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An analysis is made of the formation of squeezed states of an electromagnetic field as the result of 
a nonlinear interaction of classical electromagnetic radiation of frequency w with a system of 
optically oriented atoms in a magnetic field. A polarization of the atoms may, under certain 
conditions, intensify the parametric generation and thus the squeezing of the electromagnetic 
field near the frequencies w + no and w + 200, where a, is the Zeeman splitting frequency of the 
atomic ground state. A high degree of squeezing is achieved in the scattered light when the 
intensity of the incident radiation is well below the saturation intensity in the wing of the excited 
atomic transition. 

1. INTRODUCTION 

The problem of the generation of squeezed states of 
electromagnetic fields is presently the subject of active re- 
search because of the promising outlook for the development 
of low-noise sources of optical radiati~n. ' .~ In particular, 
nonlinear scattering of classical pump radiation by a macro- 
scopic system of atoms can be used to generate squeezed 
 state^.^'^ This possibility was realized in the experiments of 
Ref. 5, in a layout of in-cavity nondegenerate four-wave mix- 
ing. The working medium was Na vapor. Some subsequent 
theoretical analyses6-' of this experiment considered the in- 
teraction of classical pump radiation with a system of "im- 
mobile" two-level atoms, in complete accordance with the 
experimental conditions of Ref. 5. An important conclusion 
reached in those papers is that an effective squeezing can be 
achieved in experiments of this type if the pump intensity is 
comparable to the saturation value in the wing of the atomic 
transition. A possible degeneracy of the excited state of ori- 
ginally equilibrium atoms and a polarization of the pump 
were taken into account in Ref. 9, but there was no funda- 
mental change in the conclusions. 

On the other hand, it is known from research in the 
spectroscopy of intensity fluctuations that the nature of the 
fluctuations in transmitted radiation which has interacted 
with a system of atoms is strongly influenced by the Zeeman 
splitting of the ground state of these atorn~. '~"'  The fluctu- 
ation spectrum of the photocurrent becomes even richer 
when one considers the atoms which populate Zeeman sub- 
levels in a nonuniform f a~h ion . ' ~ . ' ~  The deviation from equi- 
librium which is required can be experimentally produced 
by a weak, incoherent, external optical-pump source, if the 
ground state is a spinor state and if its polarization is disrupt- 
ed slightly by relaxation processes (the optical-orientation 
method). It was found in Ref. 13 that under certain condi- 
tions manifestations of sub-Poisson statistics may appear in 
the spectrum of photocurrent fluctuations when the radi- 
ation intensity is well below the saturation intensity. 

In the present paper it is shown that the sub-Poisson 
effect in the case at hand stems from a specific manifestation 
of the squeezing of radiation which has been scattered in a 
nonlinear fashion by a system of nonequilibrium moving 

atoms. General transport equations are derived to describe 
the evolution of the normal and anomalous correlation func- 
tions in a gas of oriented atoms. Conditions under which a 
high degree of squeezing can be achieved are determined. 

2. PHOTOCURRENT FLUCTUATION SPECTRUM IN THE 
HETERODYNING OF SCATTERED RADIATION 

Let us consider the relationship between the observed 
spectrum of fluctuations in the photocurrent of radiation 
scattered by a nonlinear medium and the correlation charac- 
teristics calculated for this radiation at a subsequent time. In 
the quantum theory of photodetection, the informative part 
of the fluctuation spectrum is determined by the fourth-or- 
der correlation function of the electromagnetic field.I4 In 
the case of the heterodyning of radiation incident on the 
surface of a photocathode by a group of modes which are in a 
classical coherent state and whose intensity is high with re- 
spect to the intensity of the light scattered by the medium, 
the photocurrent fluctuation spectrum can be written in the 
form 

The first term determines the level of the shot noise: I is the 
photon flux density in the beat-frequency wave, So is the 
area of the illuminated surface of the photocathode, f is the 
quantum yield, and e = 1 is the electron charge. The second 
term corresponds to the contribution to the fourth-order 
correlation function of the electromagnetic field from beats 
of the radiation scattered by the nonlinear medium with the 
beat-frequency wave. It is assumed that the beat-frequency 
radiation is represented by a set of plane waves with a nega- 
tive-frequency component 
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Evolution equations describing the evolution along the 
zXL =. IBxl 1 e i o h ,  ( 2 )  "slow" variable z can be found for correlation functions ( 3 ) ,  

formed as a result of a nonlinear quasiresonant scattering of 
C d2x IsxL 12=- classical laser radiation propagating through a gaseous me- 

2nho dium. These equations, which are transport equations, de- 

The frequency w and the average wave vector k coincide 
with the corresponding properties of the radiation incident 
on the medium; E is the polarization vector of the beat-fre- 
quency wave. 

