(1'2)¢(1'2)¢(1'1)V(Il'x_l'zl ), (1

where

1'1;(1')=2 (2nm!2m) ="z exp (—|z|2/4) dm, (2)

z=Xx + iy, and 4,, is the annihilation operator for particles
in the state with angular momentum m in the symmetric
gauge for the vector potential. It is assumed that the particles
are in the zeroth Landau level, and that the interaction of the
particles does not lead to transitions of particles from one
Landau level to another.

The fundamental idea of Laughlin is that a two-dimen-
sional electron gas in a strong magnetic field with filling
factor v = 2wl n, = 1/p[ly + (cfi/eH) ' is the magnetic
length, n, is the electron density, and p is an odd number]
possesses an especially stable ground state. The pair correla-
tion function then has zeros of order no lower than 2p in the
difference |z, — z,| of the coordinates of the two electrons.
In Ref. 2 it was shown that the two-particle correlator

n® (v, 1) =<PH(r) B (1) (1) B (1) > (3)

corresponding to a certain trial function can have zeros of
order no lower than 2(2k, + 1) in the coordinate difference
|z, — 2,| if the correlator appearing in it satisfies the condi-
tion
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In (4) we have not antisymmetrized over the states,
since it was shown in Ref. 2 that the effective interaction
potential automatically takes into account only states that
are antisymmetric under permutation of the particles.

The factorization of the correlator (4) in the variables
m, and m, argues in favor of the existence of anomalous
averages

1 8imy? a1 Oy i1 -1

4

a

gmm'=<am+dm'>-, m?em/. (5)

The anomalous pairings g,,,. for msm’ arise in the form of
matrix elements between states with different total angular
momenta. Here it should be noted that the operator of mag-
netic translation commutes with the Hamiltonian of the sys-
tem and at the same time does not commute with the opera-
tor of the total angular momentum of the system (see Ref.
2). Thus, the anomalous averages g,,,. can exist as matrix
elements between states with the same energy. It should be
noted that the condition m’ = m + I with |/ |<k, requires
the presence of correlation only between closest orbits of an
electron in a magnetic field, and does not require long-range
order.

The other way of introducing anomalous pairings arises
from analysis of the two-particle correlation function pro-
posed by Girvin.* Analyzing data from calculations of the
energy gaps by the Monte Carlo method, he proposed for the
correlation function the following form:

0 e < tmoxp () zesp (- ) B C(2)'
o (6)

wherer = |z, — z,|. In (6) the summation is over odd values
of the quantity /. By selecting values of the parameters C, itis
possible to obtain zeros of any order in the variable |z, — z,|.
According to Ref. 7, the last term in the expression (6) cor-
responds to the following anomalous pair correlator:

L, Ayt Comy G, >

1
= 6mt+m1,m|'+m" W
’ C I'm:mglml'.m’:
l'l(lll +r_rla——lT(m:!mz!m,’!m2'!)w, %)
* 1 2 .
where
1™ = ()™ Y ()" Ch T (8)

n

and C' are binomial coefficients.

The factorization in the correlator (7) into factors with
the variables m,, m, and m{, m; suggests the possible exis-
tence of anomalous pairings of the Cooper type

Frm' =<’ > «[2 A e 7™ —(m>m”) ] (9)

1

In the derivation of the correlator (7) from the anomalous
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average (9) it should be taken into account that the matrix
element for an isotropic interaction potential differs from
zero when both the angular momentum of the relative mo-
tion (in the variable z, — z,) and the angular momentum of
the center of mass (in the variable z, + z,) are conserved. In
this case the anomalous pairing of the type (9) generalizes
the right-hand side of the relation (7).

Thus, we arrive at the conclusion that in the study of the
problem of a system of interacting electrons in a strong mag-
netic field there are grounds for introducing two types of
anomalous averages:

gmm’=<ﬁm+dm'>, m*m,,

(10)

frnmt =< Gmbm.
In connection with such anomalous pairings, we can intro-

duce Bogolyubov transformations involving Fermi quasi-
particle operators b,, and b} by means of the relations

in= Y (Unnbut VonsBo®),

(11)
dm+ = Z (an.5n+Umn.8n+) )
or, in a more convenient vector form,
a=Ub+Vb*, a*=V'b+U"bh+, (12)

where the quantities U and V are matrices.