The functions @Eh:'(x,fl) ( a , ,  a2 = + ) are the 
space-time Fourier components of the normal (a, = + , 
u2 = f ) and anomalous (a, = + , a, = + correlation 
functions of the Heisenberg operators of the scattered-radi- 
ation field. In the quasimonochromatic case, these functions 
can be expressed in terms of the photon Green's functions of 
the Keldysh diagram technique'' (Refs. 15 and 16): 

where 

and A ( r , t )  are the positive- and negative-frequency com- 
ponents of the vector potential ( a e * "' ) . The operator T,,, 
is a chronological ordering operator in the case 
a, = a2 = - ; an antichronological ordering operator in 
the case a, = u2 = + ; an identity operator in the case 
a, = + , a2 = - ; and an interchange operator in the case 
(T, = - , a2 = + . In ( 1 ) and below, we are using a cyclic 
basis to describe the polarization states and the covariant 
(contravariant) form for writing the tensor indices p,  , p2.  

Relation (3)  is rigorous outside the scattering medium, 
in spatial regions where the field is free. The presence of an 
ordering in the anomalous correlation functions is unimpor- 
tant, since the operators A : +  )(r,t) of identical frequency 
commute. If we consider the steady-state case, however, and 
if the spatial scale of the correlations of interest is small in 
comparison with the length scale of the field variations in the 
medium (actually, in comparison with the distance over 
which temporal dispersion effects are manifested), relation 
(3) also holds approximately inside the scattering layer. The 
functions @E~:'(x,fl) acquire a slow variation along the 
propagation direction of the pump radiation (along the co- 
ordinate z )  in this case: 

scribe the changes in the correlation functions 
@Eh:'(x,fl;z) over scales on the order of the dispersion 
length and the length scales of the nonlinear parametric and 
Raman scattering. These scales are assumed to be large in 
comparison with the beam radius a,, which corresponds ap- 
proximately to the spatial correlation length (more on this 
below). 

In the following section of this paper we derive trans- 
port equations for the correlation functions @E~y'(x,fl;z) 
in the case in which classical radiation (a  pump in a para- 
metric process) which is quasiresonant with the atomic tran- 
sition j-j' ( j ,  j' are the complete electron moments of the 
ground and excited states) is propagating through a medi- 
um. In contrast with the equations for four-wave mixing in a 
gas of immobile two-level which are the equations 
usually discussed, we are interested here in the effect of 
space-time correlations and in the interaction of the pump 
wave with multilevel atoms which are oriented beforehand, 
and in which the sublevels of the ground state are populated 
in a nonuniform fashion. 

3. TRANSPORT EQUATIONS FOR THE CORRELATION 
FUNCTIONS OF THE RADIATION 

Let us assume that a cell holding a vapor of the working 
atoms is irradiated by monochromatic electromagnetic radi- 
ation of frequency w which is quasiresonant with the elec- 
tronic transition j-j' of these atoms. The radiation is as- 
sumed to be propagating along the z direction. The cell is in 
an external magnetic field H,, which is directed perpendicu- 
lar to the z axis (Fig. 1 ). The frequency of the Zeeman split- 
ting of the ground state, a,, is small in comparison with the 
frequency detuning w, - w,  where w, is the frequency of the 
unperturbed atomic transition. The atoms of the medium are 
oriented by the incoherent external optical pump along the 
direction H,. In the coordinate system with z' axis running 
parallel to H,, they have nonzero polarization moments 
pyO(z) (x>O) given by 

wherepjHj, (z) is the density matrix of the ground state at the 
point z, and n is the projection of the magnetic moment onto 
the z' direction. We are using the notation 