In order that the annihilation and creation operators for
the quasiparticles satisfy commutation relations, it is neces-
sary that the conditions

UU+VV+=1, UV'+VU'=0 (13)

be fulfilled, where A7 is the transposed matrix and A * is the
adjoint matrix.
It follows from the relations (12) and (13) that

b=U*a+V74*, b*=V+a+UTa*. (14)

By again making use of the commutation relations, we ob-
tain one more condition:

UrU+VIV'=1. (15)

Thus, the matrices U and V of the Bogolyubov transforma-
tions should satisfy the relations (13) and (195).

3. THE GENERALIZED HARTREE-FOCK APPROXIMATION

The complete Hamiltonian of interacting two-dimen-
sional electrons in a magnetic field is

1
A=e Zla"'+a’”+ 2 Uﬂnm:.m:’m"am.+am,+am,'am,',

m my+me=m;’' +my’

where the matrix element U s of the effective interac-

m,m;,my
tion potential is antisymmetric both in the initial and in the
final indices.?
In the generalized Hartree-Fock approximation with
allowance for the anomalous averages (10) the Hamiltonian
(16) goes over into the following Hamiltonian:
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Hl = Z (eam,m'+amm')dm+ém'

1 . \
+-2— Z (Bmm'émdm'+ﬂmm’dm'+ém+)1 (17)
where the elements of the matrices a and B are |

amm"_"'z 2 UmfII|,m1'm'<dm‘+ﬁm,'>,
mymy’

(18)
ﬁmm' = EUmmx,mm’<dma+dmi+ >

™y, My

If we introduce the well known temperature Green func-
tions®
G(l‘, l',; T—T/) =—<Tli;(l', T)'l”;"'(l',; TI) >v
' (19)
F(r,x'; 1—1') =<T9(r, 1) P (r’, 7)),

the Hamiltonian (17) leads to equations for the matrix tem-
perature Green functions in the frequency representation:
(io—e—a)G+p+F+=1,
(20)
(io+eta”) F++pG=0.

The relation between these Green functions and the ma-
trices of the Bogolyubov transformations generalizes the
corresponding relations in the theory of superconductivity:®

1 1
G=U +4 +
in—E Uty io+E vh
(21)
1
Ft=-V* +.U +
io—E Ur=vu io+E v

where the diagonal matrix E describes the energy levels of
the quasiparticles. These levels can be found, in principle,
from the equations
UE=(e+a)U+3*V",
(ete)U+B | 22)
VE=—(g+a)V—3+U"

with allowance for the conditions (13) and (15) imposed on
the matrices U and V.

The equations (22) are essentially nonlinear, since, ac-
cording to (18), the matrices a and B appearing in them are
themselves functionals of the matrices U and V. This cir-
cumstance, together with the complicated matrix character
of the equations, has prevented us from finding the exact
solution for the Green functions, even in the Hartree-Fock
approximation.
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In view of this, it is important to elucidate general prop-
erties of the system with allowance for the anomalous pair-
ings. In particular, a very important question is the unifor-
mity of the system. It is possible to require that the average of
the commutator of the particle-density operator with the op-
erators of infinitesimal magnetic translations be equal to
zero. The latter operators are®

= Z, [2(m+1) ] "t@,:'_,_,(im,_
" (23)

to= Y (2m) 0

the operator ¢ + raises,and the operator ? _ lowers, the total
angular momentum of the system (both operators commute
with the total Hamiltonian of the system, and do not com-
mute with each other). A distinctive feature of the magnetic-
translations operators is the fact that ¢ _ lowers the order of
the zeros of the wave function, while 7, does not alter the
character of the wave function. In view of this, it is natural to
regard the following condition as a characteristic of the uni-
formity of the system:

<[ (x)9(r), £.1>=0. (24)

It is easy to convince oneself that the relation (24) is fulfilled
if the equality

(m+1) "o B Y= (M) " G =1 (25)

is valid. Here it should be noted that the relation (25) corre-
sponds to the assumption that the correlator

Com™* > < (m' 1),

as follows from the expression (4). Thus, there is every rea-
son to assume that the introduction of anomalous pairings
does not lead to violation of the uniformity of the system.
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