3' J -- - FIG. 1. a: Layout of the experiment to observe the fluctuation spec- 
9 A Z'+ trum of the forward-scattered radiation. C-Gas-filled cell; 2'-laser 

I 

l i  

' I \ - I *  
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beam (part of the radiation is tapped by a system of mirrors and used as : no the beat-frequency wave); H,%xternal magnetic field; D-photodetec- 

L 
tor. b: Diagram of the working levels for the case of the optical transi- 

---+z tion j = 1/2-j '  = 1/2. *Frequency of the incident laser radiation; 
I 

a,-frequency of the Zeeman splitting of the ground state. 
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n,,, = [ ( 2 X +  1) (2Y+ 1)  ... ] ' I2 from Ref. 17. Thelength 
scale of the variation in the polarization moments along thez 
direction is much greater than the transverse beam dimen- 
sion a,. For simplicity we assume that the medium is optical- 
ly isotropic and that the presence of nonzero polarization 
moments with x > 0 does not alter the polarization of the 
incident radiation. Correspondingly, there is no alignment 
in this experimental geometry:'8 py = 0. 

For the Green's functions D EL:' ( r ,  ,t, ;r, ,t, ) in ( 3 )  we 
have the following diagram equations, in which we are incor- 
porating the assumptions made above: 

t i  

-= =-C- 

for the anomalous Green's function D ' ( r ,  ,tl ;r2 ,t2 ) 
and 

for the normal Green's function Dh,z2- ' ( r ,  ,t, ;r, ,t, ). The 
wavy light lines and the wavy heavy lines in the diagrams 
represent, respectively, the free photon Green's functions 
and the photon Green's functions "dressed" with the inter- 
action with the medium. The dashed lines represent the clas- 
sical field of the incident pump radiation in the medium.*' 
The arrows going into and coming out of a vertex on the 
photon Green's functions and the pump lines correspond to 
the negative- and positive-frequency components of the 
field, respectively. The letter R represents the retarded pho- 
ton Green's function of linear electrodynamics. The internal 
lines correspond to the Green's functions offree atoms in the 
ground state (it is assumed that the atoms cross the pump 
beam without undergoing collisions) and to the Green's 
functions of the excited state which are dressed with the ra- 
diative interaction with the vacuum heat reservoir. Only 
those terms of the diagram expansions which do not vanish 
as a result of the operation of the wave operator in terms of 
the first argument (on the left) have been retained in Eqs. 
(5)  and (6 ) .  We should add to Eqs. (5)  and (6)  the symme- 
try relations which determine the two other Green's func- 
tions: 

Here are the basic approximations which we used in 
deriving Eqs. (5)  and (6) .  Under the assumption that the 
length scale of the correlations of interest is small in com- 
parison with that of the interaction of the field with a medi- 
um, and since the field operators of identical frequency com- 
mute at r ,  = r,, we can ignore the ordering in the 
determination of the anomalous Green's functions, and we 
can assume 

The polarization operators in diagram equations (5)  and 
(6 )  were calculated with allowance for the first nonvanish- 
ing nonlinear corrections for the pump field. Accordingly, 
the pump field is assumed to be weak enough so that we can 
discard the contributions of higher orders in a perturbation 
theory. It follows directly from the calculation of the dia- 
grams that the following condition must hold: 

where J i s  the photon flux density in the pump wave, uo is the 
cross section for the absorption of the resonant photons in 
the absence of a Doppler broadening, y is the natural width 
of the excited level, 7 = ao/E is the mean transit time of an 
atom through the beam (this time is a rough measure of the 
correlation time scale in the interaction of the pump radi- 
ation with the atoms), and iS is the thermal velocity. Condi- 
tion (9) means that the pump radiation cannot, strictly 
speaking, be thought of as a monochromatic plane wave with 
a given wave vector k in this problem, since in this case we 
have 'i-. CU. The requirement that the pump be monochro- 
matic can be reconciled with condition (9)  if one examines 
correlations over distances ( r ,  - r, ( <a,, . 

What is the meaning of the other terms in diagram 
equations (5)  and (6)? Terms which have been grouped in 
the first sets of curly brackets in these equations constitute 
an expansion of the retarded polarization operator, (5) ,  and 
the advanced polarized operator, (6); low-lying nonlinear 
corrections for the pump field are being taken into account. 
The second terms in these equations correspond to that mu- 
tual coupling of the normal and anomalous correlation func- 
tions which results from the nonlinear parametric scattering 
of the pump wave in the medium. The free terms in Eqs. (5)  
and ( 6 )  describe correlation-function sources which are dis- 
tributed over the volume: a quasiresonant Raman scattering 
for the normal correlation functions and a parametric scat- 
tering for the anomalous correlation functions. 

Equations (5)  and (6)  ignore the influence of depletion 
and nonlinear effects on the evolution of the pump in the 
medium. Estimates show that the corresponding corrections 
to the retarded polarization operator for the pump field are 
small in comparison with the polarization operators of Eqs. 
(5) and (6) ,  which shape the correlation functions near the 
resonant Zeeman frequencies (R - f l o  ,2R0 ) in the ratio 
y/lwo - wl. In the group of terms in Eqs. (5)  and (6)  corre- 
sponding to the expansions of the retarded and advanced 
polarization operators for the photons of the conjugate para- 
metric-scattering modes, we are also ignoring several correc- 
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tions which are correspondingly small. In a study of the 
spectrum of correlations of the electromagnetic field near a 
zero frequency (R  - O), all these corrections are comparable 
in magnitude to the polarization operators of Eqs. ( 5 ) and 
(6),  and these approximations break down. Equations (5)  
and (6)  are thus applicable for studying the spectrum of 
correlations only near the Zeeman frequencies 0 - 0, ,20,. 

To diagram equations (5)  and ( 6 )  we should add corre- 
sponding equations with polarization operators which act 
on the right ends of the diagrams. Equations describing the 
slow evolution of the correlation functions along the variable 
z are found by the standard method, which is analogous to 
the method used to derive a kinetic equation in Ref. 16. As a 
result, using ( 3 )  and (3 ' ) ,  we find the following system of 
consistent transport equations for the correlation functions 
@:A:' (x,0;z) : 

1 =- - 
2 

n,[o(o+Q) +cs (o-Q)] 0:;:) (x, Q; z) 

(--)  +[IT,,'I' (x, Q; Z)~~'~'+IT,,, '~' (-x, -Q; z)6C1111'l (x, Q; z )  

(-+) x@,,,.r (x, Q; z)+ (2r~)~Ao6 (cx,-Q)~:,) ( x ,  Q; z)  

(10) 

for the anomalous correlation function and 

(++) + X,?' (-x, -Q; z) OM,,,- (x, Q; z )  

I+ (2n)%o~(cx,-Q)~:~,)  (x, Q; z) (11) 

for the normal correlation function. Repeated indices in 
( 10) or ( 11 ) mean summation. In accordance with ( 7 ) ,  the 
functions @~~:'(x,fl;z) satisfy the symmetry relations 

(x, Q; Z)=(-I)'~+'~[@~;L),,, (x, 9 ;  z) ] , 
i-+) (+-) 

@cllra (x, Q; z)=@N, (-X, -Q; z). (12) 

In Eqs. ( 10) and ( 11 ) we have introduced 

which is the cross section for the interaction of the quasire- 
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sonant photons with an atom, k is the wave number, d,, is the 
reduced matrix element of the dipole moment of the transi- 
tion j-j', and no is the density of atoms. It is assumed that 
the frequency deviation w, - w is much larger than the 
Doppler frequency shift of the atomic transition, so that the 
inhomogeneous line broadening can be ignored in the calcu- 
lations. 

The covariant components of the tensor 11,,2 (x,fl,z) 
(the nonlinear correction to the retarded polarization opera- 
tor) are 

Here e is the polarization vector of the pump, and 
l(z) = n0o1(w)z  is the optical thickness of the medium at 
point z for the photons of frequency w .  The functions 
G 'r,.?,;x,,q, +,,. (x,0;z) are related to the Fourier components of 
the symmetry and antisymmetric correlation functions in- 
troduced in Ref. 12 for the fluctuations of the polarization 
moments of the Wigner density matrix: 

The functions K ~ ~ , ~ ~ ~ q 2 ( p , ~ ; z )  are expressed in terms of the 
correlation functions introduced in Ref. 12 for the polariza- 
tion moments by 

mpz 
iqQ,r ) . p ro  (z) , x e x p ( -  lT;I - 

wherep=r ,  - r 2 , 7 = t l  -t2,misthemassofanatom,T 
is the temperature of the medium (the gas is assumed to be at 
equilibrium in terms of translational degrees of freedom), 
and D r; (...) are the Wigner D-functions." 

The matrix XpIp2 ( x , ~ ; z )  in Eqs. ( lo),  ( 11 ), which cou- 
ples the normal and anomalous correlation functions, corre- 
sponds to a nonlinear parametric conversion of pump pho- 
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tons into a pair of conjugate photons with frequencies w + R 
and wave vectors k & x: 

where 8(z) = 8, - +noam (w)z is the phase of the pump 
wave at point z, and 8, is the initial phase. 

The sources of the correlation functions distributed 
over the volume, R ,',G~ ' ( x , f l ; z )  and A:,;L- ) (x,lR;z), are 

1 x x I a ((0) I2 1GTq:)xA2 ( x ,  n; Z) + ~x_ 'q; ' )~ 'q '  (- X ,  - n; z)]. 

Equations ( 10) and ( 1 I) ,  found from diagram equa- 
tions (5)  and ( 6 ) ,  describe the evolution of the correlation 
functions without allowance for the diffraction of the radi- 
ation. That approximation is justified if one is dealing with 
the forward-emitted photons of the conjugate parametric- 
scattering waves, so that the relation kx - % L holds, where 
L is the length of the cell. In accordance with the require- 
ment (stipulated above) that the spatial scale of the correla- 
tions of interest be small, and in accordance with the ap- 
proximate description of the pump as a monochromatic 
plane wave, the conditions x%a; ',n,u" (a) must hold. To- 
gether, these conditions put limits on the range of the wave- 
vector transfer x for which Eqs. ( 10) and ( 1 1 ) are valid. In 
evaluating matrices ( 14) and ( 17)-( 19), we assumed that 

the frequency R was much smaller than the frequency devi- 
ation w, - w, and we ignored the corrections on the order of 
R/(w, - w 1 in these expressions. 

The system of transport equations for the normal and 
anomalous correlation functions in ( lo),  ( 1 1 ) differs in a 
fundamental way, in terms of the structure of its coefficients, 
from the equations which are usually discussed in the litera- 
ture, which correspond to the four-wave mixing in a gas of 
immobile two-level atoms."' The difference arises because 
the coefficients of these equations acquire terms proportion- 
al to the nonlinear polarization moments of the density ma- 
trix of the working atoms. As is shown below for the particu- 
lar case of the transition j = 1/2 +j' = 1/2, the deviation of 
the atoms from equilibrium strongly amplifies the effect of 
the phase-sensitive parametric-scattering process on the 
evolution of the correlation functions (and thereby amplifies 
the squeezing effect). An effective squeezing can be achieved 
if the pump intensity is well below the saturating value in the 
wing of the atomic transition. Under the assumption that the 
pump intensity is low, we ignored the small terms propor- 
tional to the ratio J / J ,  (where J, is the photon flux density 
in the pump wave corresponding to the saturation intensity 
in the line wing) in evaluating the polarization operators 
from the diagrams of equations (5),  ( 6 ) .  To take these terms 
into account would be to go beyond the accuracy of our ap- 
proximations [see Eq. (9)  1. Note, however, that the terms 
which have been discarded are the terms which are responsi- 
ble for the squeezing effect in the case of four-wave mixing 
involving two-level atoms.'-" 

To conclude this section of the paper we note that if in 
solving Eqs. ( lo) ,  ( 11) we restrict the discussion to the first 
iteration and evaluate the photocurrent fluctuation spec- 
trum from ( 1 ), using the pump radiation which has passed 
through the gas-filled cell as the beat-frequency wave, then 
the expression for the photocurrent spectrum is found to be 
the same as that which was derived in Ref. 13 in the first 
nonvanishing approximation in the nonlinear interaction of 
the pump radiation with the scattering medium. 

4. CASE OFTHE TRANSITION/= 112-j'= 1 /2 

As an example we consider the propagation along 
the z axis of circularly polarized pump radiation 
[ e = e + ,  = - (ex +ie,,)/d?,e, = -6-, , ,I  whichinter- 
acts with the transition j = 1/2-+jf = 1/2 of the working 
atoms, whose ground state is optically oriented in the direc- 
tion perpendicular to the z axis. The correlation functions 
for the electromagnetic field, @Kt:' (x,R;z), are considered 
near the Zeeman frequency (R-  fl, ). In this case, Eqs. 
( lo) ,  ( 1 1 ) become 

+ (2a~)~%fio15 (cx,-Q) R!-:-: ( x ,  Q; z) , (20) 
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il 
- 0:;:; ( x ,  Q;  z )  a~ 

= - n o d  ( o - Q ) @ : ~ :  ( x ,  52;  2 ) -  ( e - 2 i e ( z )  x ( - x ,  -a; 2 )  

+ e " e ( z ) ~ ' ( - ~ ,  -a; 2 ) )  @GI: ( x ,  9; z )  

+X ( - x ,  -9; 2) a):::: ( x ,  Q ;  2)  

+ x'(-x,  -9; z )  (DL;-;' ( x ,  Q ;  z )  

+ ( 2 ~ ~ ) ~ 1 i 0 6  (cx,-Q)A::-! ( x ,  9;  2 ) .  (21 

The parametric conversion of the pump photons is charac- 
terized by the constant 

-ips" ( a )  [ K  ( x ,  Q ) - K ( - x ,  - Q ) ]  

- p o " ( o )  [ Q ( x ,  Q ) + Q ( - x ,  - S 2 )  I 
- i o f ( w ) [ Q ( x , Q ) - Q ( - x ,  - P I ] ) .  (22) 

Here p is the degree of polarization of the ground state 
[p =p(z) = 31/2p,!0(z)], and the functions K(x, R )  and 
Q(x, R )  are defined by 

for If2 - a, I % (2Tx2/m ) 'I2. The expressions for the vol- 
ume sources of the correlation functions which are due to 
parametric and Raman scattering are 

R?:I~ ( x ,  52;  z )  

+ K ( - x ,  - Q ) + i p [ Q ( x ,  Q ) + Q ( - x ,  -Q)  I ) ,  (24) 

1 
A::_;' ( x ,  52; z )  =- -no  I o  ( o )  I ZJe-'(z)  

8 
x { K ( x ,  Q ) + K ( - x ,  - a ) - p [ K ( x ,  Q )  - K ( - x ,  - a ) ] } .  

(25) 

In Eqs. (20) and (21 ), the nonlinear corrections to the re- 
tarded polarization operator (these corrections are respon- 
sible for the space-time dispersion and the absorption) are 
expressed directly in terms of the parametric-interaction 
constant, while the polarization of the photons of the conju- 
gate modes which are generated is the same as the polariza- 
tion of the pump field. 

The volume source in the equation for the normal corre- 
lation function in (21 ) describes an occupation of conjugate 
modes as a result of a quasiresonant Raman scattering. As 
can be seen directly from (23) and (25), this process, which 

is insensitive to the phase of the pump radiation, is efficient 
in the immediate vicinity of the resonant peaks, R z f R, . 
The parametric scattering described by constant (22) and 
by volume source (241, in contrast, is sensitive to the phase 
of the pump radiation. Its efficiency falls off comparatively 
slowly in the wings of the resonance lines of the correlation 
functions [see Eqs. (22)-(24) 1. Consequently, examining 
Eqs. (201, (21 ) near frequencies R such that 
- a, 1 ) (2Tx2/m) we can ignore the contribution 

from Raman scattering. 
The occupation of the conjugate modes as a result of the 

nonlinear parametric scattering leads to the formation of an 
electromagnetic field in a squeezed state with nonequivalent 
fluctuations of the quadrature components. This statement 
means that the optimum choice of the phase 0, of the beat- 
frequency wave causes the second term in ( 1 ) to go negative 
and to partially cancel the contribution from the first term. 
The situation is complicated, however, by the need to deal 
with the nonlinear corrections to the space-time dispersion 
and by the absorption of photons in Eqs. (20) and (21 ) . The 
additional dispersion makes it impossible to achieve a 
matching for arbitrary values of R (the phases of the radi- 
ation generated by the parametric generation) in the differ- 
ent parts of a cell, so it leads to a decrease in the effectiveness 
of the squeezing. 

The negative effect of a nonlinear dispersion is not seen 
for parametric generation in frequencies w f R,  , where R ,  
is the root of the equation 

where ~ ( x ,  R; 0 )  is the value of constant (22) at the en- 
trance to the gas-filled cell, under the condition that the fre- 
quency 0, lies in the wing of functions (23). In the absence 
of an absorption [ l ( z )  -01, and under the condition 
p = const,, condition (26) means an identical dispersion 
law for the pump wave and the anomalous correlation func- 
tion [see (20) 1. 

Let us assume that the conditions (stipulated above) 
which lead to ideal squeezing are satisfied. In the case of a 
heterodyning of the radiation incident on the photocathode 
by light with the same polarization as the pump (E = e)  and 
in the optimum phase, 0 ,  = 0(L)  + ~ / 4  (in the case 
R l  < R, with p >  0, w < w, ) or 0, = 8 ( L )  - n/4 (in the 
case 0, > R, with p < 0, w < w, ), the photocurrent fluctu- 
ation spectrum near the frequency 0, is then given by the 
following expression: 

where 

1 1 
a = a ( Q ) =  - o N ( ~ + 5 2 ) +  - a'' ( o - Q ) - o f f ( o ) ,  (28) 2 2 

P 1 X-f ( P )  = -noo"2 o )  J - 1 
4 ( ( n . - 9 + = )  
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- 
The mean square wave-vector transfer, x2 ,  which deter- 
mines the limit in (29), is characterized by the spread of 
transverse wave vectors of the beat-frequency wave [see 
( 2 ) ] .  Using (13), (26), (28), and (29), we find that the 
frequency nl is given approximately by 

The expression for the photocurrent fluctuation spectrum in 
(27) and expression (29) clearly demonstrate the funda- 
mental role played by the polarization of the working atoms 
in forming the squeezed states of the electromagnetic field. 
In the casep = 0 there is no squeezing effect at all. 

A solution of Eqs. (20), (21) which corresponds to 
ideal squeezing and which leads to expression (27) for the 
photocurrent spectrum is valid under the condition that the 
efficiency of the parametric scattering per unit length, char- 
acterized by the parameter 22(Rl  ), is substantially greater 
than the linear absorption coefficient no o'(w ) . Using ( 13 ) 
and (28)-(30), we find that this condition holds if 

This inequality, combined with the requirement 
Ro/lwo - w/ < 1, can be satisfied experimentally. In the case 
of alkali atoms ( y 5 1 0 8  X I ) ,  for example, with 
o, -w-lO1ls'andRo-lO1Os~',wehave~-lO.Inthis 
case, as can be seen directly from (29) and (30), the condi- 
tions for an effective squeezing can be satisfied at pump in- 
tensities well below the saturating values in the wing of the 
atomic transition: 

In order of magnitude, we have y - ' < r, < T [see Eq. (9)  1. 
For a clear illustration of the possibilities of the method 

which we have been discussing here for generating squeezed 
states of an electromagnetic field, Fig. 2 shows the photocur- 
rent fluctuation spectrum ( ISi,, 1') as a function of the di- 
mensionless frequency S - ( 0  - fl, )r, for various optical 
thicknesses of the gas-filled cell, 1 = n,ul(w)L. These re- 
sults were found through a numerical solution of Eqs. (20), 
(21). We used the following parameter values: a quantum 
yield c =  1, a polarization Ipj = 1, n,/(w0 - w) =0.1, 
J la" (w) I T ,  = 0.2, and E = 5, 10, and 15. Figure 3 shows 
the minimum fluctuation level ( ISi, 1 2,  ,,, characterizing 
the degree of amplitude squeezing as a function of the optical 
thickness I. It can be seen directly from Figs. 2 and 3 that the 
squeezing efficiency increases with increasing E and that the 
minimum in the photocurrent fluctuation spectrum coin- 
cides with the frequency R ,  in the limit of strong squeezing 
( 6 ,  z + 10 for the parameter values just listed). For the Na 
atoms which were used in the experiments of Refs. 5 and 10, 
the parameter values corresponding to the curves in Figs. 2 
and 3 are reached at frequency deviations 
w, - w -  10'0-10" s - '  in the wing of the Dl line, at 

FIG. 2. Photocurrent fluctuation spectrum (/Sic, j2) as a function of the 
dimensionless frequency S = ( R  - R,)T, for various values of the pa- 
rameter 6. a-5; b--10; c-15. Here {= l ,  R,/(o, - o) = 0.1, 
J / ~ " ( o ) 1 r ,  = 0 . 2 , p =  + 1 ( 6 < O ) , p =  - 1 (S>O).CurvesI-3)Opti- 
cal thickness I = 0.1,0.3,0.5. The scale is drawn with respect to the level 
of the shot noise. 

FIG. 3. Minimum fluctuation level (]Sic, j2),,,,, as afunction of the optical 
thicknessofthecell, I, for( = 1, R,/(w, - o) = 0.1, J /a" ( w )  I r, = 0.2, 
lpl = 1. Curves 1-3 - E = 5, 10,15, respectively. The scale is drawn with 
respect to the level of the shot noise. 

56 Sov. Phys. JETP 72 ( I ) ,  January 1991 D. V. Kupriyanov and I. M. Sokolov 56 



fl, - 109-1010 SKI,  at atomic densities n, - 10"-loL4 cm-', 
and at a cell length L 2  10 cm. With r, - s - 
[ (  ~ ~ ) ~ ' ~ k  10 cm-'1, and /u"(w)l- 1 0 ~ ' ~  cm2, we have 
J- 1016 cm - 2.s - '. This figure corresponds to pump intensi- 
ties - 1 mW/cm2. 

5. DISCUSSION 

How well do the results derived above correspond to 
results calculated previouslyL3 by perturbation theory on 
the nonlinear interaction of radiation with a scattering medi- 
um? In Ref. 13, the sub-Poisson statistics of the photocur- 
rent arose in the heterodyning of the scattered radiation di- 
rectly by the transmitted pump radiation. In the case of a 
weak interaction of the radiation with the atoms, the eccen- 
tricity of the ellipse characterizing the asymmetric distribu- 
tion of the field fluctuations in the complex-amplitude plane 
is small. As can be seen from the analysis above, the position 
of the major semiaxis of the ellipse with respect to the com- 
plex amplitude of the transmitted pump radiation is deter- 
minedby the angle + ( ~ / 4  - Sf?), where ]Sf? I < 1. When the 
transmitted pump radiation is used as the beat-frequency 
wave, and the fluctuations have a slight asymmetry, sub- 
Poisson statistics will be observed in the photocurrent fluc- 
tuation spectrum if 60 > 0, while super-Poisson statistics will 
be observed if 68 < 0. It  follows from the expression for the 
parametric-conversion constant, (22), that we have 
S0-d(a)/u"(a) -y/2( w, - w )  and that the sign of this 
quantity is determined by the signs of the cross section 
u" ( a ) ,  the polarizationp, and the difference a -  a,. Upon 
a change in the sign of the difference 0 - O,, the sign of S0 
also changes, so the statistics of the fluctuations change. As a 
result, the photocurrent fluctuation spectrum assumes the 
qualitative shape shown in Ref. 13. In the limit of strong 
squeezing, a heterodyning of the scattered light by the trans- 
mitted pump radiation may lead to only super-Poisson sta- 
tistics of the photocurrent. 

It is quite natural that the multilevel nature of an atom 
would have a favorable effect on the process by which 
squeezed states of an electromagnetic field are generated. 
Again in the interaction of a pump with a system oftwo-level 

we are essentially seeing a manifestation of a 
"multilevel nature," which stems from the appearance of 
quasienergy states in the strong external field of the pump 
radiation. An orientation of the atoms, which is a fundamen- 
tal condition for the appearance of a squeezed state of the 

scattered radiation in the problem of the present paper, can 
be associated in the case of two-level atoms with an addi- 
tional phase matching in the evolution of quasienergy sub- 
levels. 
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" For brevity, the indices u, and u2 are understood as the numbers + 1 in 
( 3 ) .  

"The word "pump," which is used below in connection with parametric 
scattering, has no bearing on external sources of an incoherent optical 
pump. 
